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PREFACE 


Tue story of Greek mathematics is the tale of one of 
the most stupendous achievements in the history of 
human thought. It is my hope that these selections, 
which furnish a reasonably complete picture of the 
rise of Greek mathematics from earliest days, will be 
found useful alike by classical scholars, desiring easy 
access to a most characteristic aspect of the Greek 
genius, and by mathematicians, anxious to learn some- 
thing about the origins of their science. In these 
days of specialization the excellent custom which 
formerly prevailed at Oxford and Cambridge whereby 
men took honours both in classics and in mathematics 
has gone by the board. It is now rare to find a 
classical scholar with even an elementary knowledge 
of mathematics, and the mathematician’s knowledge 
of Greek is usually confined to the letters of the 
alphabet. By presenting the main Greek sources side 
by side with an English translation, reasonably anno- 
tated, I trust I have done something to bridge the gap. 
For the classical scholar Greek mathematics is a 
brilliant after-glow which lightened the sky long after 
the sun of Hellas had set. Greek mathematics sprang 
from the same impulse as Greek philosophy, but 
Greek philosophy reached its maturity in the fourth 
century before Christ, the century of Plato and 
Aristotle, and thereafter never spoke with like con- 
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viction until the voice of Plato became reincarnate in 
the schools of Egypt. Yet such was the vitality of 
Hellenic thought that the autumn flowering of Greek 
philosophy in Aristotle was only the spring of Greek 
mathematics. It was Euclid, following hard on the 
heels of Aristotle in point of time, but teaching in 
distant Alexandria, who first transformed mathe- 
matics from a number of uncoordinated and loosely- 
proved theorems into an articulated and_ surely- 
grounded science ; and in the succeeding hundred 
years Archimedes and Apollonius raised mathematics 
to heights not surpassed till the sixteenth century of 
the Christian era. 

To the mathematician his Greek predecessors are 
deserving of study in that they laid the foundations 
on which all subsequent mathematical science is 
based. Names still in everyday use testify to this 
origin—Euclidean geometry, Pythagoras’s theorem, 
Archimedes’ axiom, the quadratrix of Hippias or 
Dinostratus, the cissoid of Diocles, the conchoid of 
Nicomedes. I cannot help feeling that mathe- 
maticians will welcome the opportunity of learning 
the reasons for these names, and that the extracts 
which follow will enable them to do so more easily 
than is now possible. In perusing these extracts they 
will doubtless be impressed by three features. ‘The 
first is the rigour with which the great Greek geo- 
meters demonstrated what they set out to prove. 
This is most noticeable in their treatment of the 
indefinitely small, a subject whose pitfalls had been 
pointed out by Zeno in four arguments of remarkable 
acuteness. Archimedes, for example, carries out 
operations equivalent to the integral calculus, but he 
refuses to posit the existence of infinitesimal quanti- 
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ties, and avoids logical errors which infected the 
calculus until quite recent times. The second feature 
of Greek mathematics which will impress the modern 
student is the dominating position of geometry. 
Early in the present century there was a 
powerful movement for the “ arithmetization ” of 
all mathematics. Among the Greeks there was a 
similar impulse towards the “ geometrization ” of 
all mathematics. Magnitudes were from earliest 
times represented by straight lines, and the Pytha- 
goreans developed a “geometrical algebra performing 
operations equivalent to the solution of equations of 
the second degree. Later Archimedes evaluated by 
purely geometrical means the area of a variety of 
surfaces, and Apollonius developed his awe-inspiring 
geometrical theory of the conic sections. The third 
feature which cannot fail to impress a modern mathe- 

matician is the perfection of form in the work of the 
great Greek geometers. This perfection of form, 
which is another expression of the same genius that 
gave us the Parthenon and the plays of Sophocles, is 
found equally in the proof of individual propositions 
and in the ordering of those separate propositions 
into books ; it reaches its height, perhaps, in the 
Elements of Euclid. 

In making the selections which follow I have drawn 
not only on the ancient mathematicians but on many 
other writers who can throw light on the history of 
Greek mathematics. Thanks largely to the labours 
of a band of Continental scholars, admirable standard 
texts of most Greek mal heniatical works now exist, 
and I have followed these texts, indicating only the 
more important variants and emendations. In the 
selection of the passages, in their arrangement and at 
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innumerable points in the translation and notes I owe 
an irredeemable debt of gratitude to the works of 
Sir Thomas Heath, who has been good enough, in 
addition, to answer a number of queries on specific 
points. These works, covering almost every aspect 
of Greek mathematics and astronomy, are some- 
thing of which English scholarship may justly feel 
proud. His History of Greek Mathematics is un- 
excelled in any language. Yet there may still be 
room for a work which will give the chief sources in 
the original Greek together with a translation and 
sufficient notes. 

Ina strictly logical arrangement the passages would, 
no doubt, be grouped wholly by subjects or by 
persons. But such an arrangement would not be 
satisfactory. I imagine that the average reader 
would like to see, for example, all the passages on 
the squaring of the circle together, but would also 
like to see the varied discoveries of Archimedes in 
a single section. The arrangement here adopted is 
a compromise for whieh I must ask the reader’s 
indulgence where he might himself have made a 
different grouping. The eontributions of the Greeks 
to arithmetic, geometry, trigonometry, mensuration 
and algebra are notieed as fully as possible, but 
astronomy and music, though included by the Greeks 
under the name mathematics, have had to be almost 
wholly excluded. 

I am greatly indebted to Messrs. R. and R. Clark 
for the skill and care shown in the difficult task of 
making this book. 

I. T. 
Apbe.rui, Loxpow 

April 1939 
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I. INTRODUCTORY 


(a) Matiuematics anp 1Ts Divisions 
(i.) Origin of the Name . 
Anatolius ap. Her. Def., ed. Heiberg 160. 8-162. 2 
"Ex t&v “AvaroAlov .. . 


« 7A ‘ ia Ys a) .] x 
76 tlvos b€ pabnpariKn wvopdoby; 
ce € ‘ > A, ~ 4 7 ¢ 
Ot pev azo tod Ilepurdrov pdckovtes pyto- 
pikns pev Kal TOLNTLKIS ouprdons TE THS dnpwdous 
povorkis SvvacBat twa ovveivar kal i) paddvra, 
7a 5é Kadovdpeva idiws pabrjuara ovdéva eis elSnoww 
AapPdvew py odyt mporepov ev pabijcer yevopevov 
rovTwy, dia TodTO pabnpateKiy KaActobae THY Tept 
v4 , e -. ¢ Q Est 
Toure Jewpiav trreAdpBavov. béc8at be Aeyovrar 
TO THS Hadnparucis ovopa idvatrepov emi povns 
yewpeTplas Kal /apbunruciis ot amo Tob Tva- 
yopou' TO yap mdAat xwpis € exatépa TovTww @vopa- 
Cero, Kowov 5€ ovdév py dppoiv 6 ovopa.” 





2 Anatolius was bishop of Laodicea about a.p. 280. In 
a letter by Michael Psellus he is said to have written a concise 
treatise on the Egyptian method of reckoning. 

> 4.e, singing or playing, as opposed to the mathematical 
study of musical intervals. 

* The word paéypa, from pabeiv, means in the first place 
“that which is learnt.” In Plato it is used in the general 
sense for any subject of study or instruction, but with a tend- 
ency to restrict it to the studies now called mathematics. By 
the time of Aristotle this restriction had become established. 
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I. INTRODUCTORY 
(a) Maruemarics AND ITs Divisions 
(i.) Origin of the Name 


Anatolius, cited by Heron, Definitions, ed. Heiberg 
160. 8-162. 2 


From the works of Anatolius*? ... 


“Why is mathematics so named ? 

“The Peripatetics say that rhetoric and poetry 
and the whole of popular music ® can be understood 
without any course of instruction, but no one can 
acquire knowledge of the subjects called by the 
special name mathematics unless he has first gone 
through a course of instruction in them; and for 
this reason the study of these subjects was called 
mathematics.© The Pythagoreans are said to have 
given the special name mathematics only to geometry 
and arithmetic ; previously each had been called by 
its separate name, and there was no name common 
to both.” 4 


4 The esoteric members of the Pythagorean school, who 
had learnt the Pythagorean theory of knowledge in its 
entirety, are said to have been called mathematicians (uafy- 
parcxoi), whereas the exoteric members, who merely knew 
the Pythagorean rules of conduct, were called hearers (dxov- 
opattxol). See Iamblichus, De Vita Pythag. 18. 81, ed. 
Deubner 46. 24 ff. 
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GREEK MATHEMATICS 


(ii.) The Pythagorean Quadrivium 


Archytas a coe in Ptol, Harm., ed. Wallis, Opera 
Math. iii. . 40 237. 13 Diels, Vors. 8. 431. 26-432. 8 


TlapaxeicOw Sé Kai viv ta “Apyvra rod Iu8a- 
yopelov, ov pradtata Kal yryjova Aéyerar elvar Ta 
ovyypappara Adyar b€ ev TH [lept palypatiis 
ev0ds evapyopevos Tob Adyou Tade. 

ow a lea \ \ \ , 

Karas pow Soxobrte tol rept ta pabijpara 

, \ IO ” > 06 ’ , er 

dtayvapevar, Kal obde” dzoTov opJds adtovs, obd 

evrt, wept exdoTwy dpoveew’ Tept yap Tas TeV 
~ la 

SAwy dvotos Kadds biayvdvtes EueAdov Kat crept 

a BA ~ A 
zr&v KaTa picpos, old ev7t, KaAdS cyetobar. epi 
re 51) Tas TOY dotpwv TaxvTaTos Kal emitoday Kai 
Suciwy wapédwKav dpiv capi Sidyvwow Kal rept 
yapetpias Kal apidy Kat odupixds Kal odx 
yKioTa Tepl words. Taira yap Ta pabjyata 

~ o Pa soy 
Soxodvre tyev adeAded. 





9 Archytas lived in the first half of the fourth century s.c. 
at Taras (Tarentum) in Magna Graecia. He is said to have 
dissuaded Dionysins from putting Plato to death, For seven 
years he commanded the forces of his city-state, though the 
law forbade anyone to hold the post normally for more than 
one year, and he was never defeated. He is said to have 
been the first to write on mechanics, and to have invented a 
mechanical dove which would fly. For such of his mathe- 
tuatical discoveries as have survived, see pp. 112-115, 130-133, 
284-289. 


INTRODUCTORY 


(ii.) The Pythagorean Quadrivium 


Archytas, cited by Porphyry in his Commentary on Ptolemy's 
Harmonics, ed. Wallis, Opera Mathematica iii, 236. 40- 
237.13 Diels, Vors. i5. 431. 26-432. 8 


Let us now cite the words of Archytas ¢ the Pytha- 
gorean, whose writings are said to be mainly au- 
thentic. In his book On Mathematics right at the 
beginning of the argument he writes thus : 

“ The mathematicians seem to me to have arrived 
at true knowledge, and it is not surprising that they 
rightly conceive the nature of each individual thing ; 
for, having reached true knowledge about the nature 
of the universe as a whole, they were bound to see in 
its true light the nature of the parts as well. Thus 
they have handed down to us clear knowledge about 
the speed of the stars, and their risings and settings, 
and about geometry, arithmetic and sphaeric, and, 
not least, about music ; for these studies appear to 
be sisters.” ? 


> Sphaeric is clearly identical with astronomy, and is 
aptly defined by Heath, H.G..V. i. 11 as ‘‘ the geometry of 
the sphere considered solely with reference to the problem 
of accounting for the motions of the heavenly bodies.” The 
same quadrivium is attributed to the Pythagoreans by Nico- 
machus, Theon of Smyrna and Proclus, but in the order 
arithmetic, music, geometry and sphaeric. The logic of this 
order is that arithmetic and music are concerned with number 
(zooov), arithmetic with number in itself and music with 
number in relation to sounds ; while geometry and sphaeric 
are concerned with magnitude (a7Alkov), geometry with 
magnitude at rest, sphaeric with magnitude in motion. 


GREEK MATHEMATICS 
(iii.) Plato’s Scheme 


Plat. Rep. vii. 525 a-530 p 


(a) Logistic and Arithmetic 


"AMG pay Aoyratixn Te Kal dpiOpnrixh mept 
apiOuov maca. 

Kai pada. 

Tatra dé ye patverar aywya mpos adjfeav. 

Ureppudis pev ovv. 

*Ov Cnrodpev apa, os €ouKe, pabnpdtav & av etn: 

Tone mK pev yap dua. Tas rdfeus a dvayKatov pabety 
TavTa, prrooddyp dé bea TO THs ovcias amréov 
elvat yevécews eLavadurtt, 7) pundémote oyroTiK@ 
yeveoBar. . . 

Te odv ote, & DMatcwr, el Tis Epotto avTous: 
“rg Bavpdovor, mrept trotwy dprOp.civ Siareyeode, 
ev ols +O &v olov bpets atvotré cor, igov TE 
EKaoTOV may mover Kal ovoe opLeKpov Siagepor, 
popudv Te éxov ev dauT@ ovdev;’’ ti dv ole adtovs 
amoxpivacbat; 

Todro éywye, dt mept tovTwy A€yovaw dv d.a- 
vonfivar udvov eyywpet, dAAws 8’ oddapds peta- 
xerpileoOar Suvarev. . . . 

Ti b€; dd dn ereckéfw, ws of te dice 





9 The passage is taken from the section dealing with the 
education of the Guardians. The speakers in the dialogue 
are Socrates and Glaucon. It is made clear in Rep. 537 B-p 
that the Guardians would receive their chief mathematical 
training between the ages of twenty and thirty, after two or 
three years spent in the study of music and gymnastic and 
as a preliminary to five years’ study of dintetign 4 Plato's 
scheme, it will be noticed, is virtually identical with the 
Pythagorean guadrivium except for the addition of stereo- 
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(iii.) Plato’s Scheme 
Plato, Republic vii. 525 a-530 p 
(a) Logistic and Arithmetic 


Now logistic and arithmetic treat of the whole of 
number. 

Yes. 

And, apparently, they lead us towards truth. 

They do, indeed. 

It would appear, therefore, that they must be 
among the studies we seek ; for the soldier finds it 
necessary to learn them in order to draw up his 
troops, and the philosopher because he is bound to 
rise out of Becoming and cling to Being on pain of 
never becoming a reasoner. . . .? 

Now what would you expect, Glaucon, if someone 
were to ask them: ‘“ My good people, what kind of 
numbers are you discussing? What are these num- 
bers such as you describe, every unit being equal, 
each to each, without the smallest difference, and 
containing within itself no part?” What answer 
would you expect them to make ? 

I should expect them to say that the numbers they 
discuss are capable of being conceived only in thought, 
and can be dealt with in no other way... . 

Again; have you ever noticed that those who are 
metry ; and the addition is more formal than real since 
stereometrical problems were certainly investigated by the 
Pythagoreans—not least by Archytas—as part of geometry. 
Plato also distinguishes logistic from arithmetic (for which 
see the extract given below on pp. 16-19), and speaks of 
harmonics (dppovia) not music (povaixy), thus avoiding 
confusion with popular music (70 8ypa@bes povarkéy). 

> There is a play on the Greek word, which could mean 
either ‘‘ reasoner ’’ or ‘‘ calculator.” 
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AoytatiKol els TavTa Ta paOjpata ws Eros elmety 
3g - , ; o 8 - n > Pd 
o€eis dvovTat, of te Bpadeis, av ev TovTw TaL- 
“~ ‘ ¢ n * vw > 

devdaow Kal yuprdowrrat, Kav pndév adAo wdedn- 
daw, ouws ets ye TO o€vrTepor avrol atTay 
ylyvec@at mdvres emidiSdacw; 

on y 1 

Eorw, éfy, od7w. 

> un 

Kat pojy, ws eyd@par, d ye pellw mévov mapéxet 
pavOdvovre Kal pedeTa@vtt, o3K av padiws oddE 
TOAAG av E’pois Ws TOTO. 

‘ 5 
Od yap ovv. 
Il , 67) oe , ? > ta a 10 
avrwy 57 evexa ToUTWY OvK aderéov TO LaOnua, 

¥ 3 € mv A ie 4 > ES ~ 
GAN’ of dpiato tas does madevTéor ev adTa. 

v ‘ > > oe 

Nvpdyp, 8 os. 


(B) Geometry 


T a \ , > a eo a , 
otro pev toivuy, elzov, Ev qty Ketobw- Sev- 
- / 
Tepov b€ TO exdpevov ToUTOV oKewpucha apd TL 
, Cow 
mpoonker Hpi. 
rT an / wn 
Yo wotov; 7 yewperplav, épn, Aeyes; 
Ab i} ~ a i J tA 
dtd Tobro, Hv 8 eyed. 
o vA wy A ‘ 39 3 ~ s 
Ooov pév, ébn, mpds Ta TOoAcpUKA adTod Tete, 
SijAov OTe mpoarjKe. ... 
? | LS ta = ‘ \ A ~ X 
AAW ovv 57, elzov, mpos prev Ta ToLabta Kal 
, cal ‘ ~ 
Bpayt te av eapxot yewpetpias te Kat Aoyrop.dv 
poptov' 7d d€ TOAD abtis Kal woppwrépw mpotoy 
cal cal ~ / 
oxotreiaOar det ef TL mpos exetvo Teiver, mpos TO 
moety KaTideiv paov tiv Tod ayabod idéay. ... 
> , ~ La bs a > > < » fe 
od tov TobTé ye, Hv 8 eye, apdiaPytycovaw 
Hptv Soot Kal opixpa yewpeTplas epTeipot, OTL 
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by nature apt at calculation are—not to make a short 
matter long—naturally sharp at all studies, and that 
the slower-witted, if they be trained and exercised 
in this discipline, even supposing they derive no 
other advantage from it, at any rate all progress so 
far as to become sharper than they were before ? 

Yes, that is true, he said. 

And I am of opinion, also, that you would not easily 
find many sciences which give the learner and the 
student greater trouble than this. 

No, indeed. 

For all these reasons, then, this study must not be 
rejected, but all the finest spirits must be educated 
in it.? 

I agree, he said. 


(B) Geometry 


Then let us consider this, I said, as one point settled. 
In the second place let us examine whether the 
science bordering on arithmetic concerns us. 

What is that > Do you mean geometry? he said. 

Exactly, I replied. 

So far as it bears on military matters, he said, it 
obviously concerns us. 

But for these purposes, e observed, a trifling know- 
ledge of geometry and caleulitians would suffice ; 
what we have to consider is whether a more thorough 
and advanced study of the subject tends to facilitate 
contemplation of the Idea of the Good. ... Well, 
even those who are only slightly conversant with 
geometry will not dispute us in saying that this 


@ Plato’s final reason may strike contemporary educa- 
tionists as somewhat odd. 
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avrn 1) emoTniLy may totvartiov éxee Tois ev abri 
Adyots Acyopevots Uno Tay petaxerpiloperwr, 

Ilas; én. 

Aéyouvat pev mov pada yedoiws Te Kal avayKatws: 
Ws yap mpatrovrés Te Kal mpagews evexa madvras 
Tovs Adyous Tovovperoe A€yovow TeTpaywrilew TE 
Kal Tapateivey Kal mpoorBevar Kal mdvra ourw 
Peyyopevor, TO 8 €oT. mov may 7d pdbnpa 
yraoews evera emTHSEVOLEVOV. « 6 6 


(y) Stereometry 


Ti 6€; Tpitov Oapev dotpovopiav; 7 od Soxel; 

*Eeot yoo, én. 

Nvvd7 yap odK apdas ro bs éAdBopev rH 
yewpetpia. 

Ilas AaBovres; &¢n, 

Mera emimedov, TV a eye, év Tepipopd 6 dv 75n 
oTEpEov AaBdvres, mpi auto Kal?’ adro AaBetv- 
oplads bé éxet éffs peta Sevrépay avéqy Tpitny 

Aap Bdvery éort b€ zou TobTo mrept THY TOV KUBwY 
aveny Kal 76 Babovs HeTeXoV. 

"Eore YP. eon add raird ye, & Ueodxpates, 

oKet otra nbph AoBar. 

Aurra ydp, nv & eye, ta alta’ dre Te ovdepia 
mods evtiuws adra eyxet, aaberas Cyretrar yaderra 
ovra, emotarov Te SeovTar ot CntobvrTes, dvev ov 
ovK av evpotev, Gv mp@rov prev yevéabar yadreror, 


* It is useful to know that these terms, which are regularly 
found in Euclid, were already in technical use in Plato’s day. 

> Lit. “increase of cubes,” where the word ‘ increase "’ 
is the same as that translated above by ‘‘ dimension.” 
10 
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science holds a position the very opposite from that 
implied in the language of those who practise it. 

How so? he asked. 

They speak, I gather, in an exceedingly ridiculous 
and poverty-stricken way. For they fashion all their 
arguments as though they were engaged in business 
and had some practical end in view, speaking of 
squaring and producing and acding* and so on, 
whereas in reality, I fancy, the study is pursued 
wholly for the sake of knowledge... . 


(y) Stereometry 

Again; shall we put astronomy third, or do you 
think otherwise ? 

That suits me, he said... . 

We were wrong just now in what we took as the 
study next in order after geometry. 

What did we take ? he asked. 

After dealing with plane surfaces, I replied, we 
proceeded to consider solids in motion before con- 
sidering solids in themselves ; the correct procedure, 
after the second dimension, is to consider the third 
dimension. This brings us, I believe, to cubical 
increase » and to figures partaking of depth. 

Yes, he replied ; but these subjects, Socrates, do 
not appear to have been yet investigated. 

The reasons, I said, are twofold. In the first 
place, no state holds them in honour and so, being 
difficult, they are investigated only in desultory 
manner. In the second place, the investigators lack 
a director, and without such a person they will make 
no discoveries. Now to find such a person is a diffi- 


There is probably a playful reference to the problem of 
doubling the cube, for which see infra, pp. 256-309. 
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” ‘ #. € ~ v > n rd 
emetta Kal yeropévovu, ws viv exe, odk av 7ElBovTo 
ot wept Taira CyzyTiKot picy'cAodporvovpevor. et dé 
mods GAN ovremiaTaTot evTiws dyovea adra, 
ottol Te Gy welowTo Kal ovvey@s Te av Kal év- 
tovws Cyrovjpeva exhary yevotTo omy exer erret Kat 
viv b70 Tov Toa atipalopera Kai KoAovdpera, 
€ A ‘ ~ t , * >? , > oe 
vmo bé TeV Cyrovrtwr Adyov obK exdvTwY Kal? STt 
xXpryoyia, Opevs mpos aravta taba Bia bad ydpitos 
avédrerat, kat obdev barpactoy atta davivat. 

a ‘ ‘ , ” , ba , a] if 

Kai ev 517, fy, TO ye emlyape kat dcadepdvTws 
ww > , LA > A a \ ww 
éyet. GAL prot caddéorepov el7é & vuvdr reyes. 

lot t 

THY fev yap Tov Tod émimédouv Tpaypateiay yew- 
petptav e7ibets. 

La , ey ’ > e £: 

Nai, iv & eyed. 

aps > oo» \ \ a > , \ 

Eira y, €by, To pév mp@tov aotpovojtav peta 

7 > 

TavTnV, voTEpov 8° drexwpyoas. 

Mrevdwr yap, édnv, tayd mavra breEeAOety pada- 

ed Cea * > \ Ld we 

Aov fpadtivw: é&9s yap obcay tiv Pabovs av ys 

vi oe ~ x , ” € ‘ 
peGodov, ote 7H Cytijoee yedotws exer, daepBas 
avTi peta yewpeTpiav dotpovoj.iay eAcyov, dopav 
ovoav Babous. 


’Opllas, edn, Adverts. 





@ These words (cs vév éxec) can be taken cither with what 
goes before or with what comes after. In the former case 
Plato (or Socrates) will be referring to a distinguished con- 
temporary (such as Endoxus or Archytas) who had already 
mace discovees in solid geometry. 

2 'Phis passage has been thought to have some bearing on 
the question whether the Socrates of the dialogue is meant 
to be the Socrates of history or not. The condition of sterco- 
metry, as described in the dialogue, certainly does not fit 
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cult task, and even supposing one appeared on the 
scene, as matters now stand,? those who are investi- 
gating these problems, being swollen with pride, 
would pay no heed to him. But if a whole state were 
to honour this study and constitute itself the director 
thereof, they would pay heed, and the subject, being 
continuously and earnestly investigated, would be 
brought to light. For even now, neglected and cur- 
tailed as it is, not only by the many but even by 
professed Sralenns: who can suggest no use for it, 
nevertheless in the face of all these obstacles it 
makes progress on account of its elegance, and it 
would not be astonishing if it were fully unravelled. 

It is certainly an exceedingly fascinating subject, 
he said. But pray tell me more clearly what you 
were saying just now. I think you defined geometry 
as the investigation of plane surfaces. 

Yes, I said. 

Then, he observed, you first placed astronomy 
after it, but later drew back. 

The more I hasten to cover the ground, I said, the 
more slowly I travel; the study of ‘solid bodies comes 
next in order, but ‘because of the absurd way in 
which it is investigated I passed it over and spoke 
of astronomy, which involves the motion of solid 
bodies, as next after geometry. 

You are quite right, he said.? 


Plato’s generation, when Archytas and Eudoxus were making 
brilliant discoveries in solid geometry ; but, even during the 
lifetime of Socrates, Democritus and Hippocrates had made 
notable contributions to the same science. This passage 
cannot help, therefore, towards the solution of that problem. 
All that Plato meant, it would appear, was that stereometry 
had not been made a formal element in the curriculum but 
was treated as part of geometry. 
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(8) Astronomy 


‘4 , tt ? ? , ~ , 

Téraprov roivuv, fv 8 eyo, rGpev pdOnpa 
dotTpovoyiay, ws bdtapyovons Tis viv napadeito- 
pevys, €av adrav mods petin. . . . Tadra pev Ta 
€v 7 obpav@ moixiluata, émeimep ev opaT@ 

Eg 109 A € tal 4 > / 
memoikiArar, KdAMoTa pev ayetobar Kal axpiBé- 
oTata TaY ToLovTWY eye, TOV 5é aAnOivdv Todd 
> tal a A 4 / A € ‘ ? ~ 
evdeiv, ds TO dv Tdyos Kal 1) otoa BpaduTis ev 7 
GAnOiv@ dpiOu@ Kal maou tots dAnOéor oxypace 

4 ‘A MM / ‘ A + t¢ 
opds te mpds GAAnAa dépeTrat Kal Ta evovTa dépet, 
a A , A ‘ t 2 wv > ww ” 
a 57 Adyw pév Kal Siavoia Anna, dpe 8 od 7 
ov ote; 

Ovdapas ye, édy. 

Odkoty, elzov, TH mept tov odbpavoy mokidria 
mapadelypact xpyoteov THs mpos exeiva pabjcews 
évexa, opotws woTep av el Tis evrvxoe v7 
Aadddov 4 Twos aAAov Snproupyod 7 ypeapews 
Siagepovres yeypappevots Kat exmemrovnLevous dca- 
ypdppacw. de mpoBXijpacw dpa, i om eyed, 
YXpwpevor womep yewpeTpiay ovr Kal dorpovopiay 
peéripev, Ta 8” ev TH obpave eacoper, ef pédAdAopev 
ovTws daTpovopias petaAapBdvovres xprjoynov TO 
duce. fpoviyov ev 7H puyh €€ axpyjorov smou- 


OE. . . . 








® There seems little doubt that in this passage Plato wished 
astronomy to be regarded as the pure science of bodies in 
motion, of which the heavenly bodies could at best afford 
only one example. Burnet has made desperate efforts to 
save Plato from himself. According to his contention, Plato 
meant that astronomy should deal with the true, as opposed 
to the apparent, motions of the heavenly bodies ; it is tempt- 
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(8) Astronomy 


Let us then put astronomy as the fourth study, 
regarding that now passed over as waiting only until 
some state shall take it up. .. . Those broideries 
yonder in the heaven, forasmuch as they are broidered 
on a visible ground, are rightly held to be the most 
beautiful and perfect of visible things, but they are 
nevertheless far inferior to those that are true, far 
inferior to those revolutions which absolute speed 
and absolute slowness, in true number and in all true 
forms, accomplish relatively to each other, carrying 
their contents with them—which can indeed be 
grasped by reason and intelligence, but not by sight. 
Or do you think otherwise ? 

No, indeed, he replied. 

Therefore, I said, we should use the broideries 
round the heaven as examples to help the study of 
those true objects, just as we might use, if we met 
with them, diagrams surpassingly well drawn and 
elaborated by Daedalus or any other artist... . 
Hence, I said, we shall approach astronomy, as we 
do geometry, by means of problems, but we shall 
leave the starry heavens alone, if we wish to obtain a 
real grasp of astronomy, and by that means to make 
useful, instead of useless, the natural intelligence of 
the soul. . . 4 


ing but difficult to reconcile this with the decisive language 
of the text. Fortunately Plato’s own pupils in the Academy, 
notably Eudoxus and Heraclides of Pontus, adopted a dif- 
ferent attitude, using mathematics to account for the actual 
motion of the heavenly bodies; and Plato himself does not 
appear to have held consistently to the belief here expressed, 
for he is said to have put to his pupils the question by what 
combination of uniform circular revolutions the apparent 
movements of the heavenly bodies can be explained. 
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(e) Harmonies 


Kodureder, édyv, ws mpos dorpovopiay oppara 
mernyev, Os mos evapporiov dopav ara mayivat, 
Kat abrae aAAjAwy adeAdal tives al emoT ipa 
eivat, Ws ot TE Hvdayoperot fact Kal jueis, @ 
Dravxwr, cvyywpotper. 


(iv.) Logistic 
Schol. in Plat. Charm. 165 © 


Aoytorixy €o7t Jewpia Tov apbunray, odyt bé 
Tov apOuav petaxeipiaTixy, od TOV ovres dptBpov 
AapBarovea, GAN brotiepévn TO pev Ev wes 
povdda, Td b€é apiOpnrov ws apiOudv, ofov 7a tpta 
Tpedda elvac Kal Ta Seka Sexdda: éd’ av emdyet 
7a. Kara dpinrexny dewpnpata, Oewpet odv robro 
pev 70 KAnOev tr? "Apxynyd ous Boetkov mpoBAnpa, 
TobTo bé pnAiras Kal uadiras dprBnovs, Tous pev 
emt diaddy, rods S€ emt wotuvyns: Kat ém’ ddAwv b€ 
yevav Ta 7Ai}0n TOV aicOyTav cwpdtwy oxoTotca, 
ws mept TeAetwy dmodaiverat, BAy d€ adtis mavTa 
Ta dpilunra> pépyn dé adtas af ‘ENyKal Kal 
Alyurtiakal kaAovpevar pélodor ev mod\AaTAacta- 





® Sce the fragment from Archytas, supra, pp. 4-5. 

> Socrates proceeds to censure the Pythagoreans for com- 
mitting the same error as the astronomers : they investigate 
the numerical ratios subsisting between audible concords, 
but do not apply themselves to problems, in order to examine 
what numbers are consonant and what not, and to find out 
the reason for the difference (emoxoreiy tives avjdwvor apidpot 
kal tives ov, Kai Sa zi éxdrepot). 

¢ In the eattle-problem Archimedes sets himself to find 
the number of bulls and cows of each of four colours. The 
problem, stripped of its trimmings, is to find eight unknown 


16 


INTRODUCTORY 


(e) Harmonies 


It would appear, I said, that just as our eyes were 
intended for astronomy, so our ears were intended 
for harmonious movements, and that these are in a 
manner sister sciences,? as the Pythagoreans assert 
and as we, Glaucon, agree.” 


(iv.) Logistic 
Scholium to Plato’s Charmides 165 © 


Logistic is the science that treats of numbered 
objects, not of numbers ; it does not consider number 
in the true sense, but it works with 1 as unit and the 
numbered object as number, e.g., it regards 3 as a 
triad and 10 as a decad, and applies the theorems of 
arithmetic to such cases. It is, then, logistic which 
treats on the one hand the problem called by Archi- 
medes the cattle-problem,° and on the other hand 
melite and phialite numbers, the latter appertaining 
to bowls, the former to flocks¢; in other types of 
problem too it has regard to the number of sensible 
bodies, treating them as absolute. Its subject- 
matter is everything that is numbered ; its branches 
include the so-called Greek and Egyptian methods 
in multiplications and divisions, as well as the addi- 


quantities connected by seven simple equations and subject 
to two other conditions. It involves the solution of a 
“ Pellian ’? equation in numbers of fantastic size, and it is 
unlikely that Archimedes completed the solution. See vol. ii. 
pp. 202 ff.; T. L. Heath, The Works of Archimedes, pp. 319- 
326, and for a complete discussion, A. Amthor, Zeitschrist 
fiir Math. u. Physik (Hist.-litt. Abtheilung), xxv. (1850), pp. 
153-171, supplementing an article by B. Krumbiegel (pp. 121- 
136) on the authenticity of the problem. 
4 He should probably have said “* apples ” 
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A ‘ ~ © ~ 

opots Kat pleptopois, Kal at THY popiwy ovyKeda- 

Aawaes Kal diaipéces, ais iyveder Ta KaTa THY 

oe > ~ ~ 

UAny eudwrevdueva THY TpoBAnpatewv TH epi rods 

Tptywvous Kal moAvywrovs mpaypateta.  TéAos 

~ > 

b€ adbrijs TO Kowwrixdv ev Biw Kal xpropov ev 
, > ‘ a Bt ~ of ~ e 

aupBoraiows, ef kal doxet mept Tav alabyrav as 


terelwy azodaivecbat. 


(v.) Later Classification 
Anatolius ap. Her. Def., ed. Heiberg 164. 9-18 


“ TIdca pépy pabyparticijs; 
ce TH A . \ i. SA , 
Ss pev Tyswréepas Kal mpwrns dAooyepeatepa 
épy SV0, dpiOunrixy Kal yewpetpia, THs S€ wept 
X > A > , oe , 
Ta atoOyTa doxodoupervns €€, AopraTiKy, yewdat- 
cia, Om7iKH, KavovtKy, pLNXaVLKH, GoOTpovopLKy. 
OTe OvTE TO TAKTLKOV KaAoUpPEVoY OUTE TO apyxLTE- 
KToViKOV ovTE TO SHUd@dES povatKdy 7) TO TEpl TAs 
a > > 29Ot A © , , 
does, GAN’ oddé 7d duwrtpws KaAovpeEvov pnXa- 
viKov, ws olovtal tiwes, pepy pabypatinis efor, 
al 4, ~ é ~ b , 
mpoidvtos 8€ Tod Adyou cadds Te Kal eupelddws 


deiEopev.” 


* te., that which deals with non-sensible objects. 
® Geminus, according to Proclis in /ucl. i. (ed. Friedlein 
us, 8-12), gives the same classification, only in the order 
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tion and splitting up of fractions, whereby it ex- 
plores the secrets lurking in the subject-matter of 
the problems by means of the theory of triangular 
and polygonal numbers. Its aim is to provide a 
common ground in the relations of life and to be use- 
ful in making contracts, but it appears to regard 
sensible objects as though they were absolute. 


(v.) Later Classification 


Anatolius, cited by Heron, Definitions, ed. Heiberg 
164. 9-18 


“ How many branches of mathematics are there ? 

“There are two main branches of the prime and 
more honourable type of mathematics,? arithmetic 
and geometry ; and there are six branches of that 
type of mathematics concerned with sensible objects, 
logistic, geodesy, optics, canonic, mechanics and 
astronomy. That the so-called study of tactics and 
architecture and popular music and the study of 
{lunar] phases,* or even the mechanics so called 
homonymously,4 are not branches of mathematics, 
as some think, we shall show clearly and methodically 
as the argument proceeds.” 


arithmetic, geometry, mechanics, astronomy, optics, geo- 
desy, canonic, logistic. Geodesy means the practical 
measurement of surfaces and volumes; canonic is the 
theory of musical intervals ; logistic is the art of calculation, 
as opposed to arithmetic, by which is meant what we should 
call the theory of numbers. Geminus proceeds to give an 
elaborate analysis of the various branches. 
© According to Heiberg, this means “‘ das Kalenderwesen.” 
4 Heiberg interprets this as “ die praktische Mechanik, 
die sich im Namen von der theoretischen nicht unter- 
scheidet.” 
19 
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(6) Marurmatics 1x Greek Enucation 


Tambl. De Vita Pythag, 18.59, ed. Deubner 52. 8-11 


Aéyovo. 5€ of Hufaydpeor eSernveyOae yew= 


peTpiay ovTws. dmoBarer | Twa TH ovciay TaV 
IluGayopeiwr: ws b€ Todto TOXIC, dobjvat abr 
xpnpwaricacbar amo yewpertpias. exadeito b€ % 
yewpeTpia zpos IlvGaydpou toropia. 


Plat. Leg. vii. 817 E-820 d 


AOHNAIOZ ZENOZ. "Eire 67) Todvuv Tots édev- 
Dépors éorww Tpia padjpara, Aovtaj.ot peev Kat Ta 
mepl dpiOuods &v walnya, KeTpNTUK?) dé LaKous 
Kal emumédov kal Bdafovs as év ad devrepov, Tpirov 
d€ Tis T&Y dotpwy Tepiddov mpds GaAAnAa ws 
mepukev Tropevecbar. Tatra d€ avpTavTa oby ws 
dxpiBelas éyopeva det SiaTovety Tobs ToAAOds GAA 
Tas dXiyous—obs dé, mpoiovres emt TH TéAe 
Ppdooper: ovTw yap mpérov dv ein—r@ wANBEL 8é, 
doa abtav dvayKaia Kal THs éplorara Adyerau 
py eniotacbar ev Tots ToAAots alaypdv, bi axpi- 
Betas bé Cynreiv mavra ore padwoy ode 70 Tapdmay 
duvatov. . . . 

Toodde rowuy éxdotwr xp ddvar pavOdvew 
Setv Tods érevlepous, doa Kal mapmodus ev Atyiatw 
maldwy oxAos apa ypdppace pavOdver, Tp@Tov 
plev yap Tept Aoytapovs GTEXVOS mavow e€qupnueva 
pabjpara peta Taduds Te Kal 7Oovijs pavOavery, 





2 Plato is thought to have redeemed this promise towards 
the end of the Lines, where he describes the composition of 
the Nocturnal Council, whose members are required to have 
considerable knowledge of mathematics, 

» The Greek word is derived from the same root as the 
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(6) Marnematics in Greek Epucation 


Iamblichus, On the Pythagorean Life 18, 89, ed. Deubner 
52. 8-11 
The Pythagoreans say that geometry was divulged 
in this manner. A certain Pythagorean lost “his 
fortune ; and when this befell him, he was permitted 
to make money from geometry, But geometry was 
called by Py thagoras inquiry.’ 


Plato, Laws vii. 817 £~820 p 


ATHENIAN Strancer. Then there are, of course, 
still three subjects for the freeborn to study, Cal- 
culations and the theory of numbers form one subject ; 
the measurement of length and surface and depth 
make a second ; and the third is the true relation of 
the movement of the stars one to another. To pursue 
all these studies thoroughly and with accuracy is a 
task not for the masses but for a select few—who 
these should be we shall say later towards the end 
of our argument, where it would be appropriate 7— 
for the multitude it will be proper to learn so much 
of these studies as is necessary and so much as it can 
rightly be described a disgrace for the masses not to 
know, even though it would be hard, or altogether 
impossible, to pursue with precision all of those 
studies... . 

Well then, the freeborn ought to learn as much of 
these things as a vast multitude of boys in Egypt 
learn along with their letters. First there should be 
calculations of a simple type devised for boys, which 
they should learn with amusement? and pleasure, 
Greek word for “boy,” and Plato is playing on the two 
words. 
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'f tf 8 A A rs rv , 
pjprwv Té twwv dtavojal Kal ateddvwv mAeloow 
dpa Kat éAdrroow apotravTwy apiuav tav ad- 
TOV, Kat TUKTOY Kal TaAaoTay ededpetas Te Kal 
ourdArjfews ev péper kat efeEfs Kat ws medvKact 

, A b ‘ a , oo 
yiyvecOa. Kat 59 Kal natlovtes, diddas apa 
xpvood Kat yaAkod Kat apytpov Kal roovTwy TWaY 

o <: 
ad\wy Kepavvurres, of S€ Kal Gras ws SiadiddvTes, 
‘ ~ 
émep elmov, els matdiav éevapdtrovtes Tas THY 

~ fol A 

dvaykaiav apiluayv ypnoes, wdeAodor Tods pav- 
~ ‘ 
Odvovras eis te Tas THY oTpatorédwy tages Kal 
A > 4 
dywyds Kal otpatelas Kai ets olkovoptas ab, Kal 
Tdvrws xpyoynwtépous avtods abtots Kal eypnyo- 
potas padXov Tobds arOpuTous dtepyalovrats pera 
~ ~ w , \ 
d€ tadra ev tails petpiccow, doa exer pyKN Kab 
mArdtn Kat Baby, wept azarvta tabra evoicday twa 

a a 
gvoe. yeAotay Te Kai alaypav dyvoay ev ois 
> a 
avOpwros madow, TavTns amadAdrovaww. 

, < A f ts , 

KAEINIAS. Ilodav 83) Kal tiva Adyets TavTnV; 

Ao. OQ pide Krewia, ravrdmaal ye pv Kal abros 

, fod ~ 
dkovoas ope mote TO Tepl Tabta Hudv mdOos 
> ra ‘ wi , ~ > > 4 
eGavpaca, Kat éofé por toito obk dvOpumuvov 
3 oe a > le , y , 
GAG dyvar tier elvar paNov Opepdtwr, Roxvy- 

% e A cf ~ /, is ‘A + c A 
Onv te ody bmép euavTod pudvov, dAAd Kat vrép 
¢ aA 
amdvrwy tev “EAAjvwr. 





2 Heath (7.G.M. i. 20 n. 1) first satisfactorily explained 
the construction of this sentence. 
> The Athenian Stranger, generally taken to mean Plato 


22 


INTRODUCTORY 


such as distributions of apples and crowns wherein 
the same numbers are divided among more or fewer, 
or distributions of the competitors in boxing and 
wrestling matches by the method of byes and draw- 
ings, or by taking them in consecutive order, or in 
any of the usual ways.? Again, the boys should play 
with bowls containing gold, bronze, silver and the 
like mixed together, or the bowls may be distributed 
as wholes. For, as I was saying, to incorporate in 
the pupils’ play the elementary applications of 
arithmetic will be of advantage to them later in the 
disposition of armies, in marches and in campaigns, 
as well as in household management, and will make 
them altogether more useful to themselves and more 
awake. After these things there should be measure- 
ments of objects having length, breadth and depth, 
whereby they would free themselves from that 
ridiculous and shameful ignorance on all these topics 
which is the natural condition of all men. 

Crernias. And in what, pray, does this ignorance 
consist ? 

ATHENIAN StranceR. My dear Cleinias, when I 
heard, somewhat belatedly, of our condition in this 
matter,> I also was astonished; such ignorance 
seemed to me worthy, not of human beings, but of 
swinish creatures, and I felt ashamed, not for myself 
alone, but for all the Greeks. 


himself, proceeds to explain at length that he is referring to 
the problem of incommensurability. The Greek (dxovcas 
6%é wore) could mean that he had only lately heard either 
of incommensurability itself or of the prevalent Greek ignor- 
ance about incommensurability. A. E. Taylor comments 
that in view of references to incommensurability in quite 
early dialogues it seems better to take the words in the 
latter sense. 
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KA, Tod wépe; Ady’ atu Kat djs, d Edve. 
, rier Rerun , 
Ao. Adyw dij peaAdov 8€ epwrdv cor SelEw. 
Kai fol apiuKpov damdKpural yuyvwboKets Trou 


pejKos; 

KA. Te puny; 
Te be. mAaTos; 
Tdrrws. 


> A ~ o ” > rd A t 
H «at raira ore bv’ eordv, Kal tpirov 
Tovtwr Bulos; 
~ iy La 

KA. lds yap ob; 

Ao. “Ap” otv ob Sdoxet gow TaiTa clvat mavTa 
pletpnTa mpos dAAnAa; 

KA. Nai. 

A® M a ra > ‘ ~ bs Xr , 

a. Mijxds te olpat mpos yupKos, Kat mAdros 

\ , \ , 2 if A 7 
mpos mAdtos, Kal Bdbos waattws Suvarov elvat 
petpety ducer. 

KA. spo pa ye. 

Ao. Ke &? éore pare obddpa pojre Tpeua. duvara 
én, adda Ta prev, TA SE jij, OD SE TaVTA Hyh, TAS 
ole mpos Tatra diaketotar; 

KA. AjjAov dtu davaws. 

_ Ae. Te 8 ad LiKOs re Kal mAdtos mpos Babos, 

) wAdtos TE wat pipKos mpos adAnAa ; dp’ ob 
Busw ood eB mre pt Tatra ovtws “EAAnves mates, 
ws duvata éeote petpeicbae mpos dAAnAa apas 
yé TwsS; 

, ‘ > 

KA. Jlavrdmace prev obv. 

EF 8° ” a 8} ~ 5 ~ ry # 
ao. Ee éoTw ad pndapas pydayh dvvard, 
, S o oF "EDA 8 Fd 0. ¢ 

ravtes 8°, omep elzov, “KAAnves diavootpeba ws 
duvatd, pa@v otK d&ov trép mdvtwy atoyurbévra 

J] ~ ‘ > , ae FC la ~ "EA , 
etzeiv mpos adtovs: “*Q BéAtiotoe TOV “HAAjvwr, 
ev exelvuy tod eat adv epapev aicypoy pev 
Q4 
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CLeix. Why? Please explain, sir, what you are 
saying. 

‘At I will indeed do so; or rather I will make it 
plain to you by asking questions. Pray, answer me 
one little thing ; you know what is meant by line? 

Criein. Of course. 

Atu. And again by surface? 

CLEIN, Certainly. 

Ati, And you know that these are two distinct 
things, and that volume is a third distinct from them ? 

CLeix. Even so. 

Aru. Now does not it appear to you that they are 
all commensurable one with another ? 

Ciern. Yes. 

Atu. I mean, that line is in its nature measurable 
by line, and surface by surface, and similarly with 
volume. 

Cretn. Most assuredly. 

Atu. But suppose this cannot be said of some of 
them, neither with more assurance nor with less, but 
is in some cases true, in others not, and suppose you 
think it true in all cases ; what you do think of your 
state of mind in this matter ? 

Creiy. Clearly. that it is unsatisfactory. 

Atu. Again, what of the relations of line and sur- 
face to volume, or of surface and line one to another ; 
do not all we Greeks imagine that they are com- 
mensurable in some way or other ? 

Cieix. We do indeed. 

Atu. Then if this is absolutely impossible, though 
all we Greeks, as I was saying, imagine it possible, 
are we not bound to blush for hen all as we say to 
them, “ Worthy Greeks, this is one of the things of 
which we said that i ignorance is a disgrace and “that 
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yeyovevas TO pn emiatacba, 7d 8 emictacbas 
TavayKaia ovdev mdvu Kaddv;”” 

KA. Il@s 8 ov; 

Ae. Kai mpdos tovtow ye dAda €orw tovrwv 
ovyyevij, év ols ab moAAd dpapripara exetva 
adeAda Hutv eyylyverar THY apapTynpatwv. 

KA. Iota Cue 

ao. Ta trav peTpyTav Te kal due pea ™pos 
dAAnda Fitwe pvoee yéeyovev’ Taira yep &7) oKo- 
mobvra duaytyvacKke davayKaiov 7 mavramacw 
elvat datdov, mpoBddAdrovra re adArjAots det, dia- 
Tpipny THs meTTElas TOAD xapteoTrépay mpeoBuTav 
SuarpiBovra, dirovexety ev tats rovtwv a€iascr 
pia 

. “Tows: €oukev yoov q Te metreia Kal tadra 
Aue Ta pabypara od mapmoAu Kexwpicbat. 


Isoc. Panathenaicus 26-28, 238 n-p 


A t lon A ~ 
Tijs pev ody maidelas THs bro TOY Tpoyovwy 
KatarepOcians togovrov déw Katadpoveiv, woTe 
Kal TH ed? dv Karactabeicay erawd, Adyw be 


* Plato is probably censuring a belief that if two squares 
are commensnrable, their sides are also commensurable 3 
and if two cubes are commensurable, their surfaces and sides 
are also commensurable. The discovery that this is not 
necessarily so would arise in such problems as that pro- 
pounded in Meno 82 s—85 zB (doubling of a square) and in 
the duplication of the cube (see infra, pp. 256-309). The 
only difficulty is that commensurability is not always im- 
possible (undanas pndap9 Svvard). A belief that areas and 
volumes can be expressed in linear measure would meet this 
stipulation, but it seems too elementary to call for elaborate 
refutation by Plato. 
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to know such necessary matters is no great achieve- 
ment ” ?¢ 

Cuein. Certainly. 

Atu. In addition to these, there are other related 
points, which often give rise to errors akin to those 
lately mentioned. 

Creix. What kind of errors do you mean ? 

Atu. The real nature of commensurables and in- 
commensurables towards one another.’ A man must 
be able to distinguish them on examination, or must 
be a very poor creature. We should continually put 
such problems to each other—it would be a much 
more elegant occupation for old people than 
draughts—and give our love of victory an outlet in 
pastimes worthy of us. 

Cue1n. Perhaps so; it would seem that draughts 
and these studies are not so widely separated. 


Isocrates, Panegyric of Athens 26-28, 238 B-p ° 


So far from despising the education handed down 
by our ancestors, I even approve that established in 


> According to A. E. Taylor, this means that ‘“* behind the 
more special problems of the commensurability of specific 
areas and volumes there lies the problem of constructing a 
general ‘ theory of incommensurables.’’’ He calls in the 
evidence of Epinomis, 990 s—991 zB, for which see infra, 
pp. 400-405. For further references to the problem see 
infra, pp. 110-111, 214-215. 

© Isocrates began this last of his orations in his ninety- 
fourth year and it was published in his ninety-eighth. He 
expresses similar sentiments about mathematics in Antidosis 
§§ 261-268; see also Xenophon, JVJemorabilia iv. 7. 2 ff. 
Heath's dry comment (//.G. MM. i. 22) is: ‘‘ It would appear 
therefore that, notwithstanding the influence of Plato, the 
attitude of cultivated people in general towards mathematics 
was not different in Plato’s time from what it is to-day.” 
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THY TE yewpeTpiay Kal Thy dotpodoyiav Kat Tovs 
Siaddyous Tous eptaTixovs Kaoupevous, ols of pev 
vewTepor j1GAdov Xalpovor 70d d€ovros, T&v Oe 
mpeoBurépwv ovvels € corw, éotts av avextovs abtovds 
elvau drjoccev. 
> A a“ ¢ re > \ ~ 
"AM Gpws eyw Tots Wppnuevors ent Taira 
TapaKkeAevopat ToVvely Kal Tpocexew TOV vodV aTact 
- f e = A iY ” ta \ 
tovtos, A€ywv, Ws et Kal pydev GAO SvvaTat Ta 
pabipata tatra Tovey ayabov, add’ obv anorpémet 
ye Tovs vewtépovs ToAdY aGAAdv apapTnuaTwr. 
Tots pev odv tHAtKoUTOLs oOvdéT0T av evpefAvaL 
ty ‘ > / ts aor ~ 
vonilw diatpiBas whedAyLwrépas ToUTWY OddE paA- 
v mpetovoas: tots b€ mpeaButépors Kal Tots els 
we t S 7. ‘ i. , 
avopas Sedoxyacperors obKere gnpt TAS jederas 
TavTas dpporrew. Opa yap éviovs Tay emt Tois 
pabnpace ToUTOLS OUTWS aanKpBepeven ob WOTE al 
Tovs dAous SiSdorev, ovr’ evKaipws Tats ém- 
oTHpLats ais exovat Xpupevous, év te tais aAdats 
mpayjtaTetats Tails mepl Tov Biov adpoveorepous 
évtas THY paOnra@v: dKve yap eiveiv THY olkeTav. 


(c) Practica, CaLcuLaTIon 
(i.) Enumeration by Fingers 
Aristot. Prob. xv. 3, 910 b 23-911 a 1 


Au rt mavres avOpwrot, Kat BdpBapor Kal 
"EAAnves, eis Ta d€Ka mi Nees Kal ovK els 
aAdov apBpor, olov B, y, 4, é, elra. maAw éava- 
SimAotow, Ev mévte, Sto mévTe, WoTep evdexa, 
bwbexa; .. . OTe TavTes Uaipfav avOpwror 
ww é ta a. Mt ta Ww 
€xovres d€ka SaxtVAous; olov obv yjdous ExovTes 
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our own times—I mean geometry, astronomy, and 
the so-called eristic dialogues, in which our young 
men delight more than they ought, though there is 
not one of the older men who would pronounce them 
tolerable. 7 

Nevertheless I urge those who are inclined to these 
disciplines to work hard and apply their mind to all 
of them, saying that even if these studies can do no 
other good, they at least keep the young out of many 
other things that are harmful. Indeed, for those 
who are at this age I maintain that no more helpful 
or fitting occupations can be found ; but for those 
who are older and those admitted to man’s estate 
I assert that these disciplines are no longer suitable. 
For I notice that some of those who have become so 
versed in these studies as to teach others fail to use 
opportunely the sciences they know, while in the 
other activities of life they are more unpractical than 
their pupils—I shrink from saying than their servants. 


(c) Practica, CaLcuLaTIon 


(i.) Enumeration by Fingers 
Aristotle, Problems xv. 3, 910 b 23-911 a1 


Why do all men, both barbarians and Greeks, count 
up to ten and not up to any other number, such as 
2, 3, 4 or 5, whence they would start again, saying, 
for example, one plus five, two plus five, just as they 
say one plus ten, two plus ten: 4%... Is it that all 
men were born with ten fingers? Having the 


2 The Greek words for 11 and 12 mean literally one-ten, 
two-ten, 
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aA > F > a ‘¢ ~ , \ ‘ ” 
Tob oikelov apiO.od, ToUTwW TH TANIE Kal Ta aAAa 
apOpodow. 


Nicolas Rhabdas, ed. Tannery, Notices e¢ extraits des manu- 
serits de la Bibliothéque Nationale, vol. xxxii. pt. 1, 
pp. 146-152 


*Exdacts tod daxtuAKod pérpov 


*Ev d€ rais yepol KabeEers Tods apiPuods obtws: 
Kal ev per TH Aad, odetAers det Tods povad«uKods 
Kal dexadsKovs Kpateiv apipouvs, ev dé TH Seba 
rods ékaTovTadixods Kal xAcovTaduKovs, Tods dé 
évéxewa ToUTWY yapaTTew év TUL: od yap exes 
érws Kabéfers ev tats xepol. 

XvoreMopevov Tot mpwrov Kat pixpod daxtvAov, 
Tob pvwros Kadoupévov, Tav 5€ Tecodpwv exteTa- 
pievwr Kal torapevwy dpbiwy, Katéyes ev pev TH 
apiotepa yxelpi provdda pilav, ev O€ TH Se€cd yiArov- 
7aoa piav. 

Kat adAw ovotedopéevov Kal TovTov Kal Tod 
pet’ adrov Sevtépou dax7vAov, Tod mapapéaou Kai 
éemiBarov Kadoujevov, TOY dé AowTav tTpidy ws 
edger Hm Awpeveny, Kpareis ev pev TH evwrduw 
Svo, ev b€ TH bebud dcayxiAra. 

Tod 8 ad tpirou ovoteMopevov, Hrou Tob opa- 
KéAov Kal péaou, Keyevw Kal THY éTépwv ddo, TOV 








* The word meumalew (“to five”), used by Homer 
(Od. iv. 412) in the sense ‘* to count,”’ would appear to be a 
relic of a quinary system of reckoning. The Greek yeép, 
like the Latin maaus, is used to denote “ a number ” of men, 
e.g. Uerodotus vii. 157, viii. 140; ‘Thucydides iii. 96. 

> Nicolas .\rtavasdas of Smyrna, called Rhabdas, lived 
in the fourteenth century a.p. Ile is the author of two letters 
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equivalent of pebbles to the number of their own 
fingers, they came to use this number for counting 
everything else as well.* 


Nicolas Rhabdas,® ed. Tannery, Notices et extraits des manu- 
serits de la Bibliothéque Nationale, vol. xxxii. pt. 1, 
pp. 146-152 


Exposition of finger-notation ¢ 


This is how numbers are represented on the hands: 
The left hand is always used for the units and tens, 
and the right hand for the hundreds and thousands, 
while beyond that some form of characters must be 
used, for the hands are not sufficient. 

Closing the first finger—the little one, called 
myope—and keeping the other four stretched out 
straight, you have on the left hand 1 and on the right 
hand 1000.4 

Again, closing this finger together with that next 
after it—the second, called nezrt the middle and epi- 
bate—and keeping the remaining three fingers open, 
as we said, you have on the left hand 2 and on the 
right hand 2000. 

Once more, closing the third finger—called spha- 
kelos and middle—and keeping the other two as 


edited by Tannery, of which the second can be dated to the 
year 1341 by a calculation of Easter. He edited the arith- 
metical manual of the monk Maximus Planudes. 

¢ A similar system is explained by the Venerable Bede, 
De temporum ratione, c. i., ‘* De computo vel loquela digi- 
torum.” He implies that St. Jerome (0d. a.p. 420) was also 
acquainted with the system. 

In the Greek the numerals are sometimes written in full, 

sometimes in the alphabetic notation, for which see infra, 
p. 43. 
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8é Aow7a@v duo exreTapevwr, To ALyavod Aéyw Kal 
Tob dvrixeipos, elaty dep Kpatets ev pev TH Aaa, 
y, ev dé 7H Sefia, ,y. 

IlaAw ovoteAopévwy t&v dvo0, To pécov Kat 
Tapajiecov, yyouv Tob deuTépov Kal Tpirov, Kal TOV 
GMwv ovtwy efymAwpevay, Tob avrixetpos dey, 
Tob Aryarod Kal 708 psuros, eloly amep Kpareis ev 
pev 7H Aaa, 5, ev dé TH bebud, es 

lldAw tod tpizov, Tob Kal pecov, svveotadApévov, 
Kat T@Y AoiTa@Y Tecodpwv ex7eTapévwv, dnrotaw 
dmep kpatets (ev pev 7H Aaa’ E, ev dé 7H SeLiG, ,€. 

Tod émBarou mad, Too Kal SevTépov, auv- 
eoTahevou rat TOV Aourdv (recodper)* WmAwpevav, 
Kpatets ev pev TH edd pip ee ’ ev be TH eTepa , s. 

Tod piwros madw, Tob Kal mpwrou, exTeTapcvov 
kal 77) maddy mpooavovtos, Tay bé_Aowradv 
lorapevav dplins, elaiv dzep Karéyers, , ev dé 
TH aAAn, ,¢. 

Tod devtépou mad, TOO Kat Tapapiccou, Oprolws 
extetapévov Kat KAivovtos daypis od TH KudOw 
Tedeiws mpoceyyion, rev 5€ Aowrav Tpidv, Too 
Tpitov, Tob TeTdprov Kal Tod _mepeTTOv, ws Tpo- 
etpnrat torapevey dpbiwv, TO yer OpEvov OYT[La 
év pev TH Aaa dnAot qs ev b€ TH bekid 47 A 

Odrws otv Kal Tod Titov yevojtevou, Keupreveny 
Kal Tov dAAwy dvo, Too mpuTouv Kal deuTépov, KaTa. 
TO avTO oxTpa, ev per TH dproTepa SynAobow OB, ev 
S€ 7H GAD ,8. 


Tladw Tod avrixerpos ATAWLEvov, ovyt om b7ep- 


. 


Vig... Aad add. Morel. 
® recodpwv add. ‘Tannery. 
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before, with the remaining two held out straight— 
I mean the forefinger* and thumb’—you have on the 
left hand 3 and on the right hand 3000. 

Again, closing the two fingers called middle and 
next the middle, that is, the second and third, and 
keeping the others open—I mean the thumb and fore- 
finger and that called myope, you have on the left 
hand 4 and on the right hand 4000. 

Again, closing the third finger—the middle—and 
keeping the remaining four straight, the fingers will 
represent on the left hand 5 and on the right hand 
5000. 

Closing, again, the epibate finger—the second— 
and keeping the remaining four open, you have on 
the left hand 6 and on the other 6000. 

Again, by extending the finger called myope—the 
first—so as to touch the palm, and keeping the 
others stretched out straight, you have 7 and on 
the other hand 7000. 

If the second finger—that called neat the middle— 
is extended in a similar manner and bent until it 
nearly touches the hollow of the hand, while the re- 
maining three fingers—the third, fourth and fifth— 
are stretched out straight as aforesaid, the resulting 
figure will represent on the left hand 8 and on the 
right hand 8000. 

If the third finger also is bent in this manner, the 
other two—the first and second—remaining as before, 
the fingers will represent on the left hand 9 and on 
the other 9000. 

Again, if the thumb is kept open, not raised verti- 


@ The Greek word means literally the ‘‘ licking ”’ finger. 
> The Greek word means literally “ that which is opposite” 
sc. the four fingers. 
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lA LAAG rv c .7 ~ A ~ 
atpopevov, aAAd mAayiws mws, Kal Tod Ayavob 
tmoxAwopevov adypts av TH Tob dvriyeipos mpotépw 
aplpw avupréon, ews av yévntar aiypatos oxjqua, 
tav d¢ Aoumdy tpidy dvarkds Arrwpdvww Kal p} 
ta > > > ‘, 8 x , A 
xwptlopevwy an’ adAjAwy, GAAa ovvnppévwy, Td 
Towbrov ev pev TH evwrdpw xewpl onuaiver Séxa, 


év b€ Th befa p. 


(ii.) The Abacus 
Herod. ii. 36. 4 

Tpdupara ypddovar kat Aoyilovrar pidorat “EA- 
Anves pev amd Tay dptotephv ent ra deka de- 
‘A cal > , A > ‘ ~ ~ 7 \ 
povres THY yxeipa, Alyvmriot b€é amd Thy deEtdv emt 
Ta dpiotepa: kal movebvres Tabra adbrol péev dace 

eek, ® #. o Ae CD , 

emt de€id mroréewv, "EAAnvas 8€ én’ aprorepa. 





2 It is perhaps unnecessary to follow this trifle to its end. 
Rhabdas proceeds to show how the tens from 20 to 90, and 
the hundreds from 200 to 900, can be represented in similar 
manner. Details are given in Heath, H.G.M. ii. 552. 

I have not found it possible to give a satisfactory rendering 
of Rhabdas’s names for the fingers. Possibly uvw should 
be translated spur (though this seems a more natural name 
for the thumb than the first finger) and émBdrns rider; 
odpdxedos (ogdaxeAXos in the mss.) can mean spasms or con- 
vulsions, and Mr. Colin Roberts tentatively suggests (to my 
mind convincingly) that the middle finger is so called because 
it is joined with the thumb in cracking the fingers. 

* The only ancient abaci which have been preserved and 
can definitely be identified as such are Roman. It is dis- 
puted whether the famous Salaminian table, discovered by 
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cally but somewhat aslant, and the forefinger is bent 
until it touches the first joint of the thumb, so that 
they resemble the letter «, while the remaining three 
fingers are kept open in their natural position and 
not separated from each other but kept together, the 
figure so formed will signify on the left hand 10 and 
on the right hand 100.% 


(ii.) The Abacus? 
Herodotus ii. 36. 4 


In writing and in reckoning with pebbles the 
Greeks move the hand from left to right, but the 
Egyptians from right to left*; in so doing they main- 
tain that they move the hand to the right, and that 
it is the Greeks who move to the left. 


Rangabé and described by him in 1846 (Revue archéologique 
iii.), is an abacus or a game-board ; the table now lies in the 
Epigraphical Museum at Athens and is described and illus- 
trated by Kubitschek (Wiener numismatische Zeitschrift, 
xxxi., 1899, pp. 393-398, with Plate xxiv.), Nag] (4bhand- 
lungen zur Geschichte der Mathematik, ix., 1899, plate after 
p. 357) and Heath, H.G.M. i. 49-51. The essence of the 
Greek abacus, like the Roman, was an arrangement of the 
columns to denote different denominations, e.g., in the case 
of the decimal system units, tens, hundreds, and thousands, 
The number of units in each denomination was shown by 
pebbles. When the pebbles collected in one column became 
sufficient to form one or more units of the next highest 
denomination, they were withdrawn and the proper number 
of pebbles substituted in the higher column. 
* This implies that the columns were vertical. 
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Diog. Laert. i, 59 


"EX 2 A ‘ a f r) a 
SAeye §€ Tovs Tapa Tois Tupdvvets Suvajevous 
, > A , A an A 
mapamAnatous elvar tats yYnjdous tats emt Tav do- 
~ bJ 
yiopdv. Kal yap ekelvwy éxdoTny moTé pev mAElw 
‘ 
onpatvew, mote b€ 7TTw: Kal ToUTWY TOUS TUpdy- 
A ‘ 

vous 7oTé plev ExacTov péyay ayew Kal Aapmpov, 
mote Sé aTiyov. 


Polyb. T/istor. v. 26. 13 


w ¢ > i , ~ 2 4 ~ 

Ovrws ydp elow obrot mapamArjovot Tais emt THY 
b) , , 2 a“. / ‘ % \ ~ 
dBaxiwy yrjdos: exetval Te yap KaTa THY TO 

rd e ww ~ \ ‘ 

yndilovtos BovAnow dp7e xadKotv Kal TapavTixa 
TdAavTov iaxvoval, of Te TEpt Tas avAds KaTAa TO 
tod Baottdws veda prakdpio xal mapa mddas 
eNecwvol yivovrar, 


36 


INTRODUCTORY 


Diogenes Laertius i. 59 


He [Solon] used to say that men who surrounded 
tyrants were like the pebbles used in calculations ; 
for just as each pebble stood now for more, now for 
less, so the tyrants would treat each of their courtiers 
now as great and famous, now as of no account. 


Polybius, History v. 26. 13 


These men are really like the pebbles on reckoning- 
boards. For the pebbles, according to the will of 
the reckoner, have the value now of an eighth of an 
obol, and the next moment of a talent®; while 
courtiers, at the nod of the king, are now happy, and 
the next moment lying piteously at his feet. 


@ In the Salaminian table (see supra, p. 34 n. 6) the ex- 


treme denominations on one side are actually the talent and 
the yaAxods (¢ obol). 
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II, ARITHMETICAL NOTATION AND THE 
CHIEF ARITHMETICAL OPERATIONS 


(a) Enorisit Nores anp Examples 


Y'rom earliest times the Greeks followed the decimal 
system of enumeration. At first, no doubt, the 
words for the different numbers were written out 
in full, and many inscriptions bear witness to this 
practice. But the development of trade and of 
mathematical interests would soon have caused the 
Greeks to search for some more convenient symbolic 
method of representing numbers. The first system 
of symbols devised for this purpose is sometimes 
known as the Attic system, owing to the prevalence 
of the signs in Attic inscriptions. In it | represents 
the unit, and may be repeated up to four times. 
There are only five other distinct symbols, each being 
the first letter of the word representing a number. 


They are 


i (the first letter of werz<) = 5 
A (céxa) = 10 
H (€xarov) = 100 
x (xAroo) = 1000 
M (p.tiproe) = 10000 


Like |, each of these signs may be repcated up to 
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four times. Four other symbols are formed by com- 
pounding two of the simple signs. 


BR (and A)= 50 
fF (7 and H)= 500 
FR (7 and X)= 5000 
= (Ff) and M)=50000 


By combinations of these signs it is possible to repre- 
sent any number from 1 to 50000. For example, 


PXHHHAAI 111 = 6329. 


Notwithstanding the opinion of Cantor,* there is 
very little to be said for this cumbrous notation. A 
second system devised by the Greeks made use of the 
letters of the alphabet, with three added letters, as 
numerals. It is not certain when this system came 
into use, but it had completely superseded the older 
system long before the time of the writers with whom 
we shall be concerned, and for the purposes of this 
book it is the only system which need be noticed. In 
it an alphabet of 27 letters is used: the first nine 
letters represent the units from 1 to 9, the second 
nine represent the tens from 10 to 90, and the third 
nine represent the hundreds from 100 to 900. To 
show that a numeral is indicated, a horizontal stroke 


* Vorlesungen tiber Geschichte der Mathematik, i, p. 129. 

* For a full consideration of the date given by Larfeld (end 
of eighth century s.c.) and that given by Keil (550-425 3.c.), 
see Heath, H.G. M. i. 33-34. 
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is generally placed above the letter in cursive writing, 
as in the following scheme 2 


a=1 i=10 p =100 
B=2 ie = 20 & =200 
7 =3 A =30 = =300 
6 =4 ji =40 v =400 
€=5 7 =50 = 500 
= =6 & =60 xX =600 
C=7 6=70 =700 
i=8 7 =80 @ =800 
9 =9 §=90 F =900 


The horizontal stroke is often omitted for con- 
venience in printed texts. 

In this system there are three letters > (Stigma, a 
form of the digamma), § or 9 (Koppa) and % (Sampi) 
which had been taken over by the Greeks from the 
Phoenician alphabet but had dropped out of literary 
use. As there is no record of this alphabet of 27 
letters in this order being in use at any time, it seems 
to have been deliberately framed by someone for the 
purposes of mathematics.? Though more concise 
than the Attic system, it suffers from the disad- 
vantage of giving no indication of place-value; the 
connexion between ¢, # and 4, for example, does not 
leap to the eye as in the Arabic notation 5, 50, 500. 


* In some texts the method of indicating that a letter 


stands for a numeral is an accent placed above the letter and 
to the right, in the following manner : 


’=1, °=10, p’=100. 
A double accent is used to indicate submultiples, e¢.g., 
y=, =a T= abo 
» Gow, A Short History of Greek Mathematics, pp. 45-46. 
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Opinions differ greatly on the facility with which it 
could be used, but the balance of opinion is in favour 
of the view that it was an obstacle to the develop- 
ment of arithmetic by the Greeks. 

By combination of these letters, it is possible to 
represent any number from 1 to 999. ‘Thus prvy= 153. 
For the thousands from 1000 to 9000 the letters a to 
are used again with a distinguishing mark, generally 
a stroke subscribed to the letter a little to the left, 
in addition to the horizontal stroke above the letter. 


Thus a= 1000, ,2=2000, . . . ,8=9000. 


Yor tens of thousands the sign M is used, generally 
with the number of myriads written above it. 


a B 
Thus M=10000, M=20000, and so on (Eutocius). 


Another method is to use the sign M or M for the 
myriad and to put the number of myriads after it, 
separated by a dot from the thousands. 

Thus 


Neat? Set 
Mp0. ,ybos = 1048576 (Diophantus vi. 22, ed. Tannery 
446. 11). 


Ina third method the symbol M is not used, but the 
symbol representing the number of myriads has two 
dots placed over it. 

Thus 


apSs=18596 (Heron, Geometrica xvii. 33, ed. 
Heiberg 348. 35). 


Heron commonly wrote the word prpidédes in full. 
To express still higher numbers, powers of myriads 
were used. Apollonius and Archimedes invented 
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systems of “ tetrads ’’ and “ octads ’’ respectively to 
indicate powers of 10000 and 100000000. 

There was no single Greek system for representing 
fractions. With submultiples, the orthodox method 
was to write the letter for the corresponding number 
with an accent instead of a horizontal dash, e.g., 
6’=4, There were special signs, 2’ and C’, for 4, 
and w’ for 3. The Greeks, like the Egyptians, tried 
to express ordinary proper fractions as the sum of 
two or more submultiples. Thus 2’ 6’=}4+4=3, 
Z’ &'=34),=%% (Eutocius). There was a limit to 
what could be done in this way, and the Greeks 
devised several methods of representing ordinary 
proper fractions. The most convenient is that used 
by Diophantus, and occasionally by Heron. The 
numerator is written underneath the denominator, 
which is the reverse of our modern practice. Thus 


ek =;15;, A method commonly used in Heron’s 


works was to write the denominator twice and with 
an accent, eg.,6 ((=4, 8 ((=12. Sometimes the 
word Aexta ie fractional parts ’’) was added, e.g., 
Aerra va’ val Nex? 85, There is no fixed order of 
preference for numerator and MeOH ator, In 
Aristarchus of Samos we find dvo pe’ for and in 
Archimedes i oa’ for 12, where only the context will 
show that 10,4, is not intended. 

Several fragments illustrating elementary mathe- 
matical operations have come to light among the 
Egyptian papyri.* The following tables (2nd cent. 
A.D.) show how fractions can be represented as sums of 
cubmultiples. The Greek is set out in columns. The 

2 I am indebted to Mr. Colin Roberts for drawing my 
attention to them, 
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first two columns give the numerator of the fraction 
to be split up. The denominator is not explicitly 
announced in the table, but it is implicit in the first 
line. Fractions are marked with signs like accents, 
usually but not always over every letter. The sign 
A for} will be noted. Dots under letters indicate 
doubtful readings. 


Michigan Papyri, No. 145, vol. iti. (Humanistic Series, 
vol. xl.) p. 36 


I, ii 
A Table of Twenty-thirds 
TS a Ky" 
[ror p Up oo! 
[rw y] t es pie 
[tw é cl) pry 
[rw et wyY pATy'} 


Equivalent in Arabic Notation 





A Table of Twenty-ninths 
tov 8 A yf! KO’ od B’ 


[tov] ey y' ve [KO or] a[A’e"] 

[rov] 6 A é [vy pus’ pyre’ 
Tov] te Zz va 

[tov ds [Zw Ova! 

[rove Zz vB rp! 
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Equivalent in Arabic Notation 





Suoeks 
+ 
ol 
+ 
Bt 
+ 


ec] ic) ate) ete! 


t+e+t+ 
eee 

+ 

oq 

| 





The Greeks had no sign corresponding to 0, and 
never rose to the conception of 0 as a number. 
Having no need of a sign to indicate decimal posi- 
tion, they wrote such a number as 1007 in only two 
letters— ae 

By means of these devices the Greeks had a 
complete system of enumeration. Here are a few 
examples of complicated numbers taken from 
Eutocius : 


M yay Z! £0! = 1378943}, = 197394323. 
WY BSL! wc’ = 547209043, = 5472090,%. 


With these symbols the Greeks conducted the chief 
mathematical operations in much the same manner, 
and with much the same facility, as we do. The 
following is an example of multiplication from 


* In his sexagesimal notation, Ptolemy used the symbol O 
to stand for ovdepla potpa or ovder éEnxoordy. The diverse 
views which have been held on this symbol from the time of 
Delambre are summed up by Loria (Le scienze esatte nell’ 
antica Grecia, p. 761) in the words: ‘* In base ai documenti 
scoperti e decifrati sino ad oggi, siamo autorizzati a negare 
che i Greci usassero lo zero nel senso e nel modo in cui lo 
adoperiamo noi.” 
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Futocius’s commentary on Archimedes’ Measurement 
of a Circle (Archim., ed. Heiberg iii. 242): 


pry 1538 
ert pry x 1538 
Me 15300 
Aa (Bop pv 5000 2500 150 
= pvd 300 159 
As Ee , 
dpov M ,yv@ Total 23.109 


The operation, it will be noticed. is split up into a 
number of simple operations. 155 is first multiplied 
by 100, then 100, 50 and 3 are separately multiplied 
by 50, and lastly 100 and 53 are separately multiplied 
by 3. The products are finally all added together to 
make the total of 23109. 

Only one example of long division fully worked out 
survives in the whole of the extant corpus of Greek 
mathematical writings—-in Theon’s Commentary on 
the Syntaxis of Ptolemy. The saine work eontains an 
example of the extraction of a square root. Both 
passages will be reproduced, but as the notation is 
sexagesimal a few words of explanation are necessary. 

The sexagesimal notation had its ae among the 

Baby lonians and was used by the Greeks in astro- 
nomical calculations. It appears fully developed in 
the Syntavis of Ptolemy and the C ‘ommentaries of Theon 
and Pappus.* In this system the circumference of a 

@ 'Theon of Alexandria (to be distinguished from ‘Theon 
of Smyrua) is dated by Snidas in the reign of Theodosius I 
(s. p. 379-395). His commentary on Ptolemy's Syafaais is in 


eleven books, and his famous daughter Hypatia assisted in 
its revision, Pappus of Alexandria flourished in the reign of 
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circle, and with it the four right angles at the centre, 
are divided into 360 equal parts by radial lines. Each 
of these 360 degrees (woipue or tyyura) is divided 
into 60 equal parts called para éfjxoo7d, frequently 
represented as a’ é&nxoord, first sixtieths or minutes. 
In turn each of these parts is divided into 60 detrepa 
écEnxoord, or f’ eEnxoord, second sixtieths or seconds. 
By further subdivision we obtain tpita efjxoard, or 
y' é&nxoo7d, and so on. In similar manner the dia- 
meter of the circle is divided into 120 tyijpuru, seg- 
ments, each of these into sixtieths, and so on. ‘ihe 
circular associations of the system tended to be 
forgotten, and it offered a convenient method for 
representing any number consisting of an integral 
number of units with fractional parts. The denomi- 
nations of the parts might be written out in full 
(e.g., mpGra éEyxoord A=900 minutes, a’ éfyxorrd 
& cat P' w=200 minutes and 15 seconds), or a 
number consisting of degrees, minutes and seconds 
might be written down in three sets of nunierals 
without any indication of the denominations other 
than is provided by the context (@g., ,apie R € 
= 1515° 20’ 15”). 

After explaining the advantages of the notation 
owing to the large number of factors of 60, and noting 
the result of multiplying or dividing minutes by 
degrees, minutes by minutes, and so on, Theon gives 
an example of multiplication and then the two in- 
teresting passages which are now to be reproduced 
and translated : 





Diocletian (a.p. 2384-305). His chief work was his 
Synagoge or Collection, a handbook to Greek geometry 
which is now one of our main sources for the subject and 
will be extensively used in these pages. 

49 


GREEK MATHEMATICS 
(6) Diviston 


Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. Rome, 
Studi e Testi, Ixxii. (1936), 461. 1-462. 17 


"Eorw b€ Kal dvdrrahw Sobévra apiOj.ov prepioat 
mapa Te potpas Kal mpara. Kal devrepa éfqxoord. 
éotw 6 Solleis apiOuds 6 sague K i: Kat déov 
Zotw pepicar abrov mapa tov Re uB i, TouréoTw 
edpelv moodxis éotlv 6 Re Bi ev TH jadue K EE. 

MepiCopev adrov mparov mapa Tov E, émeidijrrep 6 
mapa tov fa brepmintrer Kal adaipodpev é&nKov- 
Take TOV TE RE Kat Tov LB, Kat ere Tov i. Kal 
mpoTepov Tov Ke, Kal yivovrae jap: etra ent Trav 
Aouray powpay ce K te dvaddoarres Tas (é potpas 
els mpOra éfnxoora kal mpooberres adrots Ta 
T™pOTa éfnxoord K amo Ta@V yevopevwy YK TpOTa 
mddw éfnxoota ddaipodper eEqrovrdkis ra 1B, 
touréoTyw wn Kal é7e amd THY AoTaY TpwTwY 
efnnootay & kat Sevtépwv te adaipodpev é&y- 
KovrTdKis aA Ta Ut yiverar SevTEepa pev éEnKkooTa 





@ We may exhibit Theon’s working as follows: 





Ist division 25° 12’ 10” [ 1515° 20° 157 | 60° 
25°.60° = 1500° 
15° =900’ 
20° 

920’ 
12’,60° =720' 

200’ 15” 
10”.60°= 10’ 
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(b) Drviston 


Theon of Alexandria, Commentary on Ptolemy's Syntawis, i. 
10, ed. Rome, Studi ¢ Testi, Ixxii. (1936), 461. 1-462. 17 


Conversely, let it be required to divide a given 
number by a number expressed in degrees, minutes 
and seconds. Let the given number be 1515° 20’ 
15"; and let it be required to divide this by 25° 
12’ 10”, that is, to find how often 25° 12’ 10” is 
contained in 1515° 20’ 15’".4 

We take 60° as the first quotient, for 61° is too 
big; and we subtract sixty times 25° and sixty 
times 12’ and also sixty times 10”. Firstly, we 
take away sixty times 25°, which is 1500°. In the 
remainder, 15° 20’ 15’, we split up the 15° into 
minutes and add to them the 20’; and from the 
resulting 920’ we subtract sixty times 12’, that is, 
720’. This leaves 200’ 15’, and we now subtract 





2nd division 25° 12’ 10” [ 190” 1S te 
25°.7' =175’ 
15’ =900” 
15” 


915” 


19°,7’= 84” 
831” 
107.77 = 1" 10°” 
3rd division 25° 12’ 10” | 829” 50” ] 33” 


25°.33” = $25” 


4” 50°” as 290°” 
12’.33” = 396” 
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- A Le > , coe Lt 1 A 
XR, mpaza dé t. elra madw ta brodunévta mpéira 
éfnKoord ps Kal detirepa ve pepilopev mapa TOV 
Ke, Kal yiverar 6 Heptopos Tapa c- bmeprinre 
yap Tapa Tov 7. Kal Ta  yevoueva eK THs Tapa 
Bodjs éEnxoota mp&ra poe adeiiopev amo Tav 
pS mpurtwv éEnxootav. eta Ta ora t€ TpaTa 
€ No 9) , > s oe \ 

éfnKoora avalvoavres ets SevTepa A Kal mpoo- 
Oévres adtois ta Sevrepa efyKoora ié, amo Tay 
yevopevwy Are dgaipodpev éxtdkis 7a 6B mparra 


efnxoord, TouTéoTW 78 Sevrepa éfyKoora, bia TO 
Kal Ta € mp@ra elvar éEnkoord. Kat v7roAcimeTar 
‘ oa € t ‘ wv > ~ 
Nowra wra Sevrepa éEnxoord. Kal ere adeAodpev 
Opoiws éntakis Kal 7a t devrepa é€nKooTd, a 
ylverat Tpiza éEnxooTa 6, Tovtéotw Sevrepov a 
Kal Tpiza t. Kal Aowra bredimy SevTepa éEnKooTa 
wk Kal tpiza ». Tadra mdAw mapa Tov Ke. Kal 
yiverar 6 pev pepiopos mapa rov Ay, ex dé THs 
trapaBoAns @Ke SevTEpa efqKoora. kal Aouad 
Hehe dedrepa éEnxoora 5, tpiza Sé Vv, dpod Se 
rpita oS. erecta md dethoper 7a iB mpara 
€€nkooTda TplakovTdKe Kal Tpis Kal yiverat TpiTa 
Tos, Ws Toveiy eyytota TOV pEeptopov TOV ,agte K iE 
‘ , - | cae Cea. \ youn A 
mapa Tov Ké iB i, E € Ay, emel Kal éeay tabra 
ie >_s 1 —-  Q - , « 
ToAAaTAaoidowpev emi Ta KE IB t auvayeTa 6 





pape K ve eyytora. 
adie Be Re Bi & i Ay 
(c) Exrracrion or Square Root 
Ibid, 469, 16-473. 8 


Tovrwr Oewpnbdrtwr, é&fjs av etn diadaBety mds 
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sixty times 10”; that is 600", or 10’. The remainder 
is 190’ 15”, and, making a new start, we divide by 
25°; the quotient is 7’, for 8’ is too big. The number 
resulting from this division is 175’, which we subtract 
from the 190’. There is a remainder of 15’, which 
we split up into 900”’ and to it add the 15’’; from 
the resulting 915’’ we subtract seven times 12’, 
which is 84’ on account of the seven being minutes; 
there is left a remainder 831”. Similarly we sub- 
tract seven times 10, which is 70’, or 1” 107”. 
The remainder is 829” 50’’. We divide this in turn 
by 25°. The quotient is 33’’, and the number result- 
ing from the division is 825’’, leaving a remainder of 
4” 50", or 290". Next we subtract thirty-three 
times 12’, which is 396’. Thus the quotient 
obtained by dividing 1515° 20’ 15” by 25° 12’ 10” is 
approximately 60° 7’ 33’, inasmuch as, if we multiply 
this quotient by 25° 12’ 10”, the result will be 


xt 


approximately 1515° 20° 15”. 


1515° 20’ 15” 25° 12’ 10” 60° 7’ 33” 


(c) Extraction or Square Root 
Ibid. 469. 16-473. 8 


After this demonstration the next step is to inquire 





1 “Forme suspecte. Voir pourtant Hirt, Mandbuch der 
griechischen Laut- und Formenlehre, 2° éd., Heidelberg, 1912, 
p. 506.”°—Rome. 

53 


GREEK MATHEMATICS 


av dobévros xwpiov Twos TeTpaywvou jen €xovros 
mAeupay pajpKes pytyy THY avveyyus avrod TeTpayu= 
VUKTY mevpay emiroyrodiieBa. kal €orw 70 ToLob- 
tov dHAov ent pyrnv €xovtos mAeupav, ex Tob 8’ 
Oewpryiatos Tot B’ BiBAiov Tov Lroixeiwv, ob 7 
mpdraats éoTw Toavrn’ éav cd6eia Ypapepn 7unOq 
ws eTUXEY, 7 70 amo THs OAns TeTpaywvov tov €otiv 
tots Te dvd TOV TuNnUdTwWY TeTpaywrols Kal TH Sis 
b770 tev TunudTwY TEpLexonevw dpboyuvin. éav 
yap EXOPTES bo0bévra dppov TeTpdywvoy ws Tov 
ped, pytny éxovra mAeupav ws Ty AB eveiav, Kal 
AaBdvres attob éAdcoova TeTpdywvov Tov p, ob 
éotw mAevpa t, Kal vrobduevor thy AT t, derAa- 
owdoavres adray [xai]" dia tO Sis tnd trav AT, 
TB, (mapa)* 7a yevopeva & mapaBddepev [mapa 
Ta Aowra 18, Tov droheumopevav 5 é €orae TO do 
ris TB, atrn 8€ prjxee B- Fv 5é wal 4 AT t Kal 
6An apa % AB €orat poipadv 1B, rep Eder SetEar. 
1 «at om. Rome. 2 zapa add. Rome. 
3 zapa om. Rome. 
* The diagram will make the procedure clear. The square 


E 2h 





p=100° R= 20° 
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in what manner, given the area of a square whose 
side is irrational, we may make an approximation to 
its side. In the case of a square with a rational side 
the method is clear from the fourth theorem of the 
second book of the Elements, whose enunciation is as 
follows : If a straight line be cut at random, the square on 
the whole is equal to the squares on the segments, and 
tnice the rectangle contained by the segments. For if the 
given number is a square such as 144, having a rational 
side AB, we take the square 100, which is less than 
144 and has 10 as its side, and make AT equal to 10. 
Doubling it, because the rectangle contained by AT, 
TB is taken twice, we get 20, and by this number 
we divide the remainder 44, obtaining a remainder 4 
as the square on IB, whose length will therefore 
be 2. Now AT was 10, and therefore the whole AB 
is 12, which was to be proved.? 
AA is divided up into the squares EZ, BZ and the equal 
rectangles AZ, ZA. 

Thus, square AA=square EZ+2 rect. AZ+square BZ 
or 144=107+2.10.2+2%. Generally, if a given square 
number A is equal to (a+2)*, where a? is a first approxima- 


tion, then 
A=a?+2axr+2? 


and we find the value of x by dividing 2a into the remainder 
when a? is subtracted from A. 
If A is not a square number, then this gives a method of 
finding an approximation, a +2, to the square root. 
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~ ~ _. t 

"Iva 8 Kal emi twos TO ev TH Luvra§er Tapaxet= 

~ ~ f € ~ a 

pevav apOpay dm? dyw ypiv yernra n THs KaTa 
, ha) > 

ptepos adaipécews Sdudtkprors, romadpeba thy and- 
ame fot > lot eo b ‘A es 

SerEw emt rob 5h dprOpob, od vy mAcupay efebero 

poipdv EC § ve. exxeicbw ywpiov TeTpdywvoy TO 

> A 

ABTA, Suvdper pdvov pytov, od 76 éuBadov eorw 
~ wi 4 , 2 

popav 86, Kat Séov gorw THY ovveyyus avrod 

K 
A A 

















(dv79 = 4489° ofy’ 
= 268" 
Vi 
E 2 : 
8’ ow” 
=1' ofn’ = 268’ = 16" 
i) 
wale SP ale 
= 55" =3688”" 40/7 | 
B i 


A ‘ > f EJ 4 s e 
TeTpayurtkyy mAEupav emAoyicacba. ézet obv 6 





* The method which ‘Theon proposes to use may be sum- 
marized as follows. A first approximation to the square root 
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In order to show visually, for one of the numbers 
in the Syntazis, this extraction of the root by taking 
away the parts, we shall construct the proof for 
the number 4500°, whose side he [Ptolemy] made 
67° 4’ 55""., Let ABI'A be a square area, the square 
alone being rational, and let its contents be 4500°, 
and let it be required to calculate the side of a 
square approximating to it.¢ Since the square 


of 4500 is 67, for 672=4489. (This suggests that Theon may 
have had a table of squares before him.) Theon proposes to 


find the square root of 4500 in the form 67 + 24). Thatis, 


60 60?" 
4300 = /672 411 = ch oo 
300 = OF +N =67 + 4+, 
oO 
It follows from Euclid ii. 4 that a must be less than 11, 


660 

2.67° 
obtained by dividing 2.67 into 660 is 4, and we try 4 for the 
value of «. On trial it is found that 4 satisfies the conditions 


of the problem, for (s7 + 5a)” is less than 4500, the remainder 


60. 
2. 
being oe Theon proves this geometrically. If AE=67, 


then the square AZ =4489 and the gnomon BZZA is therefore 


11, or 660 Putting EO=HK =f, we have rect. OZ =rect. 


60° 
_ 4.67 _ 268 ; __ 536 ane 
ZK=—5 =%o° Their sum is 60 and this we subtract from 
660 . 124 7440 wed! 16 : 
%0° getting $0 °° Gor From this we subtract —,, being 


60?’ 
749 
the value of the square ZA, and so get as for the remaining 


gnomon BAAA, as was stated above. This remainder now 
serves as a basis to obtain the third term y of the quotient. 


r 4 Y \e: & os . ‘ 
Since {(6r +5) +i} is approximately 4500, we have by 
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’ ~ fy , € iY s 
auveyyus Tob Sh TeTpdywvos pyTHy exwv mAcupav 
e , ea eas) = nm ¢y 
CAwY povddwy early dumb dd mAevpds rod EL, 
adynpycbw amd roo ABTA rerpaywvov ro AZ 
TetTpdywvor povadwy du78, od 7 mAevpa éorw povd= 
dwv ££: 6 Aowrss dpa 6 BZZA wdpwv éorar 
povddwy ta, ds dvadvoavres eis mpara éénxoora 
xé exOnaducba. emerta SitrAaatdaavtes THY EZ da 
76 dis bd EZ, womep én’ edbelas ris EZ rv ZH 
Aap Bavovres, mapa Ta yevopeva prS tapaBadodpev 
Ta x€ éEnxoora mparta, Kal Tay yevopevwy ex Tis 
mapapoAjjs 5 mpwitwv éénxoorav eLopev éxarépav 
trav EO, HK. kat dvarAnpwoavres ta OZ, ZK 

Q eo \ a eee! 2 Ors , 
TrapadrAnAdypappa e€opev Kal atta dhAs mpwrwv 
¢ A Cone, AG Wee s AY 
é€nxooTady, éxdtepov dé ov ofn. elra madw Ta 
broAurévta pxd mpara é€nkoota avadvoavres eis 
Sevrepa SU adeAodpev Kat Oo ZA amo mpuray 

yevopevov é€qkootay Sevtépwr &, wa yrwpova 
mepilévres TH €& apyts tetpaywrw TH AZ éxwpev 
76 AA retpdywvov amd mrevpas EL 5 cuvaydpevov 
poopy buSl ve is. Kal Aowrov waAw tov BAAA 
yopova popav B Y pd, tovréorw Sevrépwv 
eEnnootay Cuxd. ere S€ wdAw SiAacidoavtes TH 
OA ds én’ edbelas tuyyavotons 7TH OA ris AK, 

‘ ‘ 8 , “\o = , ‘ 

Kal mapa 7a ywopeva prS 7H pepioavres ta CuKd 
devtepa éEnkoota, Tav ex THs mapaBoAjs yevo- 
Hévwv ve éyyrota Sevrépwv éEnkoordy éyopev 


. 


hates 4\  y y \3, d TA24 
E * 4 --s — ——_ ‘a Fe 
uclid ii. 4 that 2 (67 + =) éoat (es) is approximately 602 


and we obtain a trial value for y by dividing (67 +i) or 
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which approximates to 4500° but has a rational side 
and consists of a whole number of units is 4489° on a 
side of 67°, let the square AZ, with area 4489° and 
side 67°, be taken away from the square ABTA. 
The remainder, the gnomon BZZA, will therefore be 
11°, which we reduce to 660’ and set out. Then 
we double EZ, because the rectangle on EZ has to 
be taken twice, as though we regarded ZH as on 
the straight line EZ, divide the result 134° into 660’, 
and by the division get 4’, which gives us each of 
EO, HK. Completing the parallelograms 0Z, ZK, 
we have for their sum 536’, or 268’ each. Con- 
tinuing, we reduce the remainder, 124’, into 7440”, 
and subtract from it also the complement ZA, which 
is 16”, in order that by adding a gnomon to the 
original square AZ we may have the square AA on 
a side 67° 4’ and consisting of 4497° 56’ 16”. The 
remainder, the gnomon BAAA, consists of 2° 3’ 44’, 
that is, 7424". Continuing the process, we double 
OA, as though AK were in a straight line with OA 
and equal to it, divide the product 134° 8’ into 7424”, 
and the result is approximately 55”, which gives 





(134 + into 7424, which yields y=55. Putting a as the 
3688 40 
value of OB, KA, we get the value ——~ oF + 663 for each of the 
rects. BA, AA, or te oF for their sum. Subtracting this 
7424 46 
from Gon we get FOE +a which Theon notes will be ap- 
2 

proximately the value of the square AT, or (G02) . Asa 
46 40 2800 16800 55\? 3025 

matter of fact, 802 t G08 = 608 = Got while e (am) = = Gor" 
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eyytota éxatépay THv OB, KA. kal ovupmdnpe- 
aavres Ta BA, AA mapaddnAdypappa, eouev 


\ 3 A. ¢€ ~ #. A A 
kal abra é€nKooTa@v Seurépuw pev Cro Kat ane 





Uf, éxdrepov 5é Sevrépww peev Sikooran LyxXTe Kat 
TpiTw OK. Kal Aoura bzediay éénxooré devrepa 
BS Kal tpira jl, dep eyytota moved 76 AT’ retpa~ 
ywrov, amo mAevpas tuyydvov Pe Seutépwv éfn- 
KooTO@v, Kat éayouev tv mAevpay roo ABLA 
TEeTpaywvou, poipav tuyydvovtos 56, EL § ve 
big 

éyy.ora. 

“Qore Kat xabodov dav Cytadpev apiOuob twos 
THY TeTpaywriKiv mAcvpav emAoylcacbat, Aap- 
Bdvopev mparov Tob ovveyyus TeTpaywvou aptOuot 
7nv mAevpdv. eita ratryv dimAacidoavres Kal 
Tapa Tov ywopevov adpilusy pepicavtes Tov AoLTOV 
dpiOov dvadvbév7a ets mpOta éEnxoora, kal amo 
Tob é€k THs TapaPoAFs yevouevov adeAodmev TeTpa- 
ywvov, Kat avadvovtes maAw Ta UrodcToOpeva els 
devTepa é€nKooTd, Kal prepilovres Tapa Tov bi- 
TAaciova t&v popav Kal é&nxootav, éfopev 
eyytota Tov emilnrovpevov THs amAeupas Tod 
TeTpaywvov ywpiov apOudv. 


(d) E.xrracrion or Cuse Root 


Heron, Metr. iii. 20, ed. Schéne 178. 3-16 


"Os 8€ Set AaBeiv rOv p povadwy KvBuaiy mAcvpav 
vov épodpev. 
1 So the oldest ms. In others the numbers are worked 


wt wt 


out to the equivalent forms C700” «’”’, ,yyan” pw’. 





9 In the Greek of the oldest ms. the numbers are given as 
7370” 440°” and 3685” 220’, in which form Theon would first 
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us an approximation to OB, KA. Completing the 
parallelograms B.\, AA, we shall have for their joint 
area 7377” 20’, or 3688” 40’” each.? The remainder 
is 46” 40’, which approximates to the square AI 
on a side of 55’, and so we obtain for the side of 
the square ABP, consisting of 4500°, the approxi- 
mation 67° 4’ 55”. 

In general, if we seek the square root of any num- 
ber, we take first the side of the nearest square 
number, double it, divide the product into the re- 
mainder reduced to minutes, and subtract the square 
of the quotient ; proceeding in this way we reduce 
the remainder to seconds, divide it by twice the 
quotient in degrees and minutes, and we shall have 
the required approximation to the side of the square 
area? 


(d) Exrracrion or Cust Roor 
Heron, Wetries iii. 20, ed. Schine 178. 3-16 


We shall now inquire into the method of extracting 
the cube root of 100. 


obtain them. In other mss. the numbers are worked out to 
the form 7377” 20’, S688” 40”, 
> In his Table of Chords Ptolemy gives the approximation 
=_ 103 55 23 
V3=%0 t Got Gow 





which is equivalent to 1:7320509 and is correct to six decimal 
places. This formula could he obtained by a slight adapta- 
tion of ‘Theon’s method. 

Archimedes gives, without any explanation, the following 
approximation : 


1351 = 265 
70 7 V3> 163° 


The formula opens up a wide field of conjecture. See Heath, 
The Works of Archimedes, pp. \xxx-xcix. 
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AaBeé tov éyyeora KUBov Tot p Tov Te dmrepBad- 
Aorvra Kai Tov éAdeimovta: gate 5é 6 pre kal 6 &. 
Kal Goa lev trepBaMer, eves Ke, daa bé éA- 
Aciet, povddes As. Kal Toincov ra € emt ta AS* 


ylyverat pT Kai Ta p* ylyvetat om. Kal wapdBadre 
om 
Ta paw Tapa Ta o7.)' ylyverar 6. mpocBadre TH 
[kata] tod €Adocovos KUBov mAevpa, TovTéoTe TH 
wo’ 
xx , , zy \ , ” e a 
8: ylyverae povades 5 Kal 0 tocovTwy éorat 7) THY 
Pp pordduv KuBiKt TAevpa ws eyyiora. 


1 kai wapdBade 7a pr mapa ra om supplevit H. Schéne. 





@ If p? and q® are the two cube numbers between which 
A lies, and A=p?-a=q? +, then Heron’s formula can be 
generalized as follows : 

bi/a 


MES a 


It is unlikely that Heron worked with this general formula ; 
his method was probably empirical. The subject is discussed 
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Take the nearest cube in excess of 100 and also 
the nearest which is deficient ; they are 125 and 64. 
The excess of the former is 25, the deficiency of 
the latter 36. Now multiply 36 by 5; the result is 
180 ; and adding 100 gives 280. Dividing 180 by 280 
gives ;4. Add this to the side of the lesser cube, 
that is, to 4, and the result is 4,9. This? is the 
closest approximation to the cube root of 100. 


by M. Curtze, Quadrat-und Kubikwurzeln bei den Griechen 
nach Herons neu aufgefundenen Merpixa (Zeitschrift f. 
Math. u. Phys. xiii, 1897, Hist.-lit, Abth., pp. 113-120), 
G. Wertheim, Herons Ausziehung der irrationalen Wulbik- 
wurzeln (ibid. xliv., 1899, Hist.-lit. Abth.’, pp. 1-3), and 
G. Enestrém, Bibliotheca Mathematica, viii., 1907-1908, pp. 
412-413. The actual value of (4,°;)? is 100224. 

There is no example in Greek mathematics of the extrac- 
tion of a cube root fully worked out by means of the for- 
mula (a +2)? =a? + 3a + 3ax? + 2°, corresponding to Theon’s 
method for square roots: but by means of this formula Philon 
of Byzantium (Mech. Synt. iv. 6-7, ed. R. Schiéne) appears to 
have epprometed to the cube roots of 1500, 2000, 3000, 
5000 and 6000. Heron (Afetrica iii. 22, ed. H. Schine 184, 
1-2) gives without explanation 46 as the cube root of 97050. 


II. PYTHAGOREAN ARITHMETIC 
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II. PYTHAGOREAN ARITHMETIC 


(a) First Principces 


Euel. Elem. vii. 
“Opor 
, td . > a oe ~ ww av 
a’. Movds éorw, Kal’ Wv exactoy tay Gvtwy ev 
AéyeTat. 
f > ‘ 4 A ’ / te 
B’. ’ApiOos 8 7d ek porddwy ovyKetuevov 
mAjGos. 
, , > ‘\ > x 3 a ef 3 - ~ 
y’. Mépos éoriv dpibpds apibjiob 6 eAdaawy Tod 
peilovos, 6rav KatrapeTph Tov peilova. 
8’. Mépy S€, drav py Karapetpy. 
e’. TfoAAamAdatos b€ 6 peilwy tot éAdaaovos, 
Otay KaTapeTpyrar b7d Tod éAdacovos. 
, w 3 Z > ec hi it 
so’. “Aptios dpiOuds eorw 6 Siva Statpovpevos. 
, ‘ oe ¢ ‘ , t nn © 
C’. Mepecads 5é 6 pur) Statpovpevos diya 7 [6] 
, 4 3 -. * ~ 
provads Siadepwv apriov dpiOpot. 
, > a yw 3 , 3 ie aR A > é 
7. "Aptiakis dptios apiOuds é€atw 6 bao aptiov 
dpiOpod perpovpevos Kata aptiov apiOpov. 





* The theory of numbers is treated by Euclid in Books 
vii.-x. ‘The definitions prefixed to Book vii. are wholly 
Pythagorean in their outlook, though there are differences in 
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(a) First Principies 
Euclid, Elements vii. 
DEFINITIONS ® 


1. A unit is that in virtue of which each of the things 
that exist is called one. 

2. A number is a multitude composed of units. 

8. A number is a part of a number, the less of the 
greater, when it measures the greater. 

4. But parts, when it does not measure it. 

5. The greater number is a multiple of the less when 
it is measured by the less. 

6. An even number is one that is divisible into two 
equal parts. 

7. An odd number is one that is not divisible into 
two equal parts, or that differs from an even number 
by a unit. 

8. Aneven-times even number? is one that is measured 
by an even number according to an even number. 


detail. Heath’s notes (The Thirteen Books of Euclid’s Ele- 
ments, vol. ii. pp. 279-295) are invaluable. 

> Tt is a consequence of this definition that an even-times 
even number may also be even-times odd, as 24 is both 6 x 4 
and 8 x3 (ef. Euclid ix. 34, where it is proved that this must 
be so for certain numbers). Three later writers, Nicomachus, 
Theon of Smyrna and Iamblichus, defined an even-times even 
number differently, as a number of the form 2°, 
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"Apridxts: bé Tepiaaos €oTw 6 vmod aptiou 

ens HeTpovperos Kara Treptoaov apOusv. 

(c’. Hepiccdnis dptids eo7w 6 bd mepiccod 
apiOpod petpotpevos Kata apriov apiOjedv.}* 

wa’, llepicodnis 5é meptaads api ds eatw 6 bTO 
meptagod dpiljob petpodpevos Kata Tmepioooy 
dpiOjov. 

iP’. patos dpiOpds eorw 6 povad: pdvn pe- 
Tpovpevos. 

ty’. Mp@roe mpos a\ArjAous dprBpot elow ot 
povdds pdvn petpovpevor KowG METpY. 

8’. Lvvbetos dpiyds eoTw 6 apiud tut pre- 
Tpovpevos. 

ue’. NuvOetoe S€ ampos adAArjAovs dapiOpol eiaw ot 
Gpiu@ Twe perpovpevor Kowa péTpa. 


1’, mepicadxis ... apiudr om. Heiberg. 





2 Instead of Enclid’s term dpzidkis mepecads, Nico- 
machus, ‘Theon and Iamblichus used the single word dprto- 
népitros. According to Nicomachus (Arith. Introd. i. 9) such 
a number, when divided by 2, leaves an odd number as 
the quotient, i.¢., it is of the form 2(27+1). In this later 
subdivision an odd-eren (wepioodptios) number is one which 
can be halved twice or more successively, but the final 
quotient is always an odd number and not unity, é.e., a 
number of the form 2?+1 (Qn+ 1). We thus have three 
mutually exclusive classes of even numbers: (1) even-even, of 
the form 2; (2) even-odd, of the form 2(22 + 1); and (3) odd- 
even, of the form 2?+! (2n +1), where (1) and (3) are extremes 
and (2) partakes of the nature of both. The odd-odd is not 
defined by Nicomachus and lIamblichus, but according to a 
curious usage in Theon it is one of the names applied to prime 
ee rs, for these have two odd factors, 1 and the number 
itself, 

> According to this definition, any even-times odd number 
would also be odd-times even. ‘The definition appears to 
have been known to Iamblichus, but there can be little doubt 
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9. An even-times-odd number is one that is measured 
by an even number according to an odd number. 

[10. An odd-times even number isone that is measured 
by an odd number according to an even number.]? 

11. An odd-times odd number is one that is measured 
by an odd number according to an odd number. 

12. A prime number is one that is measured by the 
unit alone. 

13. Numbers prime to one another are those which 
are measured by a unit alone as a common measure. 

14. A composite number is one that is measured by 
some number. 

15. Numbers composite to one another are those 
which are measured by some number as a common 
measure.® 


that it is an interpolation. If both definitions are genuine, 
one is not only pointless but the enunciations of ix. 33 and 
ix. 34 become difficult to understand, and were, indeed, read 
differently by Iamblichus from what we find in our mss. We 
have to choose between accepting Iamblichus’s reading in all 
three places and rejecting Def. 10 as interpolated. I agree 
with Heiberg (Euklid- Studien, pp. 198 et seq.) that the defini- 
tion was probably interpolated by someone who was unaware 
of the difference between the Euclidean and the later Pytha- 

‘orean classifications, but noticed the absence of a definition 
by Euclid of an odd-times even number and tried to supply 
one. 

* Euclid’s definition of prime and composite numbers 
differs greatly from the classification of Nicomachus (Arith. 
Introd.i, 11-13) and Iamblichus. To match the three classes 
of even numbers, they devised three classes of odd numbers : 
(1) mpa&rov Kai davvberov, prime and incomposite, which is 
a prime number in the Euclidean sense; (2) Sevrepov Kal 
otrGerov, secondary and composite, which appears to be the 
product of prime numbers; and (3) 6 xa@ é€auro pév Sevrepov 
Kat ovvOerov, mpos GAo b€ ampwrov Kai aavvOerov, that which 
is secondary and composite in itself, but prime and incom- 
posite in relation to another, where all the factors must 
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so? 


uw", "ApiOjds apiOnor moAAaTAaaidlew Aéyerat, 
Orav, doa etalv ev atta povddes, tooavTdkis 
ovvteO) 6 moAAaTAacalopevos, Kal yévntai Tis. 
iC’. “Orav dé do dapiAuot modAamAacacavres 
aAArjAovs Toma Tia, 6 yevdpevos emimedos Ka- 
Netra, mAevpai S€ adrod of modAamAactdoarres 
2. a 3 , 
adXjrAovs apiOpol. 
in’. “Orav 5€ tpets apiOjot modAAamAacidoavres 
aAAjAous TroWat Tiva, 6 ‘yevopevos aTepeds cor, 
mAevpal Sé adtod of wo\amAactdoavres aAArjAous 
apo. 
ta , 3 , EE ¢€ > , w “” 
6", Tetpdywvos apiOuds éorw 6 ltodkis icos 7 
[6] did Svo towv dpibudv mepreyopevos. 
4 ta A € > 7 Ww > ld na e € * 
Kk’. KuBos 8€ 6 todkis tcos iadkis 7) [6] b0 
Tpiav towv apibuav meprexdpevos. 
i > A > 4 4 > o e ~ ~ 
Ka’, "ApiOjot dvddoydv eiow, drav 6 mpatos Tot 
Sevtépov Kal 6 Tpitos tod TeTdprov todkis 
, bal A 3 A , “A A > ~ fé 
moAAaTAdotos 70 adTd pépos 7 Ta adra pépy 
dow. 
A la > 
KB’. “Oporot érimedoe Kal otepeot dpiOuot elow 
of avadoyor éyovres Tas mAcupas. 
, cl a ca > € aA ¢€ ~ r 
ky’. Tédctos dpiOuds éorw 6 tots éavrod pépeow 
igos wy. 


be odd and prime. The classification is defective, as (2) in- 
cludes (3). Another defect is that the term composite is 
restricted to odd numbers instead of being given, as by Euclid, 
its general signification. For an earlier and different use of 
the terms by Speusippus, see infra, p. 78 n. a. 

2 For pentel numbers, see infra, pp. 86-99. 

> Avadoyor, though usually written in one word, is equi- 
valent to dva Adyov, in proportion. It comes, however, in 
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16. A number is said to multiply a number when 
that which is multiplied is added to itself as many 
times as there are units in the other, and so some 
number is produced. 

17. And when two numbers have multiplied each 
other so as to make some number, the resulting 
number is called plane, and its sides are the numbers 
which have multiplied each other.? 

18, And when three numbers have multiplied each 
other so as to make some number, the resulting 
number is solid, and its sides are the numbers which 
have multiplied each other. 

19. A square number is equal multiplied by equal, 
or one that is contained by two equal numbers. 

20. And a cube is equal multiplied by equal and 
again by equal, or a number that is contained by 
three equal numbers. 

21. Numbers are proportional ® when the first is the 
same multiple, or the same part, or the same parts, of 
the second as the third is of the fourth. 

22. Similar plane and solid numbers are those which 
have their sides proportional. 

23. A perfect number ¢ is one that is equal to [the 
sum of] its own parts. 


Greek mathematics to be used practically as an indeclinable 
adjective. . . . Sometimes it is used adverbially ” (Heath, 
The Thirteen Books of Euclid’s Elements, vol. ii. p. 129). 

This definition, inasmuch as it depends on the notion of a 
part of a number, is applicable only to commensurable magni- 
tudes. A new definition, applicable to incommensurable as 
well as commensurable magnitudes, and due in substance 
though not necessarily in form to Eudoxus, is given by Euclid 
in Elements v. Def. 5 (see infra, pp. 444-447). 

¢ The term ‘ perfect number’ was apparently not used 
in this sense before Euclid. The subject is treated infra, 
pp. 74-87. 
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Philolaus ap. Stob. Hel. i. 21. Te, ed. Waehsmuth 188, 9-12; 
Diels, Vors. i. £08, 7-10 


"Ex tod DiroAdov Ilept xdopov ... 


“"O ya pec apluos exel duo pe iota lon, 
mEeptooor Kai dpriov, Tpirov b€ am apporepwv 
peylervtwy apriomépiztov: exatépw b€ TH €tdeos 
moAAat popdal, ds Exacrov avtavTd onpaiver.” 


Nicom. Arith. Introd. i. 7, ed. Hoche 13. 7-14. 12 


PA pibpds éote 7AAos | ptapevov q povddwv 
ovoTn}La 7 TooOTHTOS xv ua eK povddwy ovyKet- 
Pevov, Tou be aprBuod 7 mparn Top) TO. pev dipttov, 
TO dé TEpLTTOV. €oTe bé dprvov peev, é oldv TE els 
duo t toa SvarpeOivar povddos pu€oov pe} TERS IATTS 
Tovons, TEpitTOVv be TO pn) Suvdjtevov ets do toa 
peproFivar dua THY Tpoetpnyrevyy Tijs plovddos 
preouTetay, obros prev ovv 6 pos ek Tis, Sy pcddous 
drroArpews: Kara bé 73 Hudayopucoy dptwos apt- 
Opds €orw 6 THY eis Ta péytora Kal Ta eAdxrora. 
KaTa TavTO Topi emdexopevos, péyora poev 
mmAuKkoryre, eddxeora b€ moodTyTt, KaTa pvoueny 
Tov dvd tovtTwy yerdv avtimenov0now, mepicoos 
5€ 6 pur) Suvaprevos TobTo Tabety, GAN’ eis dviaa dVo 
Teuvopevos. étépw S€ Tpdm@ KaTad TO TadAatov 





2 The “ even-odd ” would seem to mean here the product 
of odd and even numbers, ‘This agrees with Euclid’s usage 
in Flem. vii. Def. 9. Vor the later specialized Pythagorean 
meaning, Sce supra, p. 68 nea. 

> Tf an odd number is set out as 22+ 1 units in a straight 
line, then it can be divided into two sections of nm units 
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Philolaus, cited by Stobaeus, Mrtracts i. 21. Te, ed. 
Wachsmuth 188. 9-12; Diels, Vors. i5. #08. 7-10 


From Philolaus’s book On the Universe... 


“ Number is of two special kinds, odd and even, with 
a third, even-odd,? arising from a mixture of both ; 
and of each kind there are many forms, which each 
thing exhibits in itself.” 


Nicomachus, Introduction to Arithmetic i. 7, ed. Hoche 
13. 7-14. 12 


Number is a determinate multitude or collection of 
units or flow of quantity made up of units, and the 
first division of number is into the even and odd. 
Now the even is that which can be divided into two 
equal parts, without a unit inserting itself in the 
middle, while the odd is that which cannot be 
divided into two equal parts owing to the unit 
inserting itself as aforesaid.? ‘This is the definition 
commonly accepted; but according to the Pytha- 
goreans an even number is that which is divided, by 
one and the same operation, into the greatest and the 
least parts, greatest in size but least in quantity,¢ in 
accordance with a natural reciprocity of the two 
species, while an odd number cannot be so divided 
but is only divisible into two unequal parts. There 
is another ancient way of defining an even number 


measured from either end, with a single unit left over in the 
middle ; but an even number of 2n units can be divided into 
two equal sections with no unit left over in the middle. 

¢ i.e. into two halves, for there cannot be any part greater 
than half nor fewer parts than two. 
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Ld , > € . > 7 ~ , 
dptis €otw 6 Kal eis bvo0 loa tynOivar Suvapevos 
Kal ets aiwoa do, 7Anv Tis ev abt@ dpyoedods 
> 
duddos barepov 76 SixoTéunpa pdvoy emdexouerns 
76 ets loa, ev Frat odv Ton mapeudaivwy ro 
o ~ A o a 
Erepov eldos dvov Tod dpiOuod, dws av dxa00h, 
apeétoxov Tob Aowrod- mepiaads B€ eat dpibpuos 6 
Kal’ wvriwvaodv Topiy els dvica mdvTws ywopevny 
dpdotepa apa eudaivwy Ta Tod dpiOpod duo cidy 
ovdémore akpata GAAijAwy, aAAd TavToTe adv aA- 
z bl) ‘ a > , a , 2 
Ajros. ev 6€ TH Be’ GAATHAWY Gpw mEpiTTos €oTwW 
e , sy) e cs , > t > ~ 
6 povadr: éf’ éxatepa Siadépwv aptiov dpibpod, 
TouTéaTw emt TO petlov Kal eAatTov, dptios dé oO 
~ > “~ 
povads diaddpwr ef’ éxdrepov mepiocod apiOyod, 
ToutéaTe povads peilwy Kal povads eAdcowr. 


(c) Perrrcr NumBers 


[lambl.] Theol. -trith., cd. de Falco 82. 10-85. 23; Diels, 
Vors. i§. 400. 22-402. 11 
"Ore Kal Xaevourzos, 6 TWwravns peév vids THs 
rod IAdtwvos ddeAdis, diddoyos b€ “Axadnpetas 
mpo Sevoxparov, ex Tay eEaipeTws sTrovdacberadv 
aet Ilufayopixdv axpodcewy, pddiora bé€ Tay 


2 It is probable that we have here a trace of an original 
conception aceording to which 2 (the dyad) was regarded as 
being, not a number, but the principle or beginning of the 
even, just as | was not regarded as a number, but the principle 
or beginning of number; for the qualification about the dyad 
seemis clearly to be a later addition to the original definition. 
It must, however, have been pre-Platonic, for in Parm. 143 p 
Plato speaks of 2 as even. Aristotle, who adds (Topics © 2, 
157 a 39) that 2 is the only even number which is prime, says 
(Met. A 5, 986 a 19) the Pythagoreans regarded the One as 
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according to which it can be divided both into two 
equal parts and into two unequal parts, save in the 
case of the fundamental dyad, which can be divided 
only into two equal parts*; but howsoever it be 
divided, it must have its two parts of the same kind,? 
without partaking of the other kind ; while the odd 
is that which, howsoever it be divided, always yields 
two unequal parts and so exhibits at one and the same 
time both species of number, never independent of 
one another but always together.° To give a defini- 
tion in terms one of another, the odd is that which 
differs from even number by a unit in both directions, 
that is, in the direction both of the greater and of the 
lesser, while the even is that which differs by a unit 
from odd number in either direction, that is, it is 
greater by a unit and less by a unit. 


(c) Perrecr NumsBers 


{Iamblichus], Theologumena Arithmeticae, ed. de Falco 
82, 10-85. 23; Diels, Vors. ib. 400, 22-402. 11 


Speusippus, the son of Potone, sister of Plato, and 
his successor in the Academy before Xenocrates, was 
always full of zeal for the teachings of the Pytha- 
goreans, and especially for the writings of Philolaus, 


both odd and even. For this question, as well as many 
others arising in Greek arithmetic, the student may profit- 
ably consult Vicomachus of Gerasa: Introduction to Arith- 
metic, translated by Martin Luther D’Ooge, with studies in 
Greek arithmetic by Frank Fgleston Robbins and Louis 
Charles Karpinski. 

® 4.e, both odd or both even. 

* 4.e. an odd number can be divided only into an odd 
number and an even number, never into two odd or two even 
numbers. 
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M.AoAdou ouyypapyearon, Bu iBAtSvov Tt ovvragas 
yrAadvpov ezeypaife pev adro Hlept Hvbayopicday 
dpilpav, am apxys Se pepe qyeicous mrept tev év 
aurots Ypapepenay eupeAcorara breEeAPav  troAv- 
ywrioy Te Kal TarTolwy TOV év apiOjots émumédwv 
Gua Kal OTEpe@V, TEpl TE THY TeVTE OXNMATWY, a 
Tots KoGpLKois amo0dWoTat aTotyelots, ldudTyTdS 
(re)! abtav kal mpos GAAnAa KowdTyTOs, Crepty® 
avadoyias Te Ka avraxorovbias,” pera Tatra 
Aow7ov Darepor | 70]' tod fiBXrLov 7, TpLov mept dexddos 
dv7iKpus ToLetTat, dvoucutarny adriy dmropatvey 
Kal TeAcoTLKWTUTIY TOY OvTwY, oiov Eldds TL Tots 
KoopuKois aoteAcoprace TexviKov ap’ éavtas (aAr’ 
ovy UGY vopuicavTwy 7 ws eTvxe) Oepédoy va- 
dpxovoav Kal rapdderypa mavre\éatatov 7@ Tov 
mavros TownTh Gem mpoexkeevnv. Aéyer b€ Tov 

‘4 ~ ‘ * ~ 
Tpomov TotTov Tepl adtis. 

“Bore b€ ra d€ka TéAcvos CapiOuds),® Kal dpOds 
Te Kal Kata pvow eis TodTOV KaTavT@pev TavToiws 
apinobvres "KAAnvés te Kal mavres dvOpwror 
ovdev avrot eritnScvovres” 7 moAAa yap idia exer, & 
TMpoarjKet TeV oUTW TéAcvov € exe, ToAAd b€é dia prev 
odKk €aTw udrod, dei dé exe adra TéAcLov. 

‘\Ipdrov pév odv dptiov bet elvar, dws toou 
eviow ol mepiTtol Te Kal apTiot, Kal pur) éTEpo- 
pepas” eel yap mpdTEpos del €otw 6 Tepitros TOD 
1 (re) add. Dicls. 2 <mept) add. de Falco. 
avraxodovdias Lang: dvaxoAovbias Ast, Tannery, Diels. 


+ fro} om. Diels. 
5 dpOpos add. Diels. © érepopepeis Diels. 


3 











2 For the five cosmic or Platonic figures, see infra, pp. 
216-225, 
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and he compiled a neat little book which he entitled 
On the Pythagorean Numbers. From the beginning up 
to half way he deals most elegantly with linear and 
polygonal numbers and with all the kinds of surfaces 
and solids in numbers ; with the five figures which he 
attributes to the cosmic elements,? both in respect 
of their special properties and in respect of their 
similarity one to another ; and with proportion and 
reciprocity.2 After this he immediately devotes the 
other half of the book to the decad, showing it to 
be the most natural and most initiative of realities, 
inasmuch as it is in itself (and not because we have 
made it so or by chance) an organizing idea of cosmic 
events, being a foundation stone and lying before God 
the Creator of the universe as a pattern complete in 
all respects. He speaks about it to the following 
effect. 

“Ten is a perfect number, and it is both right and 
according to Nature that we Greeks and all men 
arrive at this number in all kinds of ways when we 
count, though we make no effort to do so ; for it has 
many special properties which a number thus perfect 
ought to have, while there are many characteristics 
which, while not special to it, are necessary to its 
perfection. 

“In the first place it must be even, in order that the 
odds and evens in it may be equal and not disparate. 
For since the odd is always prior to the even, unless 


> If, with Ast, Tannery and Diels we read dvaxodovbias 
for dvraxodov6ias, the rendering is ‘‘ proportion continuous 
and discontinuous,” but it is not easy to interpret this, though 
Tannery makes a valiant effort to A so. His French trans- 
lation, notes and comments should be studied (Pour UV’histoire 
de la science helléne, 2nd ed., pp. 374 seq., 386 seg., and 
Mémoires scientifiques, vol. i. pp. 281-289). 
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> 
dpriov, ef pi) aptios ein 6 oupTepalvwy, TAEo- 
VEKTITEL O ETEPOS. 
“6 Ee 5 Aw mw ‘ ‘A tS AF. 
ulra O€ laous eyxety xpi) TOUS TPWTOUS Kal aovV- 
Gérovs Kal Tods dSevtépovs Kal cuvbérous: 6 Se 
8 , we r Ww A is) ‘ nn AAX 2h , ~ 
éxa €yeu toous, Kal ovdels av dAdos eAdtTwY THY 
d€éxa Toito enable apiljds, wAciwy 5€ Taya (Kal 
yap 6 «8B Kal adAow tives), GAAG mvOuhY adrdy 6 
béka* Kal mp@tos tobto éxwv Kal eAdytotos THY 
exovrwv réAos Tt exel, Kal tdudv mws adtod TobTo 
/, See , ~ A 
yéyove TO ev TpwTwW avT@ iaouvs adovvOérous TE Kal 
avvbérous dpbar. 
corp a ” , ” 1 ‘ \ 
Eywv re rodro eyes maAw Cloovs)’ Kai rods 
a: A A ¢ , * 
moAAaTAactovs Kat Tovs wmomoAAaTAacious, dv 
> tl w A x 3 é 
eiot ToAAamAdovot exer pev yap dToT0AAamAacious 
Tovs pexypl mévre, Tovs 5é€ amo Tav EF péypt THY 
, ©2 , yA 9204 x Ny 
Séxa [oi]? moAdamAaciovs atrév: émel 5é ta € 
? , > / A A ©: a 
oddevds, efaiperéov, kai Ta 8 ws moAAaTAdova 
tot B, wore icous elvar wddw [Set] 
cow ¥. ¢ , > A~A + 4 a~ Ww 
Ext mavres ot Adyou ev TH it, 6 TE TOO taov 
Kal Tod peilovos Kal Tod eAdrrovos Kal Tod ém- 
1 cous add. Lang. 
2 of om. Diels. 
3 $i om. Diels. He points out that the original reading 


may have been 8’, indicating the fourth property of the 
decad. 





® One of the most noteworthy features of this passage is 
the early use of the terms zp@zoe Kai dovrOeror (prime and 
incomposite), Sevrepor Kai atrberou (secondary and composite), 
for which see supra, p. 69 n.c. The use is different from 
that of Nicomachus and Iamblichus. It seems that prime 
and incomposite numbers are prime numbers in the ordinary 
sense, including 2, as is the case with Euclid and Aristotle 
(Topics © 2, 157 a 39). Secondary and composite numbers 
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the even were joined with it the other would pre- 
dominate. 

“Next it is necessary that the prime and incom- 
posite and the secondary and composite @ should be 
equal ; now they are equal in the case of 10, and in 
the case of no other number which is less than 10 is 
this true, though numbers greater than 10 having 
this property (such as 12 and certain others ») can 
soon be found, but their base is 10. As the first 
number with this property and the least of those 
possessing it 10 has a certain perfection, and it is a 
property peculiar to itself that it is the first number 
in which the incomposite and the composite are equal. 

“In addition to this property it has an equal number 
of multiples and submultiples of those multiples ; for 
it has as submultiples the numbers up to 5, while 
those from 6 to 10 are multiples of them ; since 7 is 
a multiple of no number, it has to be omitted, but 
4 must also be dropped as a multiple of 2, and so this 
brings about equality once more.° 

“ Furthermore all the ratios are in 10, for the equal 
and the greater and the less and the superparticular 


are all composite numbers, the term not being limited to odd 
numbers as with Nicomachus. There is no suggestion of a 
third mixed class. The two equal classes according to 
Speusippus are 1, 2, 3, 5, 7 and 4, 6, 8, 9, 10. According 
to the later terminology the prime and incomposite numbers 
would be 3, 5, 7, while the only secondary and composite 
number would be 9. 

> Actually 10, 12 and 14 are the only numbers possessing 
this property. 

¢ In the series 1,2 . . . 10 the submultiples are 1, 2, 3, 5 
and the multiples are 6, 8,9, 10. It is curious that though 1 
is counted as a submultiple, all the other numbers are not 
counted as multiples of it; to have admitted them as such 
would have destroyed the scheme. 
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foplov Kal Tav Aoumav eto@y év abré, Kat of 
Ypapepeercoe <kal)* of émimedou Kal ot oTepeot. 76 
lev yap @ orvypij, Ta be B ypapyen, Ta. be y tpl 
yovor, Ta de 5 Tupayeis: raira dé mavra éori 
mpara Kal apxat TOV Kal? ExaoTov Spoyerav. 
Kal avadoyt@y b€ mpwrn aitn eotl 7 ev adbrois 
odbeiou, 1) TO igov jev dTepexovua, TéAos S€ Exovea 
év tots S€ka. ev Te emimedots Kal aTEepeots mpaTd 
éort Taira, oTLypN, yeaeyey, Tplywvov, tupapis: 
éxel be Taira Tov tev déxa apiOjov Kal Tédos 
ioyer. TEeTpas pev yap ev mupapidos yeoviats j 
Baceow, ééds 8€ ev mAeupais, & wate S€ka* TeTpas be 
amdAw év ortypijs Kat papas Stacripace Kal 
Tepact, e€ds dé év Tpeyeovou meupais Kat ywviaus, 
wore madw déxa. Kai pov Kal ev Trois OXIA 
Kat apiOpov oxerrTopevw ovpBatve®> mparov yap 
é€oTt tptywvov TO tadmAeupoy, 6 exe play mws 
1 kai add. Lang. 
2 <rabro> ovpBairer Lang (in adn.), de Falco. 





@ Speusippus asserts that among the numbers 1,2... 10 
all the different kinds of ratio can be found. The super- 
particular ratio is the ratio of the whole + an aliquot fraction, 
1 +4 or mtd, typified by the ratio known as énirptros, or $. 
Tannery sees here an allusion to the ten kinds of proportion 
outlined by Nicomachus (see infra, pp. 114-12-4), and a proof 
of their ancient origin. 

> je, 1, 2, 3, # form an arithmetical progression having 
1 as the common difference and 10 as the sum. 

¢ j.e.,a pyramid has + angles (or 4 faces) and 6 sides, and 
so exhibits the number 10. 

4 The reasoning is not very clear, ‘Taking first a line and 
a point outside it, Speusippus notes that the line has 2 ex- 
tremities and between the point and these 2 extremities are 
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and the remaining varieties are in it,? and so are the 
linear and plane and solid numbers. For 1 is a point, 
2is a line, 3 is a triangle and 4 is a pyramid ; all these 
are elements and principles of the figures like to them. 
In these numbers is seen the first of the progressions, 
that in which the terms exceed by an equal amount, 
and they have 10 for their sum.? In surfaces and 
solids these are the elements—point, line, triangle, 
pyramid. The number 10 exhibits them and possesses 
perfection. For 4 is to be found in the angles or 
faces of a pyramid, and 6 in the sides,* so making 10 ; 
again 4 is to be found in the intervals and extremities 
of the point and line, while 6 is in the sides and angles 
of a triangle? so as again to make 10. This also 
comes about in figures regarded from the point of 
view of number. For the first triangle is the equi- 
lateral, which has one side and angle; I say one 


2 intervals. This gives the number 4, A _ triangle has 
3 sides and 3 angles, giving the number 6. Combining the 
point, the line and the triangle we thus get 10. 

¢ A very difficult passage follows, but Tannery seems 
successfully to have unravelled its meaning. There seems to 
be here, he notes, an ill-developed Pythagorean conception. 
The point or monad is necessarily simple. The line is a dyad 
with two species, straight and curved. The triangle is a 
triad with three kinds. The pyramid is a tetrad with four 
kinds. Clearly the three species of triangle are the equi- 
lateral, the isosceles and the scalene, where the number of 
different elements are respectively 1, 2, 3. Speusippus does 
not consider isosceles and scalene triangles in general, but 
takes particular cases, and it is worthy of note that the three 
triangles he considers are used in the Timaeus of Plato. 

By analogy, the pyramids can be divided into four kinds: 
(1) all solid angles equal; (2) three solid angles equal ; 
(3) two solid angles equal; (4) all solid angles unequal. 
Here again Speusippus takes special cases, but he goes astray 
by giving the second class a square base, and has to force the 
analogy. 
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ypap pay Kal yeoriay: Aéyo dé piav, dd7t toas éxet* 
daxvoror yap del Kat &v oevdés TO toov: devTEpov be 
TO TpiTeTpadywvov: ptav yap, éxov Tapadayn v 
YPappav Kal ywviav ev Sudbr 6 oparau: TpiTov de TO 
Tov icomActpov 7) npwov TO Kal jputpiywvor- mdvros 
yap dvicov Kal? €kagTov, TO be maven adrob Tpla 
€ori. Kal emt Ta orepeay ebploxors av aype Tay 
TeTTApww Tpotov TO TOLOdTO, wore dexddos Kat 
obrws raver yiverau yap THs Hy pev mpurn Tupapis 
pilav Tas ypappny Te Kal emupdverar év iadryre 
éxovoa, emt Tob igor evpou t torapern: % Se deurépa 
duo, € én? TeTpaywvov evyryepuern, play mapaMayiy 
éxovoa” Tapa THs emt THs Bacews yovias, b70 
TpLav émimédwv TEplexopLevt, Thy Kara Kopupiyy 
v0 TerTdpww ovyKAcouern, wore ek TouTou duads 
€oukevar’ 7% be pir Tpiddt, ert TeeTeTpayesvou 
BeByxvia Kal odv 7H op beton pee ws ev émméda 
TH piTeTpayave €TL kal adAnv éxovoa Sragopav 
Thy Tis Kopudatas yuvias, wore Tpiade a av Opovotro, 
7pos opbas 7HYv ywriav exovoa ™H TAS Badoews 
péon mAeupa: tetpads b€ 4 TeTapTy KaTa Tatra, 
eml jutprywrw® Bdoet cuvoTrapevn, wore TéAos €v 
Tots béka AapBavew Ta AexBevra. Ta avira dé Kal 
év TH wyevéoes* ™pworTyn pev yap apy ts peyebos 
oTLy LAT), devrépa ypapun, Tpitn émdaveca, Téraprov 
aTepedv.” 

1 ndvrn Lang, de Falco; av [71] Diels; Lang would like 
to read ra € mavra. 

2 émi...éyovga. Only one manuscript has these words ; 
many emendations have been offered. 

3 ‘The manuscripts have qpurerpaywvm, but jyerprywre@ 
is required, as Tannery recogniz 
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because they are equal; for the equal is always 
indivisible and uniform. ‘The second triangle is the 
half-square ; for with one difference in the sides and 
angles it corresponds to the dyad. The third is the 
half-triangle, which is half of the equilateral triangle ; 
for being completely unequal in every respect, its 
elements number three. In the case of solids, you 
would find this property also, but going up to four, so 
that the decad is reached in this way also. For the 
first pyramid, which is built upon an equilateral 
triangle, is in some sense unity, since by reason of its 
equality it has one side and one face; the second 
pyramid, which is raised upon a square, has the angles 
at the base enclosed by three planes and that at the 
vertex by four, so that from this difference it re- 
sembles the dyad. The third resembles a triad, for it 
is set upon a half-square; together with the one 
difference that we have seen in the half-square as a 
plane figure it presents another corresponding to the 
angle at the vertex ; there is therefore a resemblance 
between the triad and this pyramid, whose vertex lies 
on the perpendicular to the middle of the hypotenuse 
of the base. In the same way the fourth, rising upon 
a half-triangle as base, resembles a tetrad, so that the 
aforesaid figures find completion in the number 10. 
The same result is seen in their generation. For the 
first principle of magnitude is point, the second is line, 
the third is surface, the fourth is solid.” ® 

@ Lit. ‘‘ side.” 

> The abrupt end suggests that the passage went on in this 


strain for some time; but the historian of mathematics need 
not feel much disappointment. 
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Theon Smyr., ed. Hiller 45, 9-46. 19 


"Jere re Tov dpb jecov ot pév Twes TEAELoL A€yovTat, 
of oe br epreAcvot, ot o eMurets. Kat TéAewoe pev 
etow ot Tois abray [epeow tool, Ws 6 THY 5° Lepn 
yap abrod jptou > zpirov P, éxrov a, dria ouv- 
TWepeva Tovel TOV S.  yerr@rTae Seale relciat 
Totrov Tov Tpomov.  edv er Peopeba Tovs amo 
povddos du7Aacious Kat ovv7apev avrous, pexpis 
ob dv yevnra mp@ros wat dav’ ‘Der Tos apbpos, Kal 
Tov ex Tis auvlecews emt Tov _faxaTov Trav ouvTe- 
bepeveay 7oMarAacidowper, o damoyernbeis € €oTat 
téAeos. olov éxkeiaQwoav di7Adov & B 5 7 is 5 
ovvOaev obv & Kal B> yiveras Y* Kal Tov YP emi TOV 
vatepov Tov ek Tis aurdeccws ToAAaTAacidowper, 
TOUTEOTL ent tov PB: yiverat s, OS €oT. mparTos 
TéAetos. av madw Tpets Tous dhe cis. SimAacious 
ovvdGpev, a@ kal B kat 5, ora C+ Kat rodrov emi 
Tov eaxarov TOY Tis owrbécews 7oAAaTracidowpev, 
tov € émt tov d éoTa o m7, Os éaTt Sedrepos 
rédetos. abyKeirat €k TOD Hypioeos 706 15, TeTaprov 
Tob t éBdopou rob §, recoapakaidexdrov tod B, 
etxoaTob dyddou Tob a. 

VarepréAciot dé elow dv ta pépy ovvrebévra 
peilova € €aTe THY haw, olov 6 Tay up rovrou yap 
wytod e€otw S, tpirov 4, TéTapTov y; ExTov B, 
dwoéKarov a, atwa civncoeen ylverar iS, Os eore 
petlwy Tob e& apyis, Touréate TaV 1B. 

*EMarets dé elow av ra pepn ouvrebévra €AdT- 
Tova TOV dpilov motel TOU e€ apyis mporelévros 





¢JIn Ri words, if S,=1+24+27+.. +2" a and Sy is 
prime, then 5,.2" 7 is a perfect number, ‘This is proved in 
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Theon of Smyrna, ed. Hiller 45. 9-46. 19 


Furthermore certain numbers are called perfect, 
some over-perfect, others deficient. Perfect numbers 
are those that are equal to their own parts, such as 6 ; 
for its parts are the half 3, the third 2 and the sixth 1, 
which added together make 6. Perfect numbers are 
produced in this manner. If we take successive 
double numbers starting from the unit and add them 
until a prime and incomposite number is found, and 
then multiply the sum by the last of the added terms, 
the resulting number will be perfect.2. For example, 
let the doubles be 1, 2, 4, 8, 16. We therefore add 
together 1 and 2: the result is 3; and we multiply 
3 by the last of the added terms, that is by 2; the 
result is 6, which is the first perfect number. Again, 
if we add together three doubles in order, 1 and 2 
and 4, the result will be 7; and we multiply this by 
the last of the added terms, that is, we multiply 
7 by 4; the result will be 28, which is the second 
perfect number. It is composed out of its half 14, 
its fourth part 7, its seventh part 4, its fourteenth 
part 2 and its twenty-eighth part 1. 

Over-perfect numbers are those whose parts added 
together are greater than the wholes, such as 12 ; for 
the half of this number is 6, the third is 4, the fourth 
is 8, the sixth is 2 and the twelfth 1, which added 
together produce 16, and this is greater than the 
original number, 12. 

Deficicnt numbers are those whose parts added 
together make a number less than the one originally 


Euclid ix. 36. Even the algebraic proof is too long for re- 
production here, but for such a proof the reader may be 
referred to Heath, The Thirteen Books of Huclid’s Elements, 
vol. ii. pp. 424-425. 
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’ ~ t e ~ - , N ” 5 , 
dpiOob, ofov 6 r&v FH: TovTou yap Tov 0, TeTAp- 
e 4 a - , 
tov B, dySoov év 76 abt S€ Kal TH ¢ ovpBeBynKev, 
a > a ¥ , a 3 
év Kal? Erepov Adyov réAevov ehacay ot ITvbayo- 
* > 
puxol, TEpt ob} Kata THY oiKkelay yupav aTrodwaopeV. 
_ ? iY ~ A 
Aéyerar S€ Kal 6 Y TéAcLos, ezeLd7) TpATOS apyny 
s] > A ‘ , 
Kat jéoa Kal mépas eyeu 6 8° adtos Kal ypappy 
, 
€or. Kal émimedov, tplywvov yap todzdAeupov 
7 w A ~ 
éxdoTny wAcupay duciv povddwy éyov, Kat mp@Tos 
~ , ‘ 
Seauos Kat atepeod Svvapuiss ev yap tptot Sdia- 
oTdoeat TO oTepeov voeiobat. 


(d) Ficurep Numbers 
(i.) General 
Nicom. Arith. Introd. ii. 7. 1-3, ed. Hoche 86. 9-87. 6 


“Eotw obv onpeiov apy} Siacripatos, od Sd- 
aTnpa 5€,76 8 adro Kal apy) ypaypys, od ypaypy 





* There were in use among the Greeks two ways of repre- 
senting numbers geometrically. One, used by Euclid and 
implied in Plato, Theaetetus 147 p—I148 B (see infra, p. 380), is 
to represent numbers by straight lines proportional in length 
to the numbers they represent. If two such lines are made 
adjacent sides of a rectangle, then the rectangle represents 
their product; if three sueh lines are made sides of a 
rectangular parallelepiped then the parallelepiped is the 
product. The other way of representing numbers was by 
dots or alphas for the units disposed along straight lines 
so as to form geometrieal patterns, a method greatly de- 
veloped by the Pythagoreans. Any number could be re- 
presented as a straight line, and prime numbers only as 
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put forth, such as 8 ; for the half of this number is 4, 
the fourth 2, the eighth 1. The same property is 
shown by 10, which the Pythagoreans called perfect 
for a different reason, and this we shall discuss in the 
proper place. The number 3 is also called perfect, 
since it is the first number which has a beginning and 
middle and end. It is moreover both a line and a 
surface, for it is an equilateral triangle in which each 
side is two units, and it is the first bond and power 
of the solid; for in three dimensions is the solid 
conceived, 


(d) Ficurep Numsers 4 


(i.) General 


Nicomachus, Introduction to Arithmetic ii. 7. 1-3, 
ed. Hoche 86. 9-87. 6 


Point is therefore the principle of dimension, but is 
not dimension, while it is also the principle of line, 


straight lines, whence Thymaridas spoke of them as “ recti- 
linear par excellence” (Plato would have represented a prime 
number such as 7 by 7 x 1, an oblong). The unit, being the 
source of all number, can be taken as a triangle, a pentagon, 
a hexagon, and so on. The first number after 1 which can 
be represented as a triangle is 3, and the 
sum of the first 2 natural numbers can always 
be represented as a triangle; the adjoining 
figure, a famous Pythagorean symbol, shows 
how this is done for 1+2+3+4=10. 
Square numbers can be represented in similar fashion, and 
the square of side n+1 can be obtained from the square of 
side n by adding a gnomon of 2n+ 1 dots round the side (the 
term “ gnomon” originally signified an upright stick which 
cast shadows on a plane or hemispherical surface, and so 
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b€+ Kal Yap) apyy emdavetas, odK emupdvera 
dé, Kal ap?) Tob (SxF diaoratob, ov ouxF} be dea 
orator. Kal etkdrws a empdvera 2a fev ow- 
fLazos, ob oapua dé, kal 4 adri apy fev Tob TPLXH 
Stacrar TOU, Ov TPN be dvaoraroy. otrws 67) Kat 
€v Trois apOots 7) ev jrovas apx7) TavrTds apiOnob 
ed? ev Sidornpa KaTO povdda mpoptBalopevov, 6 
de ypappuxos apOpds apyi) emu7édov apr8 08 ep? 
eTepoy didaTnpa emmedeus mAaruvopevou, 6 be 
emimedos aptOuos apy) orepeod api4uot emt tpirov 





could be used for telling the time; it was later used of an 





instrument for drawing right angles). 

The first number after 1 which can be represented as a 
pentagon is 5. If it be represented as ABCDE, then we can 
form another pentagon AB’C’D’¥, equivalent to 10, by add- 
ing the ‘‘ gnomon of the pentagon,” a row of an extra 7 dots 
arranged round three of the sides of the original pentagon. 
The gnomons to be added to form the successive pentagonal 
numbers 1, 5, 12, 22... are respectively 4, 7, 10... ., or 
the suecessive terms of an arithmetical progression having 
3 as the common difference. In the case of the hexagon the 
successive gnomonic numbers differ by 4, and in general, if 
n is the number of sides in the polygon, the successive 
gnomonie nuinbers differ by n- 2. 
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but is not line; and line is the principle of surface, 
but is not surface, and is the principle of the two- 
dimensional, but is not two-dimensional. Naturally 
also surface is the principle of body, but is not body, 
while it is the principle of the three-dimensional, but 
is not three-dimensional. Similarly among numbers 
the unit is the principle of every number set out by 
units in one dimension, while linear number is the 
principle of plane number broadened out in another 
dimension in the manner of a surface, and plane 
number is the principle of solid number, which 
acquires a certain depth in a third dimension [at 








So much for plane numbers. There are similar varieties 
of solid numbers (eubes, pyramids, truncated pyramids, 
ete.). The curious reader will find the whole subject treated 
exhaustively by Nicomachus (lrith. Introd. ii. 7-20), Theon 
of Smyrna (ed. Hiller 26-42) and Tamblichus (in .Vicoin. 
Arith. Introd, ed. Pistelli 58. 7 et seq.). It is of importance 
for the student of Greek mysticism, but has little interest 
for the modern mathematician. 
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2 4 ‘ ? > ~ , 

Sidornpa mpos ta €& apyjs Bdbos Te mpooKTw- 
ptevou: olov Kal” drrodiatpeow ypapyurol pév elow 
> \ A ~ oe € > % , * / 

dpiOot amA@s dmavres of amd duddos apydpevot 
kal Kava provados mpocleow emi €v Kal 76 adto 
mpoxwpobvres SidaoTnua, emimedot Sé of dd Tpiddos 
dpyopevot apyikwraryns pilns Kat dia tev €&fs 
ovveyav apiudv mpotovres, AauBavovres Kat Ti 
emwvupiay Kata THY adTH Ta€w: mpwTLoTOL yap 
tpiywvo, elra per’ adtovds tetpdywvot, elra per’ 
abrovs mevtaywvrot, elra emt rovros éEdywvror Kal 


€ t Aye 32s kaw, 
€TTAYWVOL KQL E77 ATTELPOV. 


(ii.) Triangular Numbers 


Lue. Vit. auct. 4 


nroaropaz. Eft’ ént rovrdovow apibudew, 

ATOPASTHS. Olda Kal viv dpiOpeiv. 

nre. lds dpiudes; 

oe tA - / 

aro. "Ev, 8vo, tpia, té7Tapa. 

mire. ‘Opas ; & od S0xdes réocapa, Tatra 
8éxa eortt Kal tplywvov éevredés Kal auéerepov 
Opktov. 


Procl. in Fuel. i., ed. Friedlein 428. 7-429. 8 
TlapadséSovra: Sé Kal wéBodoi Tiwes THs edpécews 


~ 4 o t ‘ \ 2 , 
Tay ToLovTwY TpLydvwr, dv THY pev eis TAdtwra 





* This celebrated Pythagorean symbol was known as the 
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right angles] to the dimensions of the surface. For 
example, by subdivision linear numbers are all 
numbers without exception beginning from two and 
proceeding by the addition of a unit in one and the 
same dimension, while plane numbers begin from 
three as their fundamental root and advance through 
an orderly series of numbers, taking their designation 
according to their order. Jor first come triangles, 
then after them are squares, then after these are 
pentagons, then succeeding these are hexagons and 
heptagons and so on to infinity. 


(ii.) Triangular Numbers 
Lucian, Auction of Souls 4 


Pyruagoras. After this you must count. 

Acorastes. Oh, I know how to do that already. 

Pytu. How do you count ? 

Aco. One, two, three, four. 

Pytu. Do you see ? What you think is four is ten, 
a perfect triangle and our oath.? 


Proclus, on Euclid i., ed. Friedlein 428. 7-429, 8 


There have been handed down certain methods for 
the discovery of such triangles,’ of which one is 


rerpaxt’s. It was alternatively called the - 
“principle of health’? (Lucian, De Lapsu 

in Salutando 5). The sum of any number oe 
of successive terms (beginning with the first) 

of the series of natural numbers 1+2+4+3+ o + 


. . +n is therefore a triangular number, 
and the general formula for a triangular 
number is }n(n+ 1). 

> i.e, triangles having the square on one side equal to the 
sum of the squares on the other two. ~Proclus is commenting 
on Euclid i. 47, for which see infra, pp. 178-185. 
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> , x A ? , » £ A 
GQVATTEMTOVOL, TV bé €ls Ivfayopav. Kae yn bev 
Hv@ayopixy) amo trav mepitt@v é€otw appar. 
, AS ‘ i. A ¢€ > Ul lol 
TiOyor yap Tov do8evta mepiTTov ws eAdcoova TH 
+ A > , A ~ ‘ > > > ~ 
mept THv pO, Kai AaBotoa tov am’ abrod Te- 
# A , £ > a” ~ - 
Tpaywvov Kal TovTov povdda adeAodaa Tod AowTod 
‘ oe y ~ ‘ A + A ‘ / 
TO Tucv Tino. THY wept THY OpOny Tov peilova: 
~ 3 A , , ‘ % ~ 
mpoobeiaa S€ Kai ToUTw povdda THY AoLTAY ToLET 
iY € Ps t A , rn ~ ‘ 
tiv vmoTelvovoay: olov Tov tpia AaBovca Kal Te- 
/ A > ~ “a > , Lé ~ 
tpaywvigaca Kal adedoboa Tob évvda povdda Tob 
- , oe ‘ 5 \ , ‘9. 
H AapBaver To Hytov Tov 6, Kal TovTw mpooriOynar 
, 7 .7 -~ * = A 7 t 
TaAw povdda Kal Trotet TOV €, Kal EUp|TaL Tplywvov 
’ ’ wy 4 ‘ ~ ‘ be ta 
dpboyuviov éyov Thy pev Tpiav, THY be Tecoapwr, 
» A: 3 
Thy O€ TeévTe. 
‘ > A ~ %: 7 > ~ 
‘TH 8€ WAatwrixy amd t&v dpriwy émvyetpet. 
~ A ¥ i La G ? 5) € 
AaBodca yap tov dofévta dpriov tiOnow adrov ws 


~ A ‘ 3 e ‘ ~ 
pilav aAevpav Ta&v rept THV ophjv, Kal TobTov 





9 i.e, if n is the given odd number, the sides of the triangle 
are 


and the formula is an assertion that 


; (S 2 _(nt+1\8 
ae a: ee 
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referred to Plato and one to Pythagoras. The Pytha- 
gorean method starts from the odd numbers. For it 
sets the given odd number as the lesser of the sides 
about the right angle, takes its square and subtracts 
a unit therefrom, and sets half the result as the 
greater of the sides about the right angle. Adding 
a unit to this it makes the resulting number the 
hypotenuse.? For example, starting from 3 and 
squaring, the method obtains 9; a unit is subtracted, 
making 8, and the half of 8 is taken, making 4: to 
this a unit is added, giving 5, and in this way there 
is found a right- angled triangle having as its re- 
spective sides 3 3,4 and 5. 

The Platonic method starts from the even 
numbers. For taking the given even number it sets 
it as one of the sides about the right angle, divides 


Heath (H.G.Mf. i. 80). shows 
how Psthagoras probably arrived 
at this forniula by a system of dots 
forming a square. Starting with 
a square of side m, the square 
of side m+1 can be formed by 
adding a gnomon-like array of 
2m-+1 dots round two sides. To 
obtain his formula, Pythageras 
would only have to assume that 
2m +1 (necessarily an odd number) 
is a square, 





Let Qm+1 =n? 
then _n-1 
PE ED 
; n+] 
mt l= oc: ae 


and the array of dots shows that 


2, (w@-1\?_ (tt l\? 
ots (He (MEL), 
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a ‘ 
SteAoGaa Siya Kal TeTpaywvicaca TO qLOV, jL0O- 
vdda pev 7T@ TeTpaywrw mpoobetca moved THY 
¢ , . rd 44 - # 
bmoretvovaay, pordda dé adeAodoa Tov TeTpaywvou 
a A ¢ a, ~ ‘ A > La a i“ ‘ 
moet Thy érépay TaV mept THY opOyv: olov tov 
résoapa aBoioa Kai TovTov TO lRase Tov 
A th a 
TeTpaywricaca Kal ToLnoNnOa avTov 6. ddeAovoa 
2 fa a - a a - 
év ovdda Tolel TOV Y, Tpoabeica Sé motel Tov E 
2 > 
aed ‘ ‘ , a So ~ 
Kal €xet TO avToO yevopevov Tplywvov, 6 Kal eK THs 
a > 7, 
érépas ametedeiro peOddov. Td yap amo ToUTOU 
icov 7© and Tob Y Kal 7@ avd Tod 8 ovvrcHeiow. 
: : 


(iii.) Oblong and Square Numbers 
Aristot. Phys. T 4, 203 a 13-15 
Tlepitibepdvwr yap Tav yowudvey mept TO Ev Kal 
xees 6Tré pev dAdo det yiyveoBar 76 eldos, dré 
€ ev. 
(iv.) Polygonal Numbers 
Nicom. Arith. Introd. ii. 12, 2-4, ed. Hoche 96. 11-97, 17 


Avo 61, obs dv OéAns, Tprywvous ovvexeis dA- 

9 i.e, if 2n is the given even number, the sides of the 
triangle are 2n, n?+ 1, n?- 1, and the formula asserts that 

(2n)? + (n? = 1)? =(n? + 1)% 

Heath (H.G.4£. i. 81) shows how this formula, like that of 
Pythagoras, could have been obtained from gnomons of 
dots. Both formulae can be deduced from Euclid ii. 5, a 
Pythagorean proposition (sce infra, p. 194 n.a). A more 
general formula, including both the Pythagorean and 
Platonic methods, is given in the lemma to Euclid x. 28, 
which is equivalent to the assertion 


5 map? — mng?\? map eng 
2 2p2y2 ple = pee . 
m*n*p"q +( 9 ) 2 ; 








94 


PYTHAGOREAN ARITHMETIC 


this in two and squares the half, adds a unit to the 
square so as to make the hypotenuse and subtracts a 
unit from the square so as to make the other side 
about the right angle. For example, taking 4 and 
squaring the half, 2, it makes 4 again. Subtracting 
a unit it obtains 8, and adding one it makes 5, and 
yields the same triangle as that furnished by the 
other method. For the triangle constructed by this 
method is equal to that from 3 and from 4. 


(iii.) Oblong and Square Numbers 
Aristotle, Physics I 4, 203 a 13-15 


For when gnomons are placed round 1 the resulting 
figures are in one case always different, in the other 
they preserve one form.” 


(iv.) Polygonal Numbers 


Nicomachus, Introduction to Arithmetic ii. 12. 2-4, 
ed. Hoche 96. 11-97. 17 


By taking any two successive triangular numbers 


> As was indicated on p. 86 n. a, 
when gnomons consisting of an odd 
number of dots are placed round 1 
the result is always a square. When 
gnomons consisting of an even num- 
ber of dots are placed round 2 the 
result is an oblong, and the successive 
oblongs are always different in form. 
This is probably what Aristotle refers 
to, but-he does not indicate that the 
starting-point is in one case 1 and in 
the other 2; and the interpretation is 
modern, Themistius and Simplicius 
having other (and less attractive) ex- 
planations. The subject is fully dis- 
cussed by W. D. Ross in his notes ad 
loc. (Aristotle’s Physics, pp. 542-544). 
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Aijrous ourfets mavrws TETpaywVoY ToLjGELS wad 
OvTUoby TeTpaywvoy dpu duaddoas duryon dvo an 
abray Tpuy@vous Toujjoas: Kal madd wavtt Te- 
Tpayeovey oXypare Tplyavov 7 oatenx er oevodv 
mevrayesvov motel, olov TH TeTpaydvep 6 4a 
Tplywvos mpooleuyGels Tov E TevTadywrov Tole Kal 
To U TO ebijs 0 €&is mpooreVets, SmAovdre oy, 


mevrdyuvov Tov 8 more, TH O€ us GvTe aKoAovOw 
6 5 adkddAovbos émiovvteleis Tov «B dxéAov$ov 
drodiswow Kal TH KE 6 t tov Ae Kal det obTWS. 
Kara 6€ Ta adTa Kay Tois TEVTAyWvoLs of TPLywvot 
mpootoivTo TH adtH tdfet, Tods edTdKTous yev- 
wijaovow é€aywvous Kai maw éxetvois of adroit 
mpooTrAekdpevoe Tovs ev Taker émTaywvous ToL)- 
A > > rg AY ¥ 3 ‘ ~ 
govat Kal pet” exelvous Tods OKTaya@Vvous Kal TOTO 
én’ deipov. mpos b€ drdpunow exxeiobwoay nuty 
moAvyaveny orixou mapaddrjdus YEypaepLevor pide, 
i.) 

6 mpaitos Tplywruv, 6 peer? adrov TEeTpaywvwr, 
peta be dyepor€epous TEvTaAyavey, eita éayorer, 
cira éxtaywruv, efra, ef efddAou Tis, Kal TaV ELS 
ToAvywvey: 





° *%n other words i(n-1)n + 
dn(n+1) =x, as may easily be seen 
« from an array of dots. Here the 
square, of side m, is split up into 
* two triangular numbers of side 
nu-1, x whose values are therefore 
° . ° ° © dMn- Vn, dr(vt1). Theon of 
Smyrna (ed. Hiller 41. 3-8) gives 
° 7 . * the same theorem. 
>The generat turmula for an @-gonal number of side n is 
nthu(n- Ila- 2), 
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you please and adding them one to another you will 
make the whole into a square, and whatsoever square 
you split up you will be able to make two triangles 
fromit.¢ Again, a triangle joined to any square figure 
makes a pentagon ; for example, when the triangle 1 
is added to the square 4 it makes the pentagon 5, and 
when the next triangle in order, which is plainly 3, is 
joined to 9, the next square, it makes 12, while 6, the 
next successive triangle, added to 16, the next suc- 
cessive square, will yicld 22, the next successive 
pentagon, and 10 added to 25 will make 85, and so on 
without limit. In the same way if the triangles are 
added to the corresponding pentagons, they will 
produce the hexagons in an orderly series, and the 
triangles linked with them in turn will give the 
heptagons in order, and after them the octagons, and 
so on to infinity.2 To help the memory let the 
various polygonal] numbers be written out in parallel 
rows, the first consisting of triangles, the next of 
squares, the next after these of pentagons, then of 
hexagons, then of heptagons, then, if it is so desired, 


of the other polygonal numbers in order. 


as is proved below, p. 98 n. a, and Nicomachus’s assertion 
is equivalent to saying 
n+ tu(n- 1)(a-2)=n+ $n(n- 1)(a- 3) + 3n(n- 1). 
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pijxos Kal mAdros 
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(v.) Gnomons of Polygonal Numbers 
Iambl. in Nicom. Arith. Introd., ed. Pistelli 62. 10-18 
A bs ~ , A ~ id 
Kai év 7 oynuaroypadia 5é r&v mroAvydvw 
Svo perv emi mavtwv at adrat pevoicr mAevpai 
cf > Ce € A A 5 
pykvvépevat Kal? éxactov, ai S€ mapa ravras 
2 ta ~ ~ td ¢ oe 
evarroAnpOyjcovrat 7H THY yrwpdvey Trepifécer ate 
> / + a. > a oe: x ’ 
dAAacodpevar, pia pev ev tprywrw, Svo be ev 
TeTpaywvw Kal Tpeis ev Tevraywvm Kal dpoiws 
SF La x 4 I col A ~ 
ém’ dmewpov, Kata Suddos Kavrat0a S:adopay ris 
KAjocews TOV ToAvywvwY Tpds THY TOGdTHTA THY 
adMaccopévey ywoperns. 


® 7.¢., the principle will be made clear from the figures for 
the gnomons of the square and pentagon given on pp. 86-89 
n.a. ‘The general formula is that in a polygon of a sides, the 
number of sides changed to form the next highest polygon 
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Heptagons 112 | 148 | 189 | 235 














(v.) Gnomons of Polygonal Numbers 


Iamblichus, On Nicomachus’s Introduction to Arithmetic, 
ed. Pistelli 62. 10-18 


Now in the representation of the polygons two of 
the sides always remain the same but are produced, 
while the sides intercepted between them are con- 
tinually changed when the gnomons are placed 
round, one being changed in the triangle, two in the 
square, three in the pentagon and so on to infinity, 
the difference between the designation of the poly- 
gons and the number of sides changed being two.* 


is a—2. (This leads Iamblichus to introduce immediately 
Thymaridas’s rule for solving n simultaneous equations, as 
the factor a- 2 occurs in this also. For this rule see infra, 
pp. 138-141). 
From Jamblichus’s account it follows that the successive 
gnomons to a polygon of a sides are 
1, 1+(a- 2), 14+ 2(a-2),. . .14+(r- 1)(a- 2), 


and the a-gona] number of side n is the sum of n terms 
this series, or 
nt+4n(n- 1)(a- 2). 


99 


GREEK MATHEMATICS 


(e) Some Properties or NuMBERS 
(i.) The “ Sieve’ of Eratosthenes 
Nicom. Arith, Introd. i. 13. 2-4, ed. Hoche 29. 17-32. 18 


€ 
H 6€ rovrwr yévects tro *"Epatoofévous Ka- 
Aeirat KdoKtvov, ered?) avareduppévous Tovs 7e- 
i f ‘ 3 / > % ~ ~ a 
piacovs AaBovtes Kal ddvaxpitous e€ abtav 7H Tis 
4 , a / e > 
yevécews peOddw tatty Siaywpilopev, ws oe 
dpyavouv 7) KoaKivou Twos Kal ldia fev Tods TmpU- 
\ > (a bing A A , A 
Tous Kat aouvlérous, idia 5é tods Sevtépous Kal 
4 A , ” 
avvOérous, xupis 5€ rods puxtods edpioKopev. €oTL 
~ fot > 
b€ 6 Tpdm0s TOD KoaKivov Towotros: éKOduevos 
‘ 2 ‘ 7 , > a ‘ « 
Tovs amd tpiddos mavtas epetis mepiccods ws 
? tJ > a 
duvarov pddtota el pujKictov arixov, ap§dpevos 
> ~ lol / > 
a0 Tod mpawtov emoxonmd, tivas olds té ott 
7 x A mw ‘ 7, 
petpeiv, Kal evpioxw Suvarov dvta Tods bo pécous 
mapaXeimovras jeTpelv, péxpis o8 av mpoxywpetv 
A ~ ~ 
eBdrAwpev, obx ws eTvye 5é€ Kal elki perpobdrra, 
> ‘ A 4 / / 4 , 
GANG Tov pev Tpwtws KEetpevov, TovTéaT. Tov dO 
4 ~ + > 
pécovs brepBaivovra Kata Tv ToD mpwrioTou eV 
~ ta 
TH otixw Keyévov TmoadTyTa peTpiceL, TovTéaTe 
‘ ‘ c a ‘ , x iM keer See tA ue 
KaTa THY €avTOU: Tpis yap: Tov 8’ am’ éKeivov Svo 





@ Nicomachus has been discussing the different species of 
odd numbers, which are explained above on p. 69 n. ec. 

» That is, Fratosthenes, for whom see p. 156 n. a, set out 
the odd numbers beginning with 3in a column. For con- 
venience we will sect them out horizontally as follows : 

3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 38, 35. 
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(e) Some Properties or NuMBERS 


(i.) The “‘ Sieve” of Eratosthenes 


Nicomachus, Introduction to Arithmetic i. 13. 2-4, 
ed. Hoche 29. 17-32. 18 


The method of obtaining these? is called by 
Eratosthenes a sieve, since we take the odd numbers 
mixed together and indiscriminate, and out of them 
by this method, as though by some instrument or 
sieve, we separate the prime and incomposite by 
themselves, and the secondary and composite by 
themselves, and also find those that are mixed. The 
nature of the sieve is as follows : I set forth in as long 
a column as possible all the odd numbers, beginning 
with three, and, starting with the first, I examine 
which numbers in the series it will measure, and I find 
it will measure the numbers obtained by passing over 
two intermediate numbers, so far as we care to pro- 
ceed, not measuring them at random and by hap- 
hazard, but it will measure the number first found by 
this process, that is, the one obtained by passing over 
two intermediate numbers, according to the magni- 
tude of the number lying at the head of the column, 
that is, according to the magnitude of itself; for it 
will measure it thrice.? It will measure the number 


We now strike out from this list the multiples of 3, because 
they will not be prime numbers, and this is done by passing 
over two numbers at a time and striking out the next. That 
is, we pass over 5 and 7 and strike out 9, we pass over 11 and 
13 and strike out 15, and so on without limit. As Nico- 
machus notes in a rather cumbrous way, the numbers struck 
out, 3, 9, 15,21, 27 . . ., when divided by 8 gives us in order 
the numbers in the original column 3, 5, 7,9... . There 
is here the foundation for a logical theory of the infinite, but 
it was left for Russell and Whitehead to develop it. 
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diaAcimovra Kara THY TOD Sevrépov TETAY}LEVOV 
TEVTAKLS yap: Tov be TEpaLTepw maw dvo dua 
Actnovra Kata THY TOD Tpitov TeTayLEvou" émrdes 
yap. Tov O€ €Tt Teparrépw dep dvo KetpLevov Kare. 
/ 

TH Tod TeTaptov TeTAypevou" evaKis yap: Kal én” 
amretpov 7 abr TpOT. eita peta ToUTOV da? 
aAAns apxiis emt TOV SevTEpov eAev oKo7G), tivas 
olds té cot. pezpetv, Kal eploxw mavras Tovs 
TeTpdda Suaretmovras, aAAd. Tov pev Tpa@rov Karo 
TH Tob ev TO oTixey mpostou TETAYHLEVOY moodTHTa" 
Tpis yap Tov be devTepov Kara THY ToD SevTépov" 
mevTdKes yap: Tov dé tpitov Kara ay Tot Tpirou' 
éntdKis yap’ Kal totro éfetis dei. 


ii.) Divisibility of Squares 
Theon Sinyr,, ed. Hiller 35, 17-36. 2 


[diws be tois TETpAyEvols coup Benker 7 qTou Tpl- 
Tov exew 7 pHovddos apatpeDeions Tpirov éyew 
TAVTWS, y TmaAw Téraprov exe 7 povddos adpatpe- 
Geions réraptov exe mavTws: kat TOV bev povdsos 
apatpebeians tpitov éxovra éxew Kal téraprov 





¢ The numbers obtained by passing over four numbers are 
15, 25,35... 
and can all be divided by 5, leaving 
3,5,T 266 
which is the original series of odd numbers. 

Nicomachus proceeds to pass over six numbers at a time, 
beginning from 7, but we need not follow him. Clearly in 
this way he will eventually be able to remove from the series 
of odd numbers all that are not prime. The general formula 
is that we obtain all multiples of a prime number x by skip- 
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obtained by passing over two from that one according 
to the magnitude of the second number in order ; for 
it will measure it five times. The number obtained 
by passing over two numbers yet again it will measure 
according to the magnitude of the third number in 
order; for it will measure it seven times. The 
number that lies yet two places beyond it will measure 
according to the magnitude of the fourth number in 
order ; for it will measure it nine times ; and we may 
proceed without limit in this manner. After this I 
make a fresh start with the second number in the 
series and examine which numbers it will measure, 
and I find it will measure all the numbers obtained 
by passing over four,? and will measure the first 
number so obtained according to the magnitude of _ 
the first number in the column ; for it will measure it 
thrice. It will measure the second according to the 
magnitude of the second, that is, five times; the 
third according to the magnitude of the third, that is, 
seven times ; and so on in order for ever. 


(ii.) Divisibilty of Squares 
Theon of Smyrna, ed. Hiller 35. 17-36. 2 


It is a property of squares to be divisible by three, 
or to become so divisible after subtraction of a unit 3 
likewise they are divisible by four, or become so 
divisible after subtraction of a unit; even squares 
that after subtraction of a unit are divisible by three 


ping n- 1 terms atatime. But to make sure that any odd 
number 2n+ 1 left in the series is prime we should have to 
try to divide it by all the prime numbers up to 1/2n+ 1, and 
the method is not a practicable way of ascertaining whether 
any large number is prime. 
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mdvtws, ws 6 6, Tov be provddos adaipebeians 
, ” v , 4 € e 6 a” 
réraptov éxorra exe Tpitov mavTws, ws o GO, 7 
LS > % ig + ‘ wv 7 ca = 
Tov adzov maXw Kal Tpirov évew Kal TéTApTOV, ws 
iS ce ; , : e aS 
6 As [%) pendérepov tovtwr éxorza TodTov povados 
> , , ” r 71% , , 
adatpeelans tpitov éxew mdvtws],’ 7» pate Tpizov 
, , ” , > a A 
pyre tétaprov éyovra provddos dadaipeBetans Kat 


, Mw ‘ s ud — 
tpitov €xew Kal TéTapToV, ws O KE. 


(iii.) A Theorem about Cube Numbers 


Nicom. Arith. Introd. ii. 20. 5, ed. Hoche 119. 12-18 


> ~ 
Exrefévtwv yap t&v ao povados éz’ dazetpov 
ouvey@v mepicod@y émiakdme otTws, 6 mpOTos TOV 
, ‘ a ao: A # > > ~ 
duvaper KUBov move, of b€ dVo peer” eKeivov our- 
a ‘ tA €: \ > A , al ‘ 
tebévres tov Sevtepov, ot S€ emi to’rois Tpets Tov 
4 4 A a , ¥ A , 
Tpirov, of 5é auvexets ToUToLs Técoapes TOV Té- 
e A > ~ a t x ‘a 
Taptov, ot dé égeEs tovtos mévTEe TOV mépTTOV 


14... 7dv7ws om. Bullialdus, Hiller. 





@ Any number may be written as 3n, 3n 41 or 3n 4.2, and 
its square takes the form 
9n? or On? +6n+ 1 or On? + 12n4+ 4, 
In the first case, the square is divisible by three; in the 
second and third cases it becomes so divisible after subtraction 
of a unit. 
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can be divided by four, such as 4 itself; those that 
after subtraction of a unit are divisible by four can be 
divided by three, such as 9 ; while there are yet again 
squares divisible both by three and by four, such as 
86; and others that are ‘divisible neither by three nor 
by four but can be divided, after subtraction of a 
unit, by both three and four, such as 25.4 


(iii.) A Theorem about Cube Numbers 


Nicomachus, Introduction to Arithmetic ii. 20. 5, 
ed. Hoche 119, 12-18 


When the odd numbers beginning with one are set 
out in succession ad infinitum this property can be 
noticed, that the first makes a cube, the sum of the 
next two after it makes the second cube, the next 
three following them make the third cube, the next 
four succeeding these make the fourth cube, the 
next five in order after these makes the fifth cube, 


As for division by four, the square of an even number 27 is 
necessarily divisible by 4. The square of an odd number 
2n+1 may be written 4n?+4n+ 1 and becomes divisible by 
four after subtraction of a unit. Karpinski observes (Vico- 
machus of Gerasa, by M. L. D’Ooge, p. 58): ‘‘ Apparently 
Theon desired to divide al! square numbers into four classes, 
viz., those divisible by three and not by four; by four and not 
by three ; by three and four ; and by neither three nor four. 
In modern mathematical phraseology all square numbers are 
termed congruent to 0 or 1, modulus 3, and congruent to 
Oor 1, modulus 4. This is written: 

n?=1 (mod. 3), 
n*=0 (mod. 3), 
n?=0 or 1 (mod. 4). 

“ This is the first appearance of any work on congruence 
which is fundamental in the modern theory of numbers.” 
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kal ot é&9s €& Tov éxTov Kal Tobro péxpis 
ate. 

(iv.) A Property of the Pythmen 
lambl. in Nicom. Arith. Introd., ed. Pistelli 103. 10-104. 13 


‘Enel be efddos amroTeAeoTiKT) coTw mary 
map ovoev d.7r6 povddos | ovluyia, 7 mparn a By 
eldovoujnoer Tas €&is atrh, pndevds dpov Kowvod 
AapBavopevov pnde ary mapeAAeurropevou, anda. 
pera my a ¥ AapBavopevns rijs 5 € SF, elra 
£9 6 Kal ene dkodovdws. mdoar yap adrat 
Ledbes yerjoovrat petadapPavovons tov jrovddos 
romov det THs Sexddos, TouréoT eis povdda av- 
ayoperns: ovTws yap adriv Kal SevTepwdoupevay 
povdda Karetobar eAdyouev mpos Tav Ilvbayopeiwr, 


* That is to say, 1= 15, 3+5=23, 7+94+ 11 =83, 
134+15+17419 =45, 214234 25427+29=53, 31433435 
+37+439 + 41=6%, and so on to infinity, the general formula 
being 
{n(n- 1) 4+ 1} 4 {n(n- 1) 4+3}4 2... + {n(n-1)4+2n- l}=n3. 
By putting n=1, 2,3...7 in this formula and adding the 
results it is easily shown that 

134234334 ... +7 =Gr(r+1)¥, 
a formula which was known to the Roman agrimensores and 
probably to Nicomachus. Heath (//.G./, i. 109-110) shows 
how it was proved by the Arabian algebraist Alkarkhi in a 
book Al-Fakhri written in the tenth or eleventh century. 
The proof depends on Nicomachus’s theorem. 

®> tamblichus has been considering various groups of 
three numbers which can be formed from the series of natural 
numbers, by passing over a specified number of terms, so as 
to become polygonal numbers. Thus 1+2+4+3=6 (triangle), 
1+3+45=9 (square), 3+4+5=12 (pentagon), 1+4+7=12 
(pentagon), 1+5+9=15 (hexagon). 
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the next six in order make the sixth cube, and so 
on for ever.? 


(iv.) A Property of the Pythmen 


Tamblichus, On Vicomachus’s Introduction to Arithmetio, 
ed. Pistelli 103. 10-104. 13 


Since the first group,? starting from the unit and 
omitting no term, is productive of the hexad, the first 
group, 1, 2, 3, will be a model of those that succeed it, 
the groups having no common term and leaving none 
on one side, but 1, 2, 3 being followed by 4, 5, 6, then 
by 7, 8, 9, and so on in order.¢ For all these will 
become hexads when the unit takes the place of the 
decad in all cases, so reducing it to a unit. For after 
this manner we said 10 was called the unit of the 
second course 4 among the Pythagoreans, while 100 


* In other words, Iamblichus asks us to consider any 

oup of three consecutive numbers, the greatest of which is 

ivisible by 3. We may represent such a group generally 
as 8p + 1, 3p +2, 3p+3. 

2 As Jamblichus had previously explained (in Nicom., 
ed. Pistelli 75. 25—77. 4), the Pythagoreans looked upon a 
square number n? as a race course (é/avAos) formed of suc- 
cessive numbers from 1 (as the start, domdAné) up to n (the 
turning point, xaynzijp) and back again through (n- 1), 
(n- 2), and so on to 1 (as the goal, vicoa), in this way: 


14+24+3+ . +00 +(n-1) 
+ 
n 


+ 
1+2+3+ 2... (n-1) 
As an example we have 
14+24+3+ ...104+94+8+4+ ...34+29+1=108 


and thence 
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Kal Tpewdouperav THY EKATOVTAOA, KAL TeTPWoou- 
preva Ti yiAuadsa. 7 yee’ yap oes Trovet dpiBpiov 
Tov Les dvayojterns O€ Tis dexddos els frovdda, 6 
Terre mpocAaBew avry é€as yiverau. 7ddw 7 

ouvieioa Trovet Tov KO dpiOudv, ob 7a K 
eis 60 povddas avayaywv mpootiOne tT 5, Kai 
éxw mddu éédda. addw iw 1B awvbels roid 
Ay, dv za A rpids éoru, iy mpoobets Tots Tptolv 
€yw oprotios: éfdda, Kal TodTo opotws €orar be 
oAov. wal Hy jeev mporn é€as ovK Exel perdBeow 
dexados ets jovdda, os a etdorov0s Kal orotxetov 
Tov jet’ adtiy vadpyovaa: 7» b€ devtépa putas 
povddos perdleow efet, fa bé Tpirn dvetv al 4 
TeTApTY T pay Kal 7) meuTTH Tecodpwy Kal €&is 
axoAov8ws. daa 8 av dow at perarBépevat 
dexddes, Tooabrat Kal al év veddes agatpeOijcovrat 
éx Tob odov OVOTT MATOS, iva 70 Acizov bpotws éfas 
3}. TOD yap ve pds dexados exovros perabeow, eav 
apérdw piav evvedda, AetPOijoerar é€as. Tod dé Kd 
bdo éyovros Sexddas Tas peTamotoupévas éav 
adédw dvo evveddas, AeupOjoeTvat madw eds, Kat 
totto bu’ dAov cupPijceTat. 





10+20+30+ 2... 100+90+S80+ ... 30+20+10=108 
100 + 200+ 300+ ... 1600+ 900+ 500+ ... 300+ 200+ 100 
=10! 
and soon, It was in virtue of these relations that the Pytha- 
goreans spoke of 10.as the unit of the second course (Sevrepo- 
doupeery povds), 100 as the unit of the third course (rpiwdovpévn 
provas) and so on, 

* The truth of lamblichus’s proposition is proved generally 
by Loria (Le serenze esatte well’ antica Grecia, pp. 841-842) 
in the following manner. 

Let N=ngt 100, + 10%. + 22 


tos 
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was called the unit of the third course and 1000 the 
unit of the fourth course. Now 4, 5, 6 make the 
number 15. Reducing the 10 to a unit, and adding 
it to the 5 we get 6. Again, 7, 8, 9 when added 
together make the number 24, in which I reduce the 
20 to two units, add them to the 4 and so again 
have 6. Once more, adding 10, 11, 12, I make 33, in 
which the 30 yields 3, and adding this to the 3 units 
I likewise have 6, with a similar result in all cases. 
The first 6 does not suffer a change of the 10 into a 
monad, being a kind of image and element of those 
that succeed it. The second has a change of one 
monad, the third of two, the fourth of three, the fifth 
of four and so on in order. The number of 10s that 
have to be changed is also the number of 9s that 
have to be taken away from the whole sum in order 
that the result may likewise be 6. In the case of 15, 
where there is one 10 to be changed, if I take away 
one 9 the remainder will be 6. In the case of 24, 
where there are two 10s to be changed, if I take 
away two 9s the remainder will again be 6, and 
this will happen in all cases.¢ 


be a number written in the decimal system. Let S(N) be 
the sum of its digits, SN) the sum of the digits of S(N), and 
so on. 


Now N- S(N)=9(n,+11n.+ 11lng+ ...) 
whence N=S(N) (mod. 9). 
Similarly S(N)=S®)N(mod. 9) 


and so on. 
S#1(N)=S* N(mod. 9) 


be the last possible relation of this kind; S/N will be a 
number N’29. 
Adding all the congruences we get 
N=N’ (mod. 9), where N’S9. 
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(f) Irnationaity oF THE Square Roor or 2 
Aristot. Anal. Pr. i. 23, 41 a 26-27 


Ilavres yap of Sia tod advvdrou mepaivovres Td 
bev weddos ovdMoyilovra, ro 8 e€& dpyfs e& 
bmobecews Secxvdovaw, 6rav advvatdv Te cupBalvn 
Tis avripdoews Tebeions, olov dre dovppeTpos 7) 
Sidpetpos Sia TO yiveoOar Ta wepirta toa Tois 
aptiots avppétpov reBelons. To perv odv toa yi- 
veobar Ta TEpiTTa Tois apTiois auvAdoyileraL, TO 9” 
daoovpetpov elvar THv Sidpetpov &€ drobcews Sei- 
Kvvow, eet petdos oupPaiver ia THY avTipacw. 


(g) Tue Tueory or Prorortion anp Means 


(i.) Arithmetic, Geometric and Harmonie Means 
Iambl. in Nicom. Arith. Introd., ed. Pistelli 100. 19-25 


Movar dé 76 madaidv tpeis toav peadrntes emt 
4 ~ ~ CA 
TIludaydpov kal trav Kar’ adtov pabypatika@y, apib- 


Now, if N is the sum of three consecutive numbers of which 
the greatest is divisible by 3, we can write 
N=(Sp + 1) + (8p + 2)+ (8p +8), 
and the above congruence becomes 
9p +6=N(mod. 9) 
so that N’=6(mod. 9), with the condition N’<9. But the 
only number £9 which is divisible by 6 is 6 itself. 

Therefore N’=6. 

2 It is generally believed that the Pythagoreans were 
aware of the irrationality of 4/2 (Theodorus, for example, 
when proving the irrationality of numbers began with/3), 
and that Aristotle has indicated the method by which they 
proved it. The proof, interpolated in the text of Euclid as 
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(f) Irrationatity or THE Square Root or 2 


Aristotle, Prior Analytics i. 23, 41 a 26-27 

For all who argue per impossibile infer by syllogism 
a false conclusion, and prove the original conclusion 
hypothetically when something impossible follows 
from a contradictory assumption, as, for example, 
that the diagonal [of a square] is incommensurable 
[with the side] because odd numbers are equal to 
even if it is assumed to be commensurate. It is 
inferred by syllogism that odd numbers are equal to 
even, and proved hypothetically that the diagonal is 
incommensurate, since a false conclusion follows from 
the contradictory assumption.? 


(g) THE TuEory oF Proportion anp Means 
(i.) Arithmetic, Geometric and Harmonic Means 


TIamblichus, On Nicomachus’s Introduction to Arithmetic, 
ed. Pistelli 100. 19-25 
In ancient days in the time of Pythagoras and the 
mathematicians of his school there were only three 


x. 117 (Eucl., ed. Heiberg-Menge iii. 408-410), is roughly as 
follows. Suppose AC, the diagonal of a square, to be com- 
mensurable with its side AB, and let their ratio in its smallest 
terms bea: d, 

Now AC?; AB? =a?; b? 
and AC? =2AB?%, a? =263, 

Hence a?, and therefore a, is even. 

Since a:b is in its lowest terms it follows that b is odd. 
Let a=2c. Then 4c?=2b?, or b?=2c?, so that 5%, and 
therefore } is even. 

But 6 was shown to be odd, and is therefore odd and even, 
which is impossible. Therefore AC cannot be commensur- 
able with AB. 
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peyriny Te Kal 7 yewpeT per wat v] more ev 
dmevavtia Aeyomérn 7H Trager Tpirn, v70 be Tay 
mept ” Apxtray ades Ka “Inmacov appovers) pera- 
KAnOeioa, Gre TObs KATA TO rppoapevov Kal euperes 
efaireto Adyous Teptéyouaa. 


Archytas ap. Porph, én Ptol. Tlarm., ed. Wallis, Opera Math. 
iii. 267. SO-268. 9; Diels, Vors. 15. 485, 18-436. 13 


’Apyuras 5€ wepl TOV pecoTyTwr éywr ypddet 
Taira 
“Meéoa dé evr Tpis TH povorkG, peta prev dpt- 
Opayrexa, deur. TEépa de yaperpuKd, tpita 8° drevarria, 
av Kaddovre appoveray. dppnrica bev, dkKa 
EwvTe Tpets Spor Kava Tay Totay Urepoxav ava 
Adyov: @ mparos Sevrépou Urrepexet, TwtT@ bed- 
repos Tpirov vrepeyel. Kal ev TavTa Ta dvadoyia 
oupminter elev TO THY peldvwy opwy diaoTnpa 
pretov, 70 O€ THY peidvwy petlov. yaperpika dé, 
oKKa EwvTe otos 6 mpatos mort TOV Sevrepov, kal 
0 devrepos ott TOV Tplrov. TouTuw be of peiLoves 
Spow loov movobyrat TO Sudarn ja. Kal ot pictous. a 
be dmevavria, ay kaodpev appovixdy, OKKa EWVTE 
totou a)" 6 mparos Spos brrepexer Tob Sevrépou 
abravrou pépet, TWIT@ 6 péaos Tod Tpirov b7eEp- 


1 rotor & add. Diels. 





* t.e., bis the arithinetic mean between a and c if 
a-b=b-e. 


> The word didorqnpa (Zuterval) is here used in the musical 
sense; mathematically it must be understood as the ratio 
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means, the arithmetic and the geometric and a third 
in order which was then called subcontrary, but 
which was renamed harmonic by the cirele of Archytas 
and Hippasus, because it seemed to furnish har- 
monious and tuneful ratios. 


Archytas, cited by Porphyry in his Commentary on 
Ptolemy's Harmonics, ed. Wallis, Opera Mathematica 

iil. 267. 39-268. 9; Diels, Vors. 2. 435. 18-436. 18 
Archytas, in his discussion of means, writes thus : 
‘*Now there are three means in music: first the 
arithmetic, secondly the geometric, and thirdly the 
subcontrary, the so-called harmonic. The arithmetic 
is that in which three terms are in proportion in virtue 
of some difference : the first exeeeds the second by 
the same amount as the second exceeds the third.¢ 
And in this proportion it happens that the interval ® 
between the greater terms is the lesser, while that 
between the lesser terms is the greater. The geo- 
metric mean is that in which the first term is to the 
second as the second is to the third. Here the 
greater terms make the same interval as the lesser.° 
The subcontrary mean, which we call harmonic, is 
such that by whatever part of itself the first term 
exceeds the second, the middle term exceeds the 


between the two terms, not their arithmetical difference. 
Archytas asserts that 
a_b 


bc 
¢ i.e., b is the geometric mean between a and c if 
a_b 
ay 
and what Archytas says about the interval is contained in the 
definition. 


113 


GREEK MATHEMATICS 


€xet Tob tpitov péper. yiverar S€ ev tavra Ta 
dvadoyia 76 THY peldvwv dpwv SidoTypa petlor, 
TO Sé THY perdvwy petov.’ 


(ii.) Seven Other Means 


Nicom., Arith, Introd. ii. 28, 3-11, ed. Hoche 141. 4-144. 19 


Teraprn bev % Kal dmevavria Aeyouevy bua To 
dvricciobar Kal avrimerrov eva TH appovkh bmdp- 
yeu drav ev Tpeoiv Opous Ws 6 péytoTos mpos Tov 
eAdxioTov, ovTws 4 TOV eAaTToOvuw dvadopa mpds 
aT Tov pelovwr éxyn, olov 





y, €& S, 
® 7.e., b is the harmonic mean between a and c if 
a a 
ac’ 
which can be written La = 
e bb «4 
so that Ls de 1 
ec b'a 


form an arithmetical progression, and Archytas goes on to 
assert that 
a 

> It is easily seen how the Pythagoreans would have 
observed the three means in their musical studies (see A. E. 
Taylor, A Commentary on Plato's Timaeus, p. 95). They 
would first have noticed that when they took three vibrating 
strings, of which the first gave out a note an octave below the 
second, while the second gave out a note an octave below the 
third, the lengths of the strings would be proportional to 
4,2, 1. Here the dudornua is in each case an octave. The 
Pythagoreans would then have noticed that if they took three 
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third by the same part of the third. In this pro- 
portion the interval between the greater terms is 
the greater, that between the lesser terms is the 
lesser,” ® 


(ii.) Seven Other Means 


Nicomachus, Introduction to Arithmetic ii. 28. 3-11, 
ed. Hoche 141. 4-144. 19 


The fourth mean, which is also called subcontrary 
by reason of its being reciprocal and antithetical to 
the harmonic, comes about when of three terms the 
greatest bears the same ratio to the least as the 
difference of the lesser terms bears to the difference 
of the greater,’ as in the case of 


3, 5, 6, 


strings sounding a given note, its major fourth and its upper 
octave, the lengths of the strings would be proportional to 
12, 8, 6, which are in harmonic progression. Finally they 
would have observed that if they took three strings sounding 
a note, its major fifth and its upper octave, the lengths of the 
strings would be proportional to 12, 9, 6, which are terms in 
arithmetical progression. But the fact that the means are 
consistently given in the order arithmetic, geometric, har- 
monic, and that the name ‘‘ harmonic ’’ was substituted by 
Archytas for the older name ‘‘ subecontrary ’’ suggests that 
these means had already been arithmetically defined before 
they were seen to be exemplified in the fundamental intervals 
of the octave. 
* i.e., 6 will be the subcontrary mean to a, ¢, if 


e_b-a 
a c-b 
In this and the succeeding examples, following the practice 


of Nicomachus, it is assumed that a, 6, ¢ are in ascending 
order of magnitude. 
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ev yap duthacin 7a ovyKpbevra Oparau: | pavepov 
b€, Kal? & qravriwrat Th dppovert}: Tay yap adra&v 
akpwv dpporepats v Urapxovrey Kal ev duTAaciw ye 
Ady, ev ev TH mpo TavTnS q Tey peildveay 
d7Epoxy) mpos THY THY eAaTTOvey TOV adTov éowle 
Adyor, € ev ravTn 6€ dvdradw 7 7) TOV éAarrovey mpos 
Thy Tav pelovwy: idvov b€ TadrTys lotéov exeivo, TO 
dumAdatov amo7eActcBar 7d bd TOD peilovos Kal 
fiéoouv mpos TO UT0 Tob pécov Kal éeAaylorou, Tod 
yap mevraKis y dimAdowoy To é€dkis €. 

Al b€ dvo peooTnTEs TéuTTN Kal EKTH Tapa THY 
YewpeTpucny erhdobnoav dpporepat, Siagepovar °° 
aAAr jAwy odrws: 7 pev mennTy €oTlv, Otay ev 
Tpioy dpors as © pécos mpos Tov éAdxvoTov ove 
Kal y avT@v ToUTwWY Siadopa pds THY TOD peyiaTou 
mpos TOV jLecov, olov 


B, 5, é 

du7Adovos yap 6 pev 5 rod B, pécos Spos Tob 
edaylarou, 6 be B rob a, eAaxiorwy Siagopa mpos 
diadpopay peytorwr: 6 8 Waerarrion avr Th 





2 An elaborate classification of ratios is given by Nicom. 
Arith. Introd, i, 17-23, They are given in a convenient form 
for reference by Heath, //.G.M/. i. 101-104, with the Latin 
names used by Boethius in his De Institutione Arithmetica, 
which is virtually a translation of Nicomachus’s work. 

> i.e, in the harmonic mean 


ec _c-b 
a b-a 
and in the subcontrary mean 
¢_b-a 
ac-t 
¢ This property happens to be true of the particular 
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for the ratios formed are both seen to be the double.4 
It is clear in what way this mean is contrary to the 
harmonic; for whereas they both have the same ex- 
tremes, standing in the double ratio, in the case of the 
former mean this was also the ratio of the difference 
of the greater terms towards that of the lesser, while 
in the case of the present mean it is the ratio of the 
difference of the lesser terms to that of the greater.? 
This property peculiar to the present mean deserves 
to be known, that the product of the greater and 
middle terms is double the product of the middle 
and least terms, for six times five is double five times 
three.® 

The next two means, the fifth and sixth, were 
both fashioned after the geometric, and differ from 
each other in this way. The fifth exists when of 
three terms the middle bears to the least the same 
ratio as their difference bears to the difference be- 
tween the greatest and the middle terms,? as in the 
case of 

2,4, 53 


for 4 is double 2, that is, the middle term is double 
the least, and 2 is double 1, that is, the difference of 
the least terms is double the difference of the greatest. 


numbers Nicomachus has chosen, but is not in general true 
of the subcontrary mean. What is universally true is that if 


6. SO a. 

a b-a” 
then abr =ab x=be, 
4 i.e, b is the fifth mean of a, ¢, if 
bee 
a c-b 
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YecpeT perf trovel, éxeivd cor, ore emt pev éxetvs 
ws 6 [Léaos mpos TOV éAdrrova, odrws 4 Too jiet~ 
Lovros mpos TOV jLécov Urrepoxy) pos Ty Too jtéaou 
mpos TOV eAdrrova, émt 6€ ravTns avaTadw y Tod 
éAdr roves mpos THY Tod peilovos: idiov 3° Opes 
Kal Taurns éott TO duAdovov yiveoBar TO Tro 
Tob peylorou Kal péoov Tob bmd Tob peylorou 
Kal edaxiorou, 76 yap mevraxis 8 SizAdovov rob 
mevtakis B. 

‘H 8é 2 ext yivera, érav ea Tpiolv Spors hws 6 
jeeyvaros qmpos TOV péov, odrws 7 70d Héoov Tapa 
Tov éeAdytoTov vmepoxy mpds THY TOO peyloTov 
Tapa Tov péaov, olov 

yO, 
ev TyssoNtep yap Exdre pot Adyw- éouxvia oe atria Kal 
TavTn THs Tpos Thy yewpeTpurty UrevavTidTnT0S, 
dvaotpeper yap KavTatda 7) THY Adywv cOpovorns 
ws én Tis meunrys. 

Kai ai pev Tapa, rots mpdobev OpuMovpevar éf 
peadTntes aide eioi, Tpets pev al mpwrdtuTot pexps 


@ i.e, if b is the geometric mean between a and ¢, 
ie 
while if } is the fifth mean between a and 6, 
b_b-a 
a c-o 
The property which Nicomachus notes about this mean needs 
generalizing as in the case of his similar remark about the 
fourth mean, i.e., if 


then acr =ac x? be 


118 


PYTHAGOREAN ARITHMETIC 


What makes it subcontrary to the geometric mean is 
this property, that in the case of the geometric mean 
the middle term bears to the lesser the same ratio as 
the excess of the greater term over the middle bears 
to that of the middle term over the lesser, while in 
the case of this mean a contrary relation holds. It 
is a peculiar property of this mean that the product 
of the greatest and middle terms is double the pro- 
duct of the greatest and least, for five times four is 
double of five times two.? 

The sixth mean comes about when of three terms 
the greatest bears the same ratio to the middle term 
as the excess of the middle term over the least bears 
to the excess of the greatest term over the middle,? 
as in the case of 


1, 4, 6, 


for in each case the ratio is the sesquialter (3 : 2). 
No doubt, it is called subcontrary to the geometric 
mean because the ratios are reversed, as in the case 
of the fifth mean.¢ 

These are then what are commonly called the six 
means, three prototypes which came down to Plato 


® 7,¢., 6 is the sixth mean between a and 6 if 
evisa 
b c-b 

° t.¢., if b is the geometric mean between a and ¢, 


S205 8 
6” b=a’ 
while if b is the sixth mean between a and o, 
oP asl 
6 c-8 
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*Aptatorédovs Kat HAdtwros avwiev aid v6a- 
yopov Siapetvacat, Tpeis 8° Erepae exelvars UTevav- 
tliat Tots jet” exetvous dTopuypaToypadots Te Kal 
alperiatais ev ypyoe ywopuevar: téccapas b€ tiwas 
érépas pleraxwobvtes Tovs ToUTwWY Gpous TE Kal 
Siahopas éeweLevpdv tives od mavu eudavralopevas 
Tos Tov TaAaav avyypappacw, GAN ws Tept- 
epyotepov AeAeTTTOAOyNEVas, as Guws mpds TO pL] 
Soxeiv dyvoeiy emuTpoxaoréov THOE We 

Iparn bev yap airay, €Pdopen dé ev 7H Tmacdv 
ouvTaget éorw, érav a ws 6 HeyvaTos mpos TOV 
éAaxiarov, o8tws Kal THY attav biadopa mpds 
thv tav eAatrovwy, ofov 

s, 7, 4, 

HutoAvos yap 6 Adyos Exarépov avyKpicer evoparat. 

’"Oyddn 5é precdryns, ATts TovTwWY SevTépa éeoTi, 
yiverat, GTav ws 6 péytaTos mpds Tov é€AaxLOTOV, 
ottws % Siadopa THY dkpwv mpos THY TOY pelovewn 
dcadopay, olov 

ree ae 


Kal avTn yap 7LULoALous exet TOUS SYO Adyous. 

“H dé evdtn pev ev tH THY macdv avvrdée, 
tpitn dé ev 7H Tav edevpynucvwy apiOue vrapyer, 
Otav Tpt@v Cpwy dvrwr, dv Adyov exet 6 Léaos TmpOs 





? Tamblichus says (in Nicom., ed. Pistelli 101. 1-5) that 
the school of Fudoxus discovered these means, but in other 
places (ibid. 116. 1-4, 113. 16-18) he gives the credit, in part 
at least, to Archytas and Hippasus. 
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and Aristotle from Pythagoras, and three others sub- 
contrary to these which came into use with later 
writers and partisans.*. By playing about with the 
terms and their differences certain men discovered 
four other means which do not find a place in the 
writings of the ancients, but which must neverthe- 
less be treated briefly in some fashion, although they 
are superfluous refinements, in order not to appear 
ignorant. 

The first of these, or the seventh in the complete 
list, exists when the greatest term bears the same 
relation to the least as their difference bears to the 
difference of the lesser terms,” as in the case of 


6, 8, 9, 


for the ratio of each is seen by compounding the 
terms to be the sesquialter. 

The eighth mean, or the second of these, comes 
about when the greatest term bears to the least the 
same ratio as the difference of the extremes bears to 
the difference of the greater terms,° as in the case of 


6,7,93 


for here the two ratios are the sesquialter. 

The ninth mean in the complete series, and the 
third in the number of those more recently discovered, 
comes about when there are three terms and the 


» 4.¢., b is the seventh mean between a and ¢ if 
c c-@a 
a b-@ 

¢ ie., b is the eighth mean between @ and ¢ if 
c _c-a 
a@c-b 
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\ / ~ ~ 
tov eAdyorov, TodTov Kal % T&v aKpwy Urepoyn 
mpos THY THY eAayloTwy exn, ws 

Ome c. 

€ 

H 5é emt maoas Sexary peev oudAn Bony, terdpry 
8é ev rH Tay vewTepiKay exOéoe dpara, Srav ev 
Tpioiv opots ws 6 péaos mpos Tov eAdyLoToV, 

b oat 2 A ~ A 
oUTws Kal 7 Siadopa TaY axpwy mpds THY Stadopav 
Ta&v peldvwy, olov 
Ys &> 9° 
> 8 A A R28 e / , Ad 
emduyepys yap 6 ev éxatépa avluyia Adyos. 

"Emi Kefadaiov toivuy of r&v Séxa dvadoyidv 
o > td ey? a - A ‘ 
Spo exkeloOwoay th’ év mapdderyya mods 7d 
evovvomrov, 





TPOTNS Bid; 
devrépas aj B)-8, 
z zi te 
TplTys ys 5, sy 
TETAPTNS y, €, 5, 
TELTTNS B 5, é, 
ex7ns a, 5, Ss 
* i.e, b is the ninth mean between a and c if 
Lead, 
a b-a@ 
» ¢.¢., 6 is the tenth mean between a and o if 
betes 
ac-b 


* Pappus (iii. 18, ed. Hultsch 84, 12-86. 14) gives a similar 
list, but in a different order after the sixth mean. Nos. 8, 
9, 10 in Nicomachus’s list are respectively Nos. 9, 10, 7 
in that of Pappus. Moreover Pappus omits No. 7 in the 
list of Nicomachus and aie as No. 8 an additional mean 


equivalent to the formula © = =}. The two lists thus give 


five means additional to the first six. 
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middle bears to the least the same ratio as the differ- 
ence between the extremes bears to the difference 
between the least terms,’ as 


4, 6, 7. 


Finally, the tenth in the complete series, and the 
fourth in the list set out by the moderns, is seen when 
in three terms the middle term bears to the least the 
same ratio as the difference between the extremes 
bears to the difference of the greater terms,” as in 
the case of 

3, 5, 83 


for the ratio in each couple is the superbipartient 
(5 : 3). 

To sum up, then, let the terms of the ten propor- 
tions be set out in one figure so as to be taken in at 
a glance.° 





a<b<e 
Fi b-a abe ; ; 
irst 1, 2, 8 ote arta arithmetic 
b- b 
Second 1, 2, 4 —) == ; ; geometric 
. b- 
Third 8, 4, 6 —, =< ; harmonic 
b-a_ ©; subcontrary 
Fourth 3, 5, 6 ¢-65 a to harmonic 
: b- b 
Fifth 2, 4, 5 2b 7q| subcontrary 
b-a ic j a 
Sixth 1, 4, 6 =. geometric 
c-6b 6 
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EBdouns SPH co; 
oydons ae fa 
evaTns Be Gs 
SexaTns y, €, ] 


(iii.) Pappus’s Equations between Means 
Papp. Coll, iii. 18, 48, ed. Hultsch 88. 5-18 


Tpets dvadoyoy éotwaav dopo: of A, B, T kai 
ovvapdotépw ev 7H A, T peta B rev B igos 
exxeicbw 6 A, cvvapdotépw dé 72 B, T o E, 
7@ 8¢ T' 6 Z d€yw date kat ot A, E, Z dpou avd- 
Aoyov elow. 

"Evel yap ws 6 A mpos tov B, odrws 6 B mpos 
tov I’, ovat kai avvOévre ws avvauddotepos 6 A, B 
mpos tov B, otrws auvappdrepos 6 B, I mpos tov 
[: xai wavres dpa of nyovpevoe mpos mavras Tovs 
émroptevous elaly ev TH adT@ ASyw ws avvayddtepos 
6 A, B pera cuvapdorepov tot B, T mpds svvapdo- 
tepov Tov B, I’, ovtws cuvapypdrepos 6 B, TP mpos 
tov I. Kai €otw ovvapdorépw pev TO A, B peta 


avvayporépov tod B, T taos 6 A, auvapdorépy bé 
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Seventh 6, 8, 9 — =< 
oF c-a ec 
Eighth 6, 7, 9 pas 
-a b 
Ninth 4, 6, 7 | 5—“=- 
c-a }b 
Tenth 3, 5, 8 —,=- orc=at+6 
c-b a 


(iii.) Pappus’s Equations between Means 
Pappus, Collection iii. 18. 48, ed. Hultsch 88. 5-18 


Let A, B, I’ be three terms in [geometric] propor- 
tion * and let AH=A+T42B, E=B+T,Z=1'; I say 
that A, E, Z are terms in [geometric] proportion. 

For since A:B=B:T, it follows that A+B:B 
=B+I:1I; and therefore all the antecedents bear 
to all the consequents® the same ratio, so that 
A+B+B4+P:B4+T=B4+P:0. Now A=A+B+ 


* According to Theon (ed. Hiller 106. 15-20), Adrastus 
said the geometric mean was called ‘‘ both proportion par 
excellence and primary,” though the other means were also 
commonly called proportion by some writers (rovrwy 5€é dyow 
6 “AdSpactos play THY yewperpiKny Kupiws AdyecOat Kai avadoyiav 
Kat mpwrnv . .. Kowdtepov dé dnar Kai tas dAdas peadrynTas 
tn” éviwy Kadreicbar dvadoyias). 

* The expressions “‘ antecedents,” literally ‘‘ leading 
(terms), and ‘“ consequents,” or “* following (terms),”’ are 
those used in Euclid y. Def. 11 et seg. 
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7@ B,T ioos 6 E, xait@ D6 Z. xatoi A, EB, Z 
dpa avadoyov elow. 


Ibid. iii, 23. 57, ed. Hultsch 102 


Oi mepiexorres Tas 
Meooryres peaorntas Tpeis 
éAdxtoror apSpol 





apbunrixy 


yewperpixyh 


dppoviny 





é 
Urevavtia 





* This is one of a series of propositions given by Pappus to 
the following effect. If A, B, are three terms in geometric 
proportion, it is possible to form from them three other terms 
A, EK, Z, being linear functions of A, B, I, which satisfy the 
different proportions. In this case A, E, Z are also in geo- 
metric proportion, but in the other examples A, E, Z are 
made to satisfy the harmonic, the subcontrary, and the fifth, 
sixth, eighth, ninth and tenth means of Pappus's list. ‘The 
problems are, of course, problems in indeterminate analysis 
of the second degree. Pappus does not include solutions for 
the arithmetic and seventh proportions. Tannery (Mémoires 
scientifiques i., pp. 97-98) suggests as the reason that in these 
cases the equations of the proportions, A+Z=2E and, 
4=E+Z, are already linear, there is no need to assume that 


126 


PYTHAGOREAN ARITHMETIC 
B+Ir, E=B+TF and Z=I; and therefore A, E, Z 


are in [geometric] proportion.? 


Ibid. iii. 23, 57, ed. Hultsch 102 


Solution in terms of The three least 
Br numbers exhibiting 
7 * 
the means 


to 


A+8B+ 
A+2Bt+ 
B+ 


Arithmetic 


Hou dl 


A+2B+ 


Geometric Bt 


QA+38B+ 
2B+ 
B+t 


Harmonic 


Hout 


2A4+3B+ 
Q2A+2B+ 
Bt 


Subcontrary 


Wei ll 


Le a> Bae a ae hee ee ee hee ee Lae | 


A 
E 
Z 
A 
E 
Z 
A 
E 
Z 
A 
E 
Z 





AT =B?, and consequently there is one indeterminate too 
many. But the complete results are shown in the table 
reproduced on these pages from Pappus (ed. Hultsch, p. 
102, with explanation, pp. 100-104). The first column in the 
Greek table gives the means which A, E, Z are to satisfy. 
The second column gives the number of times A, B, I’ have 
to be taken to form A, E, Z respectively. In the case of the 
geometric progression already considered, the table shows 
that to form A we have to take A once, B twice and I once ; 
to form E we have to take B once and [ once; and to form 
ZwetakeT once. The third column gives the least integral 
values of A, E, Z satisfying the respective proportions (i.e. 
the values of A, E, Z, supposing A, B, I’ to be each unity); in 
the case of the geometric proportion the values are 4, 2, 1. 
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Ot repiéxovres Tas 
Meaornres A BT pecorntras Tpets 
€AdxtaTor dpiAj.ol 
a 7 4 den ae 
é ap & 265 B 
| aoa 
a7 B sn 
s’ apa 5 6 @ 
a a@ a | 
a a@ & ; 
rv’ a a 5 Bp a@ 
a | 
By 4 ae 
ap a so 
3 a 
ap 4 f : 
| Ga a 5 5 8B 
Gea { 
aaa 2 
a a 57 p a 
a 

















(iv.) Plato on Means betiveen tivo Squares or tivo Cubes 


Plat. Tim. 3l n-32 B 


Avo 8€ pore Kad&s avvictacbas tpirov xwpis ob 
Suvarov: Seapov yap ev pécw et Twa dapdoiv 
ovvaywryov ylyvesBar, . . . ef prev ovp émimedov 
pev, Bados oe pdev exov det yéyveobae To Tob 
TavTos GOpa, pia pecoTns av e€ypKer Ta TE pel” 
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| 
| 





Solution in terms of The three least 
Means ABT numbers exhibiting 
ry the means 
A= A+3B+ [ 
Fifth E= A+2B+ T 5, Ay 2 
Z= B+ - 
A= A+3B+2P 
Sixth E= A+2B+4+ LP 6, 4, 1 
Z= A+ B-T 
A= A+ B+T 
Seventh E= B+T Sy 931 
Z= T | 
A=2A48B+T | es 
Fighth Be Aes TD 6, 4, -3 
L= 2B+ T 
A= A+2B+ T 
Ninth E= A+ B+T 4, 3, 2 
Z= B+T 
A= A+ B+ 
Tenth E= B+ FP 8, 2, 1 
| Z= Tt 


N.B.—For the differences between this list of means and 
that given by Nicomachus, see p. 122 n. ¢. 


(iv.) Plato on Means between tro Squares or two Cubes 
Plato, Timaeus 31 p~32 8 


But it is not possible that two things alone be 
joined without a third; for in between there must 
needs be some bond joining the two. . . . Now if the 
body of the All had had to come into being as a 
plane surface, having no depth, one mean would have 
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avris avvdety Kal dautny, viv S€ orepeoeidh yap 
avrov mpoojKkeyv elvat, Ta dé oTeped pia peév ov- 
Sézote, S¥o S€ det peaotyTEs GuvappdTToVaL. 


(v.) A Theorem of Archytas 


Archytas ap. Boeth. De Just. Mus. iii. 11, 
ed. Friedlein 235-286 


Demonstratio Archytae superparticularem in aequa 
dividi non posse. 

Superparticularis proportio scindi in aequa medio 
proportionaliter interposito numero non potest. Id 
vero posterius firmiter demonstrabitur. Quam 
eniin demonstrationem ponit Archytas, nimium fluxa 
est. Haec vero est huiusmodi. Sit, inquit, super- 
particularis proportio -4-B-, sumo in eadem propor- 
tione minimos -C-DE-. Quoniam igitur sunt minimi 
in eadem proportione -C-DE- et sunt superparticu- 
lares, -DE+ numerus -C: numerum parte una sua 
ciusque transcendit. Sit haee -D-. Dico, quoniam 
-D- non erit numerus, sed unitas. Si enim est nu- 


* In other words, one mean js sufficient to connect in 
continuous proportion two square numbers, but two are 
required to connect cube numbers. Plato’s remarks are 
equivalent to saying that 

a*: ab=ab: U? 
and a; ah =ab : al? =ab?: b, 

’ The superparticularis ratio (érydpios Adyos) is the 
ratio in which one number contains the other and an aliquot 
part of it, i.e. is the ratio a = 1 

¢ That is, a geometric mean. Archytas’s proof as pre- 
served by Boethius is substantially identical with that given 
by Euclid in his Sectio Canonis, prop. 3 (Euclid, ed. Heiberg- 
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sufficed to bind together both itself and its fellow- 
terms ; but now it is otherwise—for it behoved it to 
be solid in shape, and what brings solids into harmony 
is never one mean, but always two.? 


(v.) A Theorem of Archytas 


Archytas as quoted by Boethius, On Music iii. 11, 
ed. Friedlein 285-286 


Archytas’s proof that a superparticular ratio can- 
not be divided into equal parts. 

A superparticular ratio ® cannot be divided into 
equal parts by a mean proportional ° placed between. 
That will later be more conclusively proved. For 
the proof which Archytas gives is very loose. It is 
after this manner. Let there be, he says, a super- 
particular ratio 4:B.% I take C, D+E£ the least 
numbers in the same ratio.¢ Therefore, since C, 
D+E, are the least numbers in the same ratio and 
are superparticulars, the number D+ exceeds the 
number C by an aliquot part of itself and of C. 
Let the excess be D/ I say that D is not a number 
but a unit. For, if D is a number and an aliquot 


Menge viii. 162. 7-26). It is subsequently used by Euclid 
(prop. 16), to show that the musical tone, whose numeri- 

cal value is 9:8, cannot be divided into two or more equal 
arts. 

a Archytas writes the smaller number first instead of 
second, as Fuclid does. 

* In Archytas's proof D + F is represented by DE. Euclid, 
following his usual practice, takes a straight line divided 
into two parts. To find C, D+, presupposes Euclid vii. 
33 


’ i.e., H is supposed equal to C. 
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merus -D- et pars est cius, qui est -DE- metitur -D- 
numerus ‘DE: numerum; quocirca et -£: numerum 
metietur, quo fit, ut -C- quoque metiatur. Utrumque 
igitur -C: et -DE> numeros metietur -D- numerus, 
quod est impossibile. Qui enim sunt minimi in 
eadem proportione quibuslibet aliis numeris, hi primi 
ad se invicem sunt, et solam differentiam retinent 
unitatem. Unitas igitur est -D-. Igitur -DE- nu- 
merus -C: numerum unitate transcendit. Quocirca 
nullus incidit medius numerus, qui cam proportionem 
aequaliter scindat. Quo fit, ut nec inter eos, qui ean- 
dem his proportionem tenent, medius possit nume- 
rus collocari, qui eandem proportionem aequaliter 
scindat. 


(A) Atcesraic Equations 


(i.) Side- and Diameter-numbers 
Theon Smyr., ed. Hiller 42, 10-44, 17 


"Qomep S€é Tprywrikods Kai TeTpaywricods Kal 
TevTaywvikovs Kal KaTa Ta AoLTA CxXIpLaTa Adyous 
éyovor Suvaper of dpiOuol, odtws Kat mAevpixods 
Kal StapeTpicovs Aoyous cipoysev av Kata Tovs 
oTreppariKods Adbyous euparelopevous Tots aprbpois : 
ek yep ToUTwY pudpilerar Ta oxnpara. worep oby 
TavTwy Tey OXNHAT OV Kara TOV dvwraro Kal 
omeppatikov Adyov 7) fovas adpyet, OUTWS Kal TIS 
diapétpov Kat Tis mAeuvpas Adyos ev TH povddr 
evpicketat. olov éxrievtar dvo0 povdades, dv THY 

\ - , ‘ \ , id ‘ 
pev Ocpev elvar Seapetpov, THv S€ mAcvpay, ézerdy 





2 This presupposes Euclid vii. 22. 
» ‘This is an inference from Euclid vii. 20. Heath (7/.G.M. 
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part of D+£,the number D measures the number 
D+E; therefore it measures the number £, that 
is, the number D measures C also. The number D 
therefore measures both C and D+, which is im- 
possible. For the least numbers which are in the 
same ratio as any other numbers whatsoever are 
prime to one another,’ and the only difference they 
retain is unity. Therefore D is a unit. Therefore 
the number D+E exceeds the number C by a unit. 
Hence there is no number which is a mean between 
the two numbers. For this reason no mean can be 
placed between the numbers in the same proportion 
so as to divide that proportion equally.? 


(A) Atcesraic Equations 


(i.) Sede- and Diameter-numbers 
Theon of Smyrna, ed. Hiller 42. 10-44. 17 


Even as numbers are invested with power to make 
triangles, squares, pentagons and the other figures, 
so also we find side and diameter ¢ ratios appearing 
in numbers in accordance with the generative prin- 
ciples; for it is these which give harmony to the 
figures. Therefore since the unit, according to the 
supreme generative principle, is the starting-point of 
all the figures, so also in the unit will be found the 
ratio of the diameter to the side. To make this clear, 
let two units be taken, of which we set one to be a 
diameter and the other a side, since the unit, as the 


i. 90) considers that this proposition implies the existence, at 

least as early as the date of Archytas (about 430-365 B.c.), of 

an lements of arithmetic in the form which we call Euclidean. 
© Or “ diagonal.” 
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‘ Lo - > > , 8 val ry , A 
THY povdda, TavtTwy oteav apynv, Set Suvduer kcal 
mAeupav elvar Kal didpetpov. Kal mpooriberar TH 

* ~ P) , ~ ry A 8 / r) , / 
peev trAeupa Sidpretpos, 77 Se Stapetrpw dvo mAEupai, 
pA A o ¢ ‘ A , e / 
eves) Gaov 7 TAevpa Sis Suvatar, 7 SidpeTpos 
dmaf. éyévero odv peilwy pev 7) Sudpetpos, eAdt- 
twv dé 7 mAcupa. Kal emi wév THs mpwTNSs TAEUpas 
Te Kal Stapérpov ein av Td amd THs povados 

é , , a OW a i: 
Siapetpou TeTpdywvov povddu ped €Aatrov 7 SumAd- 
awov Tod do Tis pmovddes mAeupas TeTpaywvou- ev 
ioorntt yap at povddes: TO 8” Ev Tob évos provddu 
€XatTov 7 diTrAdauov. mpoobapev 8 7H pev mAcupa 
Sider pov, TouTéote TH povdd povdda: éora 7 
mAcupa dpa Svo0 povddwy: 7H 5é Stayétpw mpoo- 
Paper dvo mheupds, TouTéoTt TH provads dvo povd - 
das: €orar 7 didpetpos povddwy tpidv: Kal 70d 

~ aA A 
pév amd ths Suddos mAcupds tetpaywvov_ 5, 76 
& amo THs tpiddos Stapérpov Tetpaywvov 0: 7d 


i EE AE 


dpa povdds petlov 7 SumAdaov rob dnd ras B 
mAeupas. 

TlaAuw mpoobapev TH bev B mAeupG Sidjetpov THY 
tpiada: €oTat 7 mAeupa. & rif dé T pede Staper pe B 
m™Aeupds, routéote dis ta B+ éorat C+ €orat TO prev 
dnd tis (é) mAeupas TeTpdywvov Ke, 76 SE ard Tis 
f (Scapérpov) pO povdd: éAagaov 7) SimAdowov Tod 
Ke dpa 76 0. mddw av tH (é) mAEvpa mpoab is 
THY t Sidpetpov, €orar oB. Kav TH E Siapérpw 
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beginning of all things, must have it in its capacity 
to be both side and diameter. Now let there be 
added to the side a diameter and to the diameter 
two sides, for as often as the square on the diameter 
is taken once, so often is the square on the side taken 
twice. The diameter will therefore become the 
greater and the side will become the less. Now in 
the case of the first side and diameter the square on 
the unit diameter will be less by a unit than twice 
the square on the unit side; for units are equal, 
and 1 is less by a unit than twice 1. Let us add to 
the side a diameter, that is, to the unit let us adda 
unit ; therefore the [second] side will be two units. 
To the diameter let us now add two sides, that is, to 
the unit let us add two units ; the [second] diameter 
will therefore be three units. Now the square on 
the side of two units will be 4, while the square on 
the diameter of three units will be 9; and 9 is 
greater by a unit than twice the square on the side 2. 
Again, let us add to the side 2 the diameter 3; the 
[third] side will be 5. To the diameter 3 let us add 
two sides, that is, twice 2; the third diameter will 
be 7. Now the square from the side 5 will be 25, 
while that from the diameter 7 will be 49; and 49 is 
less by a unit than twice 25. Again, add to the side 
5 the diameter 7; the result will be 12. And to the 
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4 =~ > A 
npoobijs bis Thy é mAcupay, € €orat ul. Kal Tob amo 
ths oP TeTpayen' ov TO a6 ris ul povade mA€ov 7 
Bendéavov. Kat Kara To fis Ths mpooOyKys 
Opotws ytyvouevns, E€aTtar 7d avddoyor évadda€: 
A A , ” A \ a ¢ nn 
more prev jrovade eAaTTOV, Tote Sé provdds TrA€ov 7 
SuAdatov 76 amd THs Stapétpou TeTpdywvrov Tob 
amo Ths TAeupas: Kal pytal at tovatras Kal tAevpat 
Kal duapreTpor. 


Proel. in Plat. Remp., ed. Kroll ii. 27. 11-22 


II poerifecav Se ot Tuéaydpevot ToUTOU TOLOVOE 





* In algebraical notation, a pair of side- and diameter- 
numbers, dy, dy are such that 
d,?- 2a,?= +1, 
and the law for the formation of any pair of such numbers 
from the preceding pair is 
dy =2an-1 + dar 
n= Anita, 
The general proof of the property of these numbers is not 


given by Theon (doubtless as being well known). It can be 
exhibited algebraically as follows : 


d,? = 2ay* = (2an- 1 +dn- 1)? QWanat dn)? 
= Qan - da® 
=~ (dy? ~ 2an-1") 
=+ (dn- a Qan-2*), 
by similar reasoning, and so on. Starting with ay=1, d,;=1 
as the first pair of side and diameter numbers, we have 
d,?- 2a? =-1 
and therefore by the above equation we have 
d2- 2a = +1, 
dy? — 2a,?= - 1, 
and so on, the positive and negative signs alternating. ‘The 
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diameter 7 add twice the side 5; the result will be 
17. And the square of 17 is greater by a unit than 
twice the square of 12. Proceeding in this way in 
order, there will be the same alternating proportion ; 
the square on the diameter will be now greater by a 
unit, now less by a unit, than twice the square on 
the side; and such sides and diameters are both 
rational.? 


Proclus, Commentary on Plato’s Republic, ed. Kroll 
Hi, 27s 11-82 


The Pythagoreans proposed this elegant theorem 


values of the first few pairs in the series are, as Theon correctly 


indicates, 

(1, 1), (2, 3), (5, 7), (12, 17), 
the last giving, for example, the equation 

17?- 2.12? =989- 288=+1., 
It is clear that the successive side- and diameter-numbers 
are rational approximations to the sides and hypotenuses of 
increasing isosceles right-angled triargles (hence the name), 
and therefore that the successive pairs give closer approxima- 
tions to 4/2, namely 

1, 8, , H, ete., 


and this suggests one reason why the early Greek mathe- 
maticians were so interested in them. 

The series was clearly known before Plato’s time, for in the 
famous passage about the geometrical number (Republic 
546 c) he distinguishes between the rational and the irra- 
tional ‘‘ diameter of five.” Ina square of side 5, the diagonal 
or diameter is 4/50, and this is the “ irrational diameter of 
five’; the ‘ rational diameter ’’ was the integral approxi- 
mation +/50- 1 =7, which we have seen above to be the third 
diameter number. 

In fact, since the publication of Kroll’s edition of Proclus’s 
commentary, the belief that these approximations are Pytha- 
poe has been fully confirmed, as the next passage will 
show. 
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Bewpypa yAadupor Tmept TaV Stage pay Kal mAev- 
par, OT 7H ev Suderpos mpocdaBotca THY mAcupay, 
ys eotivy SidpeTpos, yiverau mAeupa, 7 dé mAevpa 
€avTy ouvrebcica Kat mpocdaBotca tiv Sudperpov 
THY é€auTAs yiverar Sidpetpos. Kal todto dei- 
Kvurat dia THY ev TH Sevtépw Uroryeiwv ypappuKas 
am’ éxeivov. eéav ed0cia tunOy Siva, mpoodrAaBy dé 
ed0eiay, TO amo THs OAns adv TH TpooKkeperyn Kal 
TO amo tavTns porns TeTpdywva SumAdaa TOO TE 
amo THs Hutcelas Kal ToD azo Tihs avyKeipeévyns ex 
THS Huvoeias Kal THS mpocdrndbetons. 


(ii.) The “ Bloom” of Thymaridas 
Tambl. in Nicom. Arith. Introd., ed. Pistelli 62. 18-63. 2 


*Evreddev Kat 7 efodos tod Ovpapietov ér- 


* This is Euclid ii. 10, which asserts that if AT is bisected 
at B 
A B iy A 
and produced to A, then 
AA? + AT* =2AB? + 2BA% 
If AB=ax, TA=y, this gives 
(Qa + y)? + y? =2x? + Wnty)? 
or (2x + y)?- Wat y)? =2r?- y?, 
Therefore, if (#, y) are a pair of numbers satisfying one of the 
equations 2a7- y? = +1, 


then (w+ y), (2e+y) are another pair of numbers satisfying 
the other equation, 

Proelus is not quoting exactly the Euclidean enunciation, 
for which see Euclid, ed. Heiberg-Menge i. 146, 15-22. 

> Thymaridas was apparently an early Pythagorean, not 


138 


PYTHAGOREAN ARITHMETIC 


about the diameters and sides, that when the dia- 
meter receives the side of which it is diameter it 
becomes a side, while the side, added to itself and 
receiving its diameter, becomes a diameter. And 
this is proved graphically in the second book of the 
Elements by him [se. Kuclid]. If a straight line be 
bisected and a straight line be added to it, the square 
on the whole line including the added straight line 
and the square on the latter by itself are together 
double of the square on the half and of the square on 
the straight line made up of the half and the added 
straight line.* 


(ii.) The ‘‘ Bloom” of Thymaridas ® 


Iamblichus, On Nicomachus’s Introduction to Arithmetic, 
ed. Pistelli 62. 18-63. 2 


The method of the “bloom” of Thymaridas was 


later than the time of Plato, who lived at Paros. The name 
éndvOnpa (flower or bloom) given to his method shows that it 
must have been widely known in antiquity, though the term 
is not confined to this particular proposition. It is presum- 
ably used to give a sense of distinction, much as we say 
“flower of the army.” The Greek is unfortunately most 
obscure, but the meaning was successfully extracted by 
Nesselman (Die Algebra der Griechen, pp. 232-236), who 
is followed by Gow (History of Greek Mathematics, p. 97), 
Cantor (Vorlesungen i*. 158-159), Loria (Le scienze esatte 
nell’ antica Grecia, pp. 807-809), and Heath (/.G.IL., i. 
94-96, Diophantus of Alexandria, 2nd ed., pp. 114-116). 
The “ bloom ” is a rule for solving 2 simultaneous equations 
connecting » unknown quantities, and states in effect : 


() if et+a,+%,=S, 
while wv+2,=8,, ¢+2,=582, 
then @=s+5,-S3 
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avOnparos €di hn. dpiopevev yap 7 doptorwy 
eptoaperwy wpropevoy Te Kat evs obtiwocoby Tots 
Aouzois Kal? exaorov ouvrebevros, 70 ex mavTwv 
abpouabev 7ij0os emt prev Tpiay peta Thy e€& apyis 
dprobetoay moadTnTa dArov 7@ ouyKpibevre T™poo- 
reper T ag’ ob TO Acizrov Kal? eKaOTOV Tay Aoe- 
mav adapedijoeva, emt d€ TeGodpwv TO Hytov Kal 
emi TévTe TO Tpitov Kal emi Ef TO TéTapTov Kal det 
“Kodovius, Svddos cavravla Suadopas emipat- 
voperns 7 7 pos Te THY TooornTa Tay pepilopevey 
Kal m™pos THY TOU joptov KAjow. 





(2) if t+ 4, + 7,423 =5, 
while 2+7,=8,, e+ 7, =8., +23 =8, 


s+ 8.+53-5 


then w= '—* 58 —, 


(8) while generally, if vtayta,+ .. +4n1=S, 
while WAX, Hy, ETH ky oe. LH In =Snay 
thot oe. t8na- Ss 
n- 
Tamblichus goes on to show how other equations can be 


then w= 
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thence taken. When any determined or undefined 
quantities amount to a given sum, and the sum of 
one of them plus every other [in pairs] is given, the 
sum of these pairs minus the first given sum is, if 
there be three quantities, equal to the quantity which 
was added to all the rest {in the pairs]; if there be 
four quantities, one-half is so equal ; if there be five 
quantities, one-third; if there be six quantities, one- 
fourth, and so on continually, there being always a 
difference of 2 between the number of quantities to 
be divided and the denomination of the part. 


reduced to this form, so that the rule ‘“‘ does not leave us in 
the lurch ” (0d wapéAxet) in these cases. 

One of the most interesting features in this passage is the 
distinction between the dpicpévov, or known quantity, and 
the dépiorov, or unknown. This anticipates the phrase 
wARO0s povddwy dépiorov, “an undefined number of units,” 
by which Diophantus was later to describe his unknown 
quantity. Indeed, Thymaridas was already bordering on 
that indeterminate analysis which Diophantus was so brill- 
iantly to develop ; he has passed beyond the realm of strict 
arithmetic. 

2 This passage immediately follows the section describing 
how gnomons of polygonal numbers are formed; see pp. 86-89 
n. a, where it is shown that if n is the number of sides in 
the polygon, the successive gnomonic numbers differ by n-2. 
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IV. PROCLUS’S SUMMARY 
Proel. in Fuel, i., ed. Friedlein 64, 16-70. 18 


’"Emet 5é xp"), Tas apxas Kal TOV Texv@v Kal TOY 
ema THLGY Tpos Ty Tapodcay meplodov oKoreiv, 
A€yoper, 6 OTe Tap” Alyurtious bev ebprobat mp@Tov 
7 _yewperpia Tapa Tov ToAAGY tor ropyTat, €k THs 
Tov xwpiov dvaperprjoews AaBotca Thy yeveow. 
dvayKaia yap av éxetvous avrn bua Ty dvobov Tob 
NetAouv rods mpoorjKovtas Gpous éxdatos apavi- 








* The course of Greek geometry from the earliest days to 
the time of Euclid is reviewed in the few pages from Proclus’s 
Commentary on Euclid, Book i., which are here reproduced. 
This “* Summary ” of Proclus has often been called the 
“ Eudemian summary,” on the assumption that it is extracted 
from the lost Ilistory of Geometry by Eudemus, the pupil of 
Aristotle. But the latter part dealing with Euclid cannot 
have been written by Eudemus, who preceded Euclid, nor is 
there any stylistic reason for attributing the earlier and later 
portions to different hands. Heath (The Thirteen Books of 
Luclid’s Elements, i., pp. 37, 38, and /1.G,.M. i. 119, 120) 
gives arguinents for believing that the author cannot have 
been Proclus himself, and suggests that the body of the 
summary was taken by Proclus from a compendium by some 
writer later than Eudemus, though the earlier portion was 
based, direetly or indirectly, on “Enudemus’s History. The 
summary was written primarily for an understanding of the 
way in which the elements of geometry had come into bei ing. 
The more advanced discoveries are therefore omitted or 
mentioned only in passing. Proclus himself lived from a.p. 
410 to 485, On the death of Syrianus he became head of the 
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Proclus, On Euclid i., ed. Friedlein 64. 16-70. 18 


Since it behoves us to examine the beginnings both 
of the arts and of the sciences with reference to the 
present cycle [of the universe], we say that according 
to most accounts geometry was first discovered among 
the Egyptians,® taking its origin from the measure- 
ment of areas. For they found it necessary by 
reason of the rising of the Nile, which wiped out 


Neo-Platonic school at Athens, and his Commentary on 
Euclid, Book i., seems to be a revised edition of his lectures to 
beginners in mathematics (Heath, The Thirteen Books of 
Euclid’s Elements, i., p. 31). This commentary is one of the 
two main sources for the history of Greek geometry, the 
other being the Collection of Pappus. 

> The Egyptian origin of geometry is taught by Herodotus, 
ii. 109, where it is asserted that Sesostris (Ramses II, ¢. 1300 
B.c.) divided the land among the Egyptians in equal rect- 
angular plots, on which an annual tax was levied; when 
therefore the river swept away a portion of a plot, the owner 
applied for a reduction of tax, and surveyors had to be sent 
down to report. In this he saw the origin of geometry, and 
this story may be the source of Proclus’s account, as also of 
the similar accounts in Heron, Geometrica 2, ed. Heiberg 
176. 1-13, Diodorus Siculus i. 69, 81 and Strabo xvii. c. 3. 
Aristotle also finds the origin of mathematics among the 
Egyptians, but in the existence of a leisured class of priests, 
not in a practical need (Metaphysica A 1, 981 b 23). The 
subject is fully dealt with in H.G.M. i. 121, 122, and an 
account of Egyptian geometry is given in succeeding pages. 
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\ $ ? ‘ 3 % ~ iF 
Covros. kal O svpaoror otvtoev avo TNS Xpetas 
dpEacbat Thy evpeow Kat TAVTNS Kal TOV dAAwv 
’ ~ > ay ~ 4 7: re , 
emloinpar, eed) Ta 70 ei” yeréoer hzpdpevov 
> A ~ ij ~ > ‘ / , z A 
a7To TOU azveAobs €ls TO 7éAetov TpOEloly, a7To 
% , bow > 4 A > A ‘, 9 \ 
atu@ijaews ouvV €ls Avyropor Kat QATO TOUTOV ETL 
mR? , , ” > ” > 
VoUV n preTaPawts Yost O:TO av €LKOTWS,. WOoTrEp OUV 
4 cal , ¥ A > Pa ‘ ‘ 
mapa tots DoimEu dud Tas €pemopetas Kat Ta 
, A > XN wy ie: ~ Ss ~ 
auvadAdypata tiv apyjv éAaBev 7 Tdv dpibudv 
> \ A o \ > ? re e 
axpipis yv@as, ovtw by Kal map’ Alyumtios 7 
yewpetpla dia THY elpnuevynv airiay evpynrat. 
~ \ ~ > ww > A , 
Oars 8€ mparov eis Alyurrov av pernyayev 
els thy ‘ENAdSa tiv Oewpiav Ta¥THy Kal woAAd pev 
> A a ~ A * 2 Ns ~ % + \ 
adros edpev, TOAABY Sé Tas apyas Tots per adTov 
idnyyjcato, trois pév KaboAKwtepov émPBadrAwv, 
a” % & J ft %: 4 ~ : , 
tois 5€ alcOntikwrepov. peta 5€ Todrov ’Ape- 
~ ~ a 
pioros' 6 Lryorxydpov tod moto dbeAdos, és 
edarysdpevos THs mepl yewpetpiay omovdys pvy- 


1 Mdpepxos Friedlein, following a correction in the 
oldest ms. 





@ Thales (c. 624-547 n.c.), one of the ‘ Seven Wise Men” 
of ancient Greece, is universally acknowledged as the founcer 
of Greek geometry, astronomy and philosophy. His greatest 
fame in antiquity rested on his prediction of the total eclipse 
of the sun of May 25, 555 n.c., which led to the cessation of 
hostilities between the Medes and Lydians and a lasting 
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everybody’s proper boundaries. Nor is there any- 
thing surprising in that the discovery both of this and 
of the other sciences should have its origin in a 
practical need, since everything which is in process of 
becoming progresses from the imperfect to the per- 
fect. Thus the transition from perception to reason- 
ing and from reasoning to understanding is natural. 
Just as exact knowledge of numbers received its 
origin among the Phoenicians by reason of trade and 
contracts, even so geometry was discovered among 
the Egyptians for the aforesaid reason. 

Thales? was the first to go to Kgypt and bring back 
to Greece this study ; he himself discovered many 
propositions, and disclosed the underlying principles 
of many others to his successors, in some cases his 
method being more general, in others more empirical. 
After him Ameristus,? the brother of the poet 
Stesichorus, is mentioned as having touched the study 


peace (Herodotus i. 74); what Thales probably did was to 
predict the year in which the eclipse would take place, an 
achievement by no means beyond the astronomical powers 
of the age. Thales was noted for his political sense. He 
urged the separate states of Ionia, threatened by the en- 
croachment of the Lydians, to form a federation with a 
capital at Teos; and his successful dissuasion of his fellow- 
Milesians from accepting the overtures of Croesus, king of 
the Lydians, may have had an influence on the favourable 
terms later granted to Miletus by Cyrus, king of the Persians, 
though the main reason for this preferential treatment was 
probably commercial. In philosophy Thales taught that the 
all is water. For his mathematical discoveries, see infra, 
pp. 164-169. 
> The name is uncertain.  Friedlein, in suggesting 
Mamercus, observes that Suidas gives a brother of Stesi- 
chorus as Mamertinus, which could easily arise out of 
Mamercus. Another reading is Mamertius. Nothing more 
is known about him. Stesichorus, the lyric poet, flourished 
¢. 611 B.c. 
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U 5 PY , fe ~ ¢ = 3 aN. 
proveverar, kal ‘Immtas 6 ’HAetos toropyoev ws ent 
, /, ? ~ / | A fa 
yewpetpia ddfav abtob AaBdvros. emt b€ rovTos 
IIvéaydpas tiv wept adriy di\ocodiay els oyjpa 
maidetas eAevbépou petéotycev, avwiev Tas apxyas 
avTiys émioKkoTovpevos Kal avAws Kal voepOs Ta 
Gewprypata dSiepevvasevos, 6s 57 Kal THY TOY ava 
Aoyov' mpayparelay Kal TV THY KOopUKaY oXN- 
patav avotaow avetpev. preva S€ todrov "Avag- 
ayopas 6 KAalopenos more edipatro tev Kata 
‘ ‘\ ) ui ¢ ion 2\74 cA 
yewpetpiav kat Olvoridys 6 Nios, dAtyw vewrTe- 
nn > , e w. ¢ ri , > A 
pos @v ’Ava~aydpov, dv Kat 6 Aatwy év rots 
dvrepactais eurypdpevaey ws emt tots pabryjpace 
/ ‘ 
ddfav AaBdvrwy. 


1 sav ava Adyov coni. Dicls ; tdv dAdywv Friedlein. 


* The well-known Sophist, born about 460 B.c., whose 
various accomplishments are described in Plato’s /ippias 
Minor. ile claimed to have gone once to the Olympic 
Gaines with everything that he wore made by himself, as 
well as all kinds of works in prose and verse of his own 
composition. His system of mnemonics enabled him to 
remember any string of fifty names which he had heard once. 
The unmathematical Spartans, however, could not appreciate 
his genius, and from them he could get no fees. His chief 
mathematical discovery was the curve known as the quad- 
ratrix, which could be used for trisecting an angle or squaring 
the circle (see dufra, pp. 336-347). 

* ‘The life of Pythagoras is shrouded in mystery. He was 
probably born in Samos about 582 n.c. and migrated about 
529 nc. to Crotona, the Dorian colony in southern Italy, 
where a semi-religious brotherhood sprang up round him. 
This brotherhood was subjected to severe persecution in the 
fifth century s.c., and the Pythagoreans then took their 
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of geometry, and Hippias of Elis? spoke of him as 
having acquired a reputation for geometry. After 
these Pythagoras ° transformed this study into the 
form of’a liberal education, examining its principles 
from the beginning and tracking down the theorems 
immaterially and intellectually ; he it was who dis- 
covered the theory of proportionals ° and the construc- 
tion of the cosmic figures. After him Anaxagoras 
of Clazomenae ? touched many questions affecting 
geometry, and so did Oenopides of Chios,’ being a 
little younger than Anaxagoras, both of whom Plato 
mentioned in the Rivals f as having acquired a reputa- 
tion for mathematics. 


doctrines into Greece proper. Apart from important mathe- 
matical discoveries, noticed in a separate chapter, the Pyitha- 
goreans discovered the numerical ratios of the notes in the 
octave, and in astronomy conceived of the earth as a globe 
moving with the other planets: about a central luminary. 

¢ Friedlein’s reading is tay dAdywy, “ irrationals,’” but 
there is grave difficulty in believing that Pythagoras could 
have developed a theory of irrationals; in fact, a Pytha- 

orean is said to have been drowned at sea for his impiety in 
disclaaine the existence of irrationals. There is an alter- 
native reading 7@v dvaAdywy, and the true reading could 
easily be ray dvadoyiwy, or Tay ava Adyor, “ proportionals.”’ 

4 ¢, 500-428 B.c. Clazomenae was a town near Smyrna. 
All we know about the mathematics of Anaxagoras is that he 
wrote on the squaring of the circle while in prison (infra, p 
308) and may have written a book on perspective (Vitruvius, 
De architectura vii. praef. 11). 

* Oenopides was primarily an astronomer, and Eudemus is 
believed to have credited him with the discovery of the 
obliquity of the ecliptic and the period of the Great Year 
(Theon of Smyrna, ed. Hiller 198. 14-16). In mathematics 
Proclus attributed to him the discovery of Eucl. i. 12 and i. 23. 

1 Plat. Erastae 132 a, 8. Socrates finds two lads in the 
school of Dionysius disputing about Anaxagoras or Oeno- 
pides; they seemed to be drawing circles and indicating 
certain inclinations by placing their hands at an angle. 
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"E@’ ols ‘Imzoxparyns 6 Xtos 6 Tov Tod pyviokou 
TETpAywvLo[LOv evpav, Kai Oeddwpos 6 Kupnvatos 
eyevor TO TrEpl yeopeTplav emupavets. mpdrros yap 
6 ‘Immoxpatyns Ta&V funpLovevopreveny Kal orouxeta 
ouveyparpev. IlAdrav 8 emt ToUToLs ‘yevdouevos 
peylorny emoinaev emidoow Td TE ara pabjpara 
Kal THY yewper play AaBetv bua Ty mept avTa, 
oTovery, 6 Os Tov SHAds €oTt Kal TA ovyypay mara 
Tots pabjpariKcots Aédyous KaTaTuKvw@oas Kal TaOv- 
Taxob 70 mept aba Oadpa Tov prrocodias a avTexo-~ 
peeveoy emeyeipwv. ev b€ TovTw TH xpdvw Kal 
AewSdpas 6 Odotos Fv Kat ’Apydras 6 Tapavrivos 
Kal Oeaitntos 6 “AOnvaios, map’ adv énnuéjtn ta 
Oewprjpata Kal mponAdev eis emornpoviKwrépav 
avoTaow. 

Aewdapavtos 8€ vewtepos 6 Neokdeidns Kal 6 
tovtov pabyris Adwy, of moAAd mpoceuTmdépynaav 
Tois mpo a’t&v, wate tov Adovra Kal Ta oToLyxeia 
ourdeivat TH te wANIE Kal TH ypela Tov Secxve- 
peeve emuysedcatepov, Kal Stopiapods edpeiv, OTE 
duvatov éatt To Cntovpevov mpoBAnpa Kal md7€ 
advvatov. Etdofos 5€ 6 Kvidios, Adovros pev 
oAtyw vewtepos, éeratpos bé€ ta&v epi IAarwva 


2 Tlippocrates was in Athens from about 450 to 430 B.c. 
For his mathematical achievements, see infra, pp. 234-253. 

» Our chief knowledge of Theodorus comes from the 
Theactetus of Plato, whose mathematical teacher he is said 
to have been (Diog. Laert. ii. 103); sce infra, pp. 380-383. 

© Proclus (fa Lucl. i, ed. Friedlein 72 et seq.) explains that 
the clements in geometry are leading theorems having to 
those which follow the relation of an all-pervading principle ; 3 
he compares them with the letters of the alphabet in relation 
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After them Hippocrates of Chios,? who discovered 
the quadrature of the lune, and Theodorus of Cyrene? 
became distinguished in geometry. For Hippocrates 
is the first of those mentioned as having compiled 
elements. Plato, who came after them, made the 
other branches of mathematics as well as geometry 
take a very great step forward by his zeal for them; 
and it is obvious how he filled his writings with 
mathematical arguments and everywhere stirred up 
admiration for mathematics in those who took up 
philosophy. At this time also lived Leodamas of 
Thasos@ and Archytas of Taras’ and Theaetetus of 
Athens, by whom the theorems were increased and 
an advance was made towards a more scientific 
grouping. 

Younger than Leodamas were Neoclides and his 
pupil Leon, who added many things to those known 
before them, so that Leon was able to make a collec- 
tion of the elements in which he was more careful in 
respect both of the number and of the utility of the 
things proved ; he also discovered diorismi, showing 
when the problem investigated can be solved and 
when not.” Eudoxus of Cnidos, a little younger than 
Leon and an associate of Plato’s school, was the first 


to language; and they have, indeed, the same name in 
Greek. 4 See infra, pp. 386-405. 

¢ All we know about him is that Plato is said to have 
explained or communicated to him the method of analysis 
(Diog. Laert. iii, 21, Procl. in Hucl. i. ed. Friedlein 211, 
19-23). 

* For Archytas, see supra, p. 4 n. a, 

9 See infra, pp. 378-353. 

% We have no further knowledge of Neoclides and Leon. 
A good example of a diorismos is given in Plato, Jfeno 
86 E—87 Bz (infra, pp. 394-397), which incidentally shows that 
Leon was not the first in this field. 
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yevopevos, mpartos tov KabdAou kahoupevay Bew- 
pnedrov TO TARO0s yUenoev Kal Tats Tpiow 
av radoyiats dAAas Tpets mposelnxev kal Ta mept 
Tiy Tomy apynv AaBdvtra rapa IlAdtwvos eis 
mAj00s mponyayer Kat Tais avadvceaw én’ adtav 
xpnodpevos. *ApixAas 5€¢ 6 ‘Hpaxdewrys, els tav 
IlAdtwvos étatpwrv xal Mévarypos akpoatns wy 
Eddofou cat HAdtwr 5€ ovyyeyovas Kal 6 adeApos 
abtod Aewdotpatos és TeAcewrépav eroinaay rv 
o ts , es ra Ww A 
OAnv yewpetpiav. Oevd.os dé 6 Mayrns ev Te Tots 
pabiipacw edofev elvar Siadepwv Kat Kata TI 
uv , * A BA - ~ 
aAAnv dirocofiav' Kai yap Ta oTowyeia Kadds 
ovveragev Kat 7oAAd TOV peptxdv' KabodAuKwtepa, 
> - ‘ ‘ ‘ c ‘ ? t 

éroincev. Kat pévror Kal 6 Kulcxnvos "A@jvacos 
Kata Tovs abrtovs yeyovws xpdovous Kal év Tois 
aAdots per pabijwact, pddvara 8 Kara yewpeTpiav 
emavis € eyeveTo. Sujyov oby obTou per adAnAwy 
ev ?Axadnpia owas TOLOUEVOL Tas lnrijoas. 
"Eppodtipos oe 6 Kododumos ta b7’ Evdogou 
mpoyvropneva Kal QcartiTov mporyayev emt mAgov 


1 Spixav Friedlein. 


* For Eudoxus, one of the great mathematicians of all 
time, see infra, pp. 408-415. He lived c. 408-355 B.c. What 
the * so-called general theorems” may be is uncertain ; 
Heath (/1.G.4/, i. $823) suggests theorems which are “ true of 
everything falling ander the conception of magnitude, as are 
the definitions and theorems forming part of Eudoxus’s own 
theory of proportion.”’ The three means which Eudoxus is 
said to have added to those already known are the three sub- 
contrary means (supra, pp. 114-121). lamblichus (in Nicom., 
101. 1-5) also attributes them to Endoxus, but in other 
places (113. 16-18, 116. 1-+) he assigns them to Archytas 
and Hippasus. It is disputed whether the “section” to 
which Ludoxus devoted his attention means sections of solids 
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to increase the number of the so-called general 
theorems ; to the three proportions he added another 
three, and increased the number of theorems about 
the section, which had their origin with Plato, apply- 
ing the method of analysis to them.* Amyclas of 
Heraclea,? one of the friends of Plato, and Men- 
aechmus,° a pupil of Eudoxus who had associated 
with Plato, and his brother Dincstratus® made the 
whole of geometry still more perfect. Theudius® of 
Magnesia seemed to excel both in mathematics and 
in the rest of philosophy ; for he made an admirable 
arrangement of elements and made many particular 
propositions more general. Again, Athenacus® of 
Cyzicus, who lived about those times, became famous 
in other branches of mathematics but mostly in 
geometry. They spent their time together in the 
Academy, conducting their investigations in common. 
Hermotimus? of Colophon advanced farther the in- 
vestigations begun by Mudoxus and Theaetetus ; he 


by planes, which was the older view and that favoured by 
Tannery (La géometrie grecque, p. 76), or the “ golden scc- 
tion ” (division of a line in extreme and mean ratio, Euel. ii. 
11), a view put forward by Bretschneider in 1870 (Die Geo- 
metrie und die Ceometer vor Eukleides, pp. 167-169). For 
discussions of this interesting question see Loria, Le scicnze 
esatte nell’ antica Grecia, pp. 139-142, Heath, I/.G.4/. i. 
324-325. 

> The correct spelling appears to be Amyntas, though 
Diogenes Laertius (iii. 46) speaks of Amyclas of Heraclea as 
a pupil of Plato and in another place (ix. 40) says that a 
certain Pythagorean Amyclas dissuaded Plato from burning 
the works of Democritus. Heraclea was in Pontus. 

© He discovered the conic sections, see infra, p. 283 n. a. 

4 He applied the quadratrix (probably discovered by 
Hippias) to the squaring of the circle. 

* No more is known of Theudius, Athenaeus or Her- 
motimus. 


153 


GREEK MATHEMATICS 


Kal TOV oToLyetwy TOAAA avedpe Kal THY TéTwWY 
Twa oavréypaiev. Didtiaaos S€ 6 Medpatos,* 
IlAdrevos wv pabyrr)s Kal bn éxeivou mporparrets 
els Ta pabypara, Kat Tas fnrioes emovetro KaTa 
Tas ITAdrevos idnyiaes Kal Taira mpodBaddrev 
éavt®, 60a wero TH IAdtwvros dPidocodia ovv- 
redetv, 

Oi pep oby Tas toropias | dvaypapavres pexpe 
ToUTOU mpodyouat THY Tijs emor ins Tavrns Te- 
Aetwow. od Todd S€é ToUTwWY vedstepos eoTw Ev- 
KAeiSys 6 Ta OTOLyela oUvayayuv Kal ToAAa peév 
TaV besdéou ouvragas, moAAa S€ ta&v OeaitHTov 
Tedewadpevos, ert dé ta pradacutepov Seucvipeva 
Tots eumpoabey els avehéykrous drrodettets dvaya- 
ywv. yéyove dé obros 6 dvip emi rob Tpurou 
TroAepatou- Kal yap 6 "Apxyndys emBarev Kab 
TO Trey | penpovevet Tob Edichetdov, Kal Hevrou 
Kat pacw 6 ore I[roAepatos 1peTO TOTE airdv, et tis 
eoTw mrept yewperpiav 000s ouvTopwTépa Ths 
OTOLXELTEWS” 6 6€ dmexpivaro, To) etvae Bacwduxny 
dit pamov emt yewpLeT piay" vEediTEpos pev ody ort Tay 
mept WAdtwva, mpeaBurepos S€ "Epatoobévous Kai 


1 Mevéaios Friedlein. 





Almost certainly the same as Philippus of Opus, who is 

said to have revised and published the Laws of Plato and 

(w rongly) to have written the Epinomis. Suidas notes a 
number of astronomical and mathematical works by him. 

> Not much more is known about the life of Euclid than 

is contained in this Bosane (see Heath, The Thirteen Books of 

Euclid’s Klements, vol. i., pp. 1-6 and H.G.M, i. 354-357). 

The summary of E neti? s achievement in the Elements is a 

very fair one, peered with the considered judgement of 

Heath (H.G.M. i. 217): “There is therefore probably little 


154 


PROCLUS’S SUMMARY 


discovered many propositions in the elements and 
compiled some portion of the theory of loci. Philippus 
of Medma,? a disciple of Plato and by him diverted to 
mathematics, not only made his investigations accord- 
ing to Plato’s directions but set himself to do such 
things as he thought would fit in with the philosophy 
of Plato. 

Those who have compiled histories carry the 
development of this science up to this point. Not 
much younger than these is Euclid, who put together 
the elements, arranging in order many of Eudoxus’s 
theorems, perfecting many of Theaetetus’s, and also 
bringing to irrefutable demonstration the things 
which had been only loosely proved by his predeces- 
sors. ‘This man lived in the time of the first Ptolemy ; 
for Archimedes, who came immediately after the first 
Ptolemy, makes mention of Euclid ; and further they 
say that Ptolemy once asked him if there was in 
geometry a way shorter than that of the elements ; 
he replied that there was no royal road to geometry.? 
He is therefore younger than the pupils of Plato, but 


in the whole compass of the Elements of Euclid, except 
the new theory of proportion due to Eudoxus and its conse- 
quences, which was not in substance included in the recog- 
nized content of geometry and arithmetic by Plato’s time, 
although the form and arrangement of the subject-matter 
and the method employed in particular cases were different 
from what we find in Euclid” (cf. H.G.M. i. 357). As Plato 
died in 3147 3.c., and Archimedes was born in 287 B.c., 
Euclid must have flourished about 300 s.c.; Ptolemy I 
reigned from 306 to 283 s.c. Had not the confusion been 
common in the Middle Ages, it would scarcely be necessary 
to point out that this Euclid is to be distinguished from 
Euclid of Megara, the philosopher, who lived about 400 B.c. 
A story about there being no royal road to geometry is also 
told of Menaechmus and Alexander (Stobaeus, Eel. ii. 31, 
ed. Wachsmuth 115). 
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Apxinioous. odTo yap ovyxpovot dAAnAots, ws 
mou gnaw "Eparoaterys. Kal TH mTpoatpécer be 
[Aaron UKOS: €oTt Kal TH dtrocodia tary olketos, 
obev 51) Kat Tijs oupTdans Lrowyerwoews tédos 
TpOEGT7}GATO mv tev Kadovpévwv TAatwriKkdv 
oXndreoy avoraaw. TOAAG pLev oby kat ada Tob 
dvdpos TOUTOU padnparica ouyypdppara Bavpa- 
ots axpiBelas Kal émornuovicis Jewpias pera. 
rowaira yap Kat Ta "Onrexa kat 7a Karomrpexd, 
Towatrar d€ Kal al KATA fLovatKTY GTOLYELwWGELS, ETL 
5é 76 epi dtarpécewy BiBAiov. SiadepdvTws 8’ av 
zis adtov dyacbein kata THY Tewperpixny arot- 
yelwow THs Ta€ews evexa Kal THs ekAoyhs TaV 
mpos TA GToLyEla TeTOINLEvWY Jewpnudrwy TE Kal 
mpoBAynpdtrwv. Kal yap ody dca éveywper A€yew 
GAN’ 60a arotyeodv HdvvaTo mapeiAnder, ET. dé 
ToUs TOY GuAAoyLoLaY TavToioUs TpdTrOUS, TODS [Lev 





* Fratosthenes was born about 284 B.c. His ability in 
many branches of knowledge, but failure to achieve the 
highest place i in any, won for him the nicknames “ Beta” and 
‘* Pentathlos.” He became tutor to Philopator, son of Ptolemy 
Euergetes (see infra, pp. 256-257) and librarian at Alexandria. 
He wrote a book Platonicus and another On Means (both 
lost). For his sieve for finding successive prime numbers, see 
supra, pp. 100-103 and for his solution of the problem of 
doubling the cube, infra, pp. 290-297, His greatest achieve- 
ment was his measurement of the circumference of the earth 
to a surprising degree of exactitude (see Heath, H.G.I£. i. 
106-108, Greek Astronomy, pp. 109-112). 

> It is true that the final book of the Elements, as written 
by Euclid, dealt with the construction of the cosmic, or 
Platonic, figures, but the whole work was certainly not 
designed with a view to their construction. Euclid, however, 
may quite well have been a Platonist. 

© Kuclid’s Opties survives and is available in the Teubner 
text in two recensions, one probably Euclid’s own, the other 
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older than Eratosthenes and Archimedes. For these 
men were contemporaries, as Eratosthenes* some- 
where says. In his aim he was a Platonist, being in 
sympathy with this philosophy, whence it comes that 
he made the end of the whole Elements the construc- 
tion of the so-called Platonic figures.” There are 
many other mathematical writings by this man, 
wonderful in their accuracy and replete with scientific 
investigations. Such are the Optics and Catoptrics, 
and the Elements of Music, and again the book Ox 
Divisions. He deserves admiration pre-eminently in 
the compilation of his Elements of Geometry on account 
of the order and of the selection both of the theorems 
and of the problems made with a view to the elements. 
For he included not everything which he could have 
said, but only such things as he could set down as 
elements. And he used all the various forms of 
syllogisms, some getting their plausibility from the 


by Theon of Alexandria. It is possible that Proclus has 
attributed to Euclid a treatise on Catoptrics (Mirrors) which 
was really Theon’s; a treatise by Euclid on this subject is 
not otherwise known. Two musical treatises attributed to 
Euclid are extant, the Sectio Canonis (Kararop:7) Kavovos) and 
the Introductio Harmonica (Eicaywy? apporixy) ; the latter, 
however, is definitely by Cleonides, a pupil of Aristoxenus, 
and it is not certain that the former is Euclid’s own. The 
book On Divisions (of Figures) has survived in an Arabic 
text discovered by Woepcke at Paris and published in 1851 ; 
see R.C. Archibald, Puclid’s Book on Division of Figures with 
a restoration based on \Woepcke’s text and the Practica Geo- 
metriae of Leonardo Pisano (Cambridge 1915). A Latin 
translation (probably by Gherard of Cremona, 1114-1187) 
from the Arabic was known in the Middle Ages, but the 
Arabic cannot have been a direct translation from Euclid’s 
Greek. The general character of the treatise is indicated by 
Procel. in Lucl. i., ed. Friedlein 144. 22-26, as the division of 
figures into like and unlike figures. 
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dé Tov airiay AapBavorras my miotw, Tovs 5é 
amo TeKjpiwv copper ous, mdvras 5é dvedeyKrous 
Kal axpiBets Kal 7™pos eTLaT HAY oiketous, ™pds bé 
TovTots Tas peOddous dmdcas Tas SiadexTiKds, THY 
fev Statpereniy ev Tals edpéceat THY <tdav, THY 5é 
OptorTeKyy ev Tots odode Adyors, Ty 8€ amo- 
Seckrixiy ev Tois dm apyayv cis 7a fyrovpeva 
petaBdocot, tiv dé avadutiKiy év tals amd TeV 
Cnroupevwy él tas apyas avactpogais. Kal prj 
Kal Ta ToiKkita THv avtistpopav cidn TaV TE 
am Aovorépuw Kat Tay ovvlletwrépwy tkaves €or 
ev TH Tpaypareta ratty Sinkpipwpeva Dewpetv, Kat 
tiva Mev 6Aa Grows dytiotpédew Svvarat, tiva be 
Gra pépect Kal avdradw, tiva 8é ws pépn pépeow. 
éru b€ Adyopev tiv avvéyevay THY edpécewr, THY 
otkovopiay Kal THY Tabw Tov TE TponyoujLeveay Kal 
TOV éTropeveny, TP Sdvapuy, pel” Hs éxaora mapa- 
didwow. H Kal 7d TvxXOVv Tpoabelis 7) adeAwy odk 
emoTnpns AavOdvers dmoTecwy Kal els TO évayTiov 
yeddos Kal tHv dyvorav vrevexOeis;  emerd7) Seé 
moAra havralerar prev ws Tis aAnbetas avreyopeva 
Kal tais éma7npouKais apxais dxodovfobrra, 
héperat b€ els THY ATO TOV apydv TAdYnV Kal Tods 





@ Lit. “ causes,” but aizov clearly means the same here 
as pyr, | as often in Aristotle, of. Met. A 1, 1013 a 16, laaxds 
b€ Kal a airia Aéyerau: mavTa yap Ta ainta dpyat. 

® Geonietrical conversion is to be distinguished from 
logical conversion, as described by Aristotle, Cat. xii. 6 and 
elsewhere, An analysis of the conversion of geometrical 
propositions is given by Proclus (in Fuel. i., ed. Friedlein, 
252, 5 et seq.). In the leading form of conversion (7) mpo- 
qyoupern dvteatpopy, also called conversion par excellence, 
%) Kvpiws avtiotpody) the conversion is simple, the hypo- 
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first principles,? some setting out from demonstrative 
proofs, all being irrefutable and accurate and in 
harmony with science. In addition to these he used 
all the dialectical methods, the divisional in the dis- 
covery of figures, the definitive in the existential 
arguments, the demonstrative in the passages from 
first principles to the things sought, and the analytic 
in the converse process from the things sought to the 
first principles. And the various species of conver- 
sions,’ both of the simpler (propositions) and of the 
more complex, are in this treatise accurately set forth 
and skilfully investigated, what wholes can be con- 
verted with wholes, what wholes with parts and 
conversely, and what as parts with parts. Again, 
mention must be made of the continuity of the proofs, 
the disposition and arrangement of the things which 
precede and those which follow, and the power with 
which he treats each detail. Have you, adding or 
subtracting accidentally, fallen away unawares from 
science, carried into the opposite error and into 
ignorance? Since many things seem to conform 
with the truth and to follow from scientific principles, 
but lead away from the principles into error and 


thesis and conclusion of one theorem becoming the conclusion 
and hypothesis of the converse theorem, The other form of 
conversion is more complex, being that where several hypo- 
theses are combined into a single enunciation so as to lead to 
a single conclusion. In the converse proposition the con- 
clusion of the original proposition is combined with the 
hypotheses of the Great peanoatiion, less one, so as to lead 
to the omitted hypothesis as the new conclusion. Anexample 
of the first species of conversion is Euclid i. 6, which is the 
converse of Euclid i. 5, and Heath’s notes thereon are most 
valuable (The Thirteen Books of Euclid’s Elements, vol. i, 
pp. 256-257); an example of partial conversion is given by 
Euclid i. 8, which is a converse to i. 4. 
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émimoAaorépovs eama7d, pelddovs Tmapadéduxev 
Kal THs ToUTwy dioputiKis ppov7ivews, ds exovres 
yupera lev jeev duijodpeba Tovs dpxopevous Tis 
Bewpias TavTyNs Tpos THV Evpecw TaY mapadoyt- 
opdy, dveEamdtyroe bé€ dStapeverv. Kat totro 8} 
TO ovyypappa, de ob THY TapucKeuTy Tuiv TavTnY 
évri0nor, Vevdupior ééypayev, tpomous te abtav 
moukiAous ev taker SiaprOpnodperos Kat Kal? 
éxaoTov yupvacas ay Tv Sidvovay mavToiots 
Oewprypact kal TH Pedder 7d aAnbes mapabels Kat 
Th meipa tov eAcyyov Tis anudtyns avvappdoas. 
TobTo pev odv TO fiPAiov KabapriKdy €ote Kal 
yopvaotikey, 7 dé Lrowxyetwors adtis Tis em- 
oTynpovixts Oewpias TO ev yewperpia mpaypatwv 
avedeyxtov exer Kal tedelav wpiynaw. 
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deceive the more superficial, he has handed down 
methods for the clear-sighted understanding of these 
matters also, and with these methods in our posses- 
sion we can train beginners in the discovery of para- 
logisms and avoid being misled. The treatise in 
which he gave this machinery to us he entitled 
[the book] of Pseudaria,* enumerating in order their 
various kinds, exercising our intelligence in each 
case by theorems of all sorts, setting the true side 
by side with the false, and combining the refutation 
of the error with practical illustration. This book 
is therefore purgative and disciplinary, while the 
Elements contains an irrefutable and complete guide 
to the actual scientific investigation of geometrical 
matters. 

@ This book is lost. It clearly belonged to elementary 
geometry. 
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Vv. THALES 
The circle is bisected by its diameter 
Proc). in Euel. i, ed. Friedlein 157, 10-13 
To pev odv Styotopetofar tov KvKAov bm6 Tis 
diaerpov mpOtov Oadrjv exeivov dmodetéal faovw, 
airta 8€ ris Styoroplas 7) THs edbelas amapéyKAtTos 
bia Tod KevTpov ywprots. 


The angles at the base of an isosceles triangle are equal 
Ibid, 250, 22-251. 2 
~ ? a ~ 
Adyerat yap 81) mp@tos exeivos émerioar Kat 
a a ~ e A ~ fz 
elzeiv, Ws dpa mavtos icookedods ai mpos TH Bacer 
oe c 
ywvla toa elo, dpyaixuwtepov b€ Tas toas Opolas 
Tpooeipykeva. 


2° The word ‘ demonstrate’? (dzodeiéac) must not be 
taken too literally. Even Euclid 
did not demonstrate this property 
of the circle, but stated it as the 
17th definition of his first book. 
Thales probably was the first to 
point out this property. Cantor 
(Gesch. d. Math. i%., pp. 109, 140) 
and Heath (/.G..f. i. 131) sug- 
gest that his attention may have 
been drawn to it by figures of circles 
divided into equal sectors by a 
number of diameters. Such figures 
are found on Egyptian monuments 
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The circle is bisected by its diameter 


Proclus, on Euclid i., ed. Friedlein 157. 10-13 


THEY say that Thales was the first to demonstrate? 
that the circle is bisected by the diameter, the cause 
of the bisection being the unimpeded passage of the 
straight line through the centre. 


The angles at the base of an isosceles triangle are equal 
Ibid. 250. 22-251. 2 


[Thales] is said to have been the first to have 
known and to have enunciated [the theorem] that the 
angles at the base of any isosceles triangle are equal, 
though in the more archaic manner he described the 
equal angles as similar.’ 


and vessels brought by Asiatic tributary kings in the time 
of the eighteenth dynasty. 

> This theorem is Eucl. i. 5, the famous pons asinorum. 
Heath notes (H.G.M. i. 131): ‘It has been suggested that 
the use of the word ‘similar’ to describe the equal angles 
of an isosceles triangle indicates that Thales did not yet 
conceive of an angle as a magnitude, but as a figure having 
a certain shape, a view which would agree closely with 
the idea of the Egyptian se-get, ‘that which makes the 
nature,’ in the sense of determining a similar or the same 
inclination in the faces of pyramids.” 
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The vertical and opposite angles are equal 
Thid, 299. 1-5 


~ , ‘ , # o , 
Toiro rolvuy 76 Oecipnua Seixvvow, Str dvo 
> ~ xj , fol € ‘ ‘ 

evfercv addAnAas Tepvovaedy ai kata Kopudiy yw- 
via ioat elaiv, ebpnyrevov pév, ws dnow Evdnpos, 
imo Oadod mpuirov, THs d€ emiaTnpoviKns a7o- 


deiLews HEtwpevov mapa TH Urovyewwrh. 


Equality of Triangles 
Ibid, 352. 14-18 


EvSynuos 6é ev rats yewpetpixats toropiais ets 
Oadrdjv tobro avaye: To Oewpynya. THY yap Tov 
> / , > V4 > t é ‘ 
ev Badatrn TtAviwy amdatacw bv ob Tpd7ov daciv 
adrov deuxvivar tovtw mpooxpyobal Pnow ava- 
yKatov. 


The angle in a semicircle is a right-angle 
Diog. Laert. i. 24-25 


Tlapa te Altyuttiwy yewpertpetv pabovta dyoat 
Tlapditn azp@rov caraypaibae KvKAov 76 Tpiywrov 


® It is Euel. i. 15. 

» The method by which Thales used the theorem referred 
to, Eucl. i. 26, to find the distance of a ship from the shore, 
has given rise to many conjectures. The most attractive is 
that of Heath (The Thirteen Elements of Euclid’s Elements, 
i, p. 305, /.G.M. i. 133). He supposes that the observer 
had a rough instrument made of a straight stick and a cross- 
piece fastened to it so as to be capable of turning about the 
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The vertical and opposite angles are equal 
Thid, 299, 1-5 


This theorem, that when two straight lines cut one 
another the vertical and opposite angles are equal, 
was first discovered, as Eudemus says, by Thales, 
though the scientific demonstration was improved 
by the writer of the Elements.2 


Equality of Triangles 
Ibid. 352. 14-18 


Eudemus in his History of Geometry attributes this 
theorem to Thales. For he says that the method 
by which Thales showed how to find the distance of 
ships at sea necessarily involves this method.? 


The angle in a semicircle is a right-angle 
Diogenes Laertius i. 24-25 


Pamphila says that, having learnt geometry from 
the Egyptians, he was the first to inscribe in a circle 


fastening in such a manner so that it could form any angle 
with the stick and would remain where it was put. The obser- 
ver, standing on the top of a tower or some other eminence on 
the shore, would fix the stick in the upright position and direct 
the cross-piece towards the ship. Leaving the cross-piece at 
this angle, he would turn the stick round, keeping it vertical, 
until the cross-piece pointed to some object on the land, 
which would be noted. The distance between the foot of the 
tower and this object would, by Eucl. i. 26, be equal to the 
distance of the ship. een this method is found in 
many practical geometries during the first century of printing. 
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éphoywmov, Kat Bicar Body. of 8¢ MvOayopav 
, e y > ? e , 
pacity, dv eotw >AmoAAdSwpos 6 AoytoTtKds. 


¢ Pamphila was a female writer who lived in the reign of 
Nero and won mueh repute by her historical commonplace 
book (Suppierwv toropixady sroprnudrwr Adgyer). She may 
have been right in aseribing to Thales the discovery that the 
angle in a semicircle is a right angle, but the passage bristles 
with difficulties. The reference to the sacrifice of an ox is 
suspiciously like the better-attested story that Pythagoras 
sacrifieed oxen when he discovered a certain theorem. ‘This 
story is told in a distich by Apollodorus reproduced below 
(p. 176). In reproducing that distich Plutarch says it is un- 
certain whether the theorem was that about the square on 
the hypotenuse of a right-angled triangle or that about the 
application of areas ; he does not mention the theorem about 
the angle ina semicircle. Diogenes Laertius probably made 
a mistake in bringing in Apollodorus ; the reference to the 
sacrifice of an ox made him think of Apollodorus’s distich 
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a right-angled triangle, whereupon he sacrificed an 
ox. Others say it was Pythagoras, among them 
being Apollodorus the calculator.* 


about Pythagoras, forgetting that they referred to a different 
proposition, 

There are also difficulties on the way of believing that 
Thales could have discovered the theorem that the angle in 
a semicircle is a right angle. Euclid (iii. 31) proves this 
theorem by means of i. 32, that the sum of the angles of any 
triangle istwo right-angles. Now Eudemus, as will be found 
below, pp. 176-179, attributed to the Pythagoreans the dis- 
covery of the theorem that in any triangle the sum of the 
angles is equal to two right-angles. The authority of 
Eudemus compels us to believe that Thales did not know 
this theorem. Could he have proved that the angle in a 
semicircle is a right angle without previously knowing that 
the sum of the angles of any triangle is two right-angles ? 
Heath (7.G. 4. i. 136-137) shows how he could have done so; 
and so Pamphila, for all her late date, may have preserved a 
correct tradition. 
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VIL PYPHAGOREAN GEOMETRY 
(a) GENERAL 
Apollon. WVirab. 6; Diels, Vors. 5. 98. 29-31 


Tludayopas Mvnodpyov vids Tro perv mpatov 
duevoveiro wept 7a pafypata Kal tods api Oyous, 
votepov dé mote Kal THs Depexvdov Tepatorrotias 

> > Ls 
ovK améoTy. 


Aristot. Wet. A 5, 985 b 23-26 


°E be , 4. bs , € A a 

v b€ tovros Kal mpd TovTwY of KaAovpevor 
ITvayopevor TOV palyparay dupdprevor Tparor 
tadrd TE Tponyayor, Kal evrpaderres € ev avTots ras 
Toure dpyas Ta ovTwy dpyas w@nOycay elvar 
mavTwy. 


Diog. Laert. viii, 24-25 


Dyat 8 6 ’AXr€Eardpos ev tais ta&v dirocddwv 
diadoyais Kal Tatra evpnevac ev Hvéayopexois 
Uropvpacu’, apxny pev dmdvrwy frovdda: € ex Oe 
Tis povddos adpiotov dudda ws av vAnv TH povddu 
airiey ov7e vmoorirat ex O€ Tis povddos Kal THs 
doptarov duddos rovs apifpovs: éx d€ THV dpibuady 
Ta onpetat ek O€ TOUTWY Tas ypaypas, e€ WY TA 
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Apollonius Paradoxographus, On Marvels 63 Diels, Vors. 
i>, 98, 29-31 4 

Pytuacoras, the son of Mnesarchus, first worked at 

mathematics and numbers, and later at one time did 

not hold himself aloof from the wonder-working of 

Pherecydes. 


Aristotle, Metaphysics A 5, 985 b 23-26 
In the time of these men [Leucippus and Demo- 
critus] and before them the so-called Pythagoreans 
applied themselves to mathematics and were the first 
to advance that science ; and because they had been 
brought up in it they thought that its principles must 
be the principles of all existing things. 


Diogenes Laertius viii. 24-25 

Alexander in The Successions of Philosophers says 
that he found in the Pythagorean memoirs these 
beliefs also. The principle of all things is the monad; 
arising from the monad, the undetermined dyad acts 
as matter to the monad, which is cause ; from the 
monad and the undetermined dyad arise numbers ; 
from numbers, points ; from these, lines, out of which 

@ Apollonius is quoting Aristotle’s book On the Pytha- 
goreans, now lost. 
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? # , > 4 ~ ? u A A 
emimeda oyrjpata’ ex d€ Tay éemimédwy Ta OTEpEd 
id 
oxypata’ é€x d€ TovTwy Ta alobyra owpmata, adv 
kal Ta oTotyeta elvar téttapa, Tip, vowp, yar, 
xe x A ‘ / = o i 
aepa.’ HetaPiArew b€ Kat tperecbar bu dw, kal 
yivecbar ef abTav KOo}Lov Epupuxe ', voepor, opa- 
% 

poe.oy), peony TEpleXovTa TY yyy Kab aura 
opaipoedy Kal meprocxovpérny. 


Diog. Laert. viii. 11-12 


Toirov Kal yewetpiay emi mépas ayayeiv, 
Moipi8os mpustou edtpovtos Tas apyds TMV oTol- 
xelwv adtis, as dnow ’Avtikdreidns ev Sevtépw 
Ilepi “Adefavdpov. padora Sé oxoAdoat tov Ilv- 
Baydpav epi TO dpilpnrixey eldos abriis Tov TE 
Kavova Tov €k pds xopdijs evpety. ovK HeAnce & 
ov8’ tatpixfs. dynot & >AmodAdAddwpos 6 AoytaTiKds 
éxatoupny Oicar adtdv, edpdvta Gti Tod dpHo- 
ywviov Tprywvov % Umotetvovca mAeupa icov dbva- 
Tai Tals TEpleyovoals. Kal €oT emlypappa oUTws 
éxov: 


qvika Hubaydpys TO mepiKreés edpeTo ypappa, 
Kev’ ed? orw Krewiy yyaye Bovlvainv. 


Proel. in Eucl, i., ed. Friedlein 84. 13-23 


“Oca 5€ mpaypatewwdearépav exer Oewpiay Kai 
ovvredct mpos THY GAnv prrocogiay, TOUTWY 7TTpo- 
nyoupevny Tomodpela THY droprjow, fnobvres 
TOUS IlvGayopeious, ols mpoxetpov i Kat Tobro 
avuBodrov “ oxdua Kal Bapa, aAN’ ot oxaGpa Kat 
TptesBoroy a evderxvypeveny, ws dpa bet rH yew- 
pretpiav exeivynv petadi@xe, 1 Kal? éxaaTov 
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arise plane figures ; from planes, solid figures; from 
these, sensible bodies, whose elements are four— 
fire, water, earth, air; these elements interchange 
and turn into one another completely, and out of 
them arises a world which is animate, intelligent, 
spherical, and having as its centre the earth, which 
also is spherical and is inhabited round about. 


Diogenes Laertius viii. 11-12 


He [Pythagoras] it was who brought geometry to 
perfection, after Moeris had first discovered the be- 
ginnings of the elements of that science, as Anti- 
cleides says in the second book of his History of 
Alexander, He adds that Pythagoras specially applied 
himself to the arithmetical aspect of geometry and 
he discovered the musical intervals on the mono- 
chord; nor did he neglect even medicine. Apollo- 
dorus the calculator says that he sacrificed a hecatomb 
on finding that the square on the hypotenuse of the 
right-angled triangle is equal to the squares on the 
sides containing the right angle. And there is an 
epigram as follows : 


As when Pythagoras the famous figure found, 
For which a sacrifice renowned he brought. 


Proclus, on Euclid i., ed. Friedlein 84. 13-23 


Whatsoever offers a more profitable field of research 
and contributes to the whole of philosophy, we shall 
make the starting-point of further inquiry, therein 
imitating the Pythagoreans, among whom there was 
prevalent this motto, “ A figure and a platform, not a 
figure and sixpence,” by which they implied that the 
geometry deserving study is that which, at each 
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Pecbpnua Bihpa 7now ets dvodov Kal amaipe. THY 
yuy7y ets vyos, add’ ob ev tots atabyrois KaTa- 
Batvew adinow Kal Tay ovvouKov Tots Bvnrots 
xpelav dmromAnpoby kal tavryns otoxalopevny Tis 
evredlev meptaywyns KaTapedcty. 


Plut, Vou posse suav. vivi sec. Epic. 11, 1094 8B 


Kai Ilv@aydpas ent 7 Siaypappati Body eOvaev, 
ws dyow *AroAAddwpos* 


qvixa llvbaydépas 76 mepuxreés etpero ypdupa 
Keiv’ ef? btw AapmpHy iyeTto Bovbvainy. 


cite Tepi THs bmoTeEvovons ws taov Svvata Tats 
Tepiexovoas 77v dpOijv, eire mpoBAnpa mepi Tob 
xwplov THs tapaBoAjs. 


Plut. Quaest. Cone. viii. 2. 4, 720 4 


“Eott yap év Tols yewpetpixwrdatos Dewpypact, 
HGMov dé mpoPArjuact, TO Sdvely ciSdv SoBevTwr 
IA , i4 ~ Xv ww ~ 8 oe A 
dAdo tpirov zapapdadArew 7@ prev toov TH 8” Gpotov 
>7? ca , ’ te ~ yf , 
ef & Kal daow eLevpebévre Sica tov Wvbaydpav. 
TOAD yap duéAe. yAadupwrepov TodTo Kal provot- 
Kwrepov éexelvou Tob Oewpnyatos, & Ty dbT0- 
teivovoay anédeke tats mepi tiv dpOnv toov 


Suvapevny. 


(b) Sum or THE ANGLES oF A ‘TRIANGLE 


Procl, in Fuel. i., ed. Friedlein 379, 2-16 
Evdnpos S€ 6 mepimatytixds eis Tods Ivbayo- 
peious dvaréprrer Tip Tobde Tod Dewopyjparos b= 
peow, OTe Tpliywvov dav dvalv dplats icas Eyer 
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theorem, sets up a platform for further ascent and 
lifts the soul on high, instead of allowing it to descend 
among sensible objects and so fulfil the common needs 
of mortal men and in this lower aim neglect con- 
version to things above. 


Plutarch, The Epicurean Life 11, 1094 8 


Pythagoras sacrificed an ox in virtue of his pro- 
position, as Apollodorus says— 


As when Pythagoras the famous figure found 
For which the noble sacrifice he brought — 


whether it was the theorem that the square on the 
hypotenuse is equa- to the squares on the sides con- 
taining the right angle, or the problem about the 
application of the area. 


Plutarch, Convivial Questions viii. 2. 4, 720 4 

Among the most geometrical theorems, or rather 
problems, is this—given two figures, to apply a third 
equal to the one and similar to the other; it was 
in virtue of this discovery they say Py ‘thagoras 
sacrificed. This is unquestionably more subtle and 
elegant than the theorem which he proved that the 
square on the hypotenuse is equal to the squares on 
the sides about the right angle. 


(6) Sum or THE ANGLES oF A TRIANGLE 


Proclus, on Luclid i., ed. Friedlein 379. 2-16 


Eudemus the Peripatetic ascribes to the Pytha- 
goreans the discovery of this theorem, that any 
triangle has its internal angles equal to two right 


@ See supra, p. 168 n. a, and p. 174. 
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.Y Ss A , b , ‘ > A 
Tas évTos ywrias. Kal decxvivar gdyoty abrods 
o ‘ , w , A 
otrws TO mpoKeimevov. é€atw Tpiywvov 76 ABT, 
Kat 7y0w da tod A 7H BI’ mapdAdnros 9 AE. 
émet ob mapd\AnAol etow af BI, AE, Kai at 
evadAa€ ioae etaiv, ton apa % pev bd AAB 7H bro 
ABY, 4 8€ 7d EAL 7H bro ATB. Kou Tpoa- 
ketodw 4) BAL. af dpa dvd AAB, BAT, PAE, 
routéotw at td AAB, BAE, rouréatw at dvo 
épbat toa etat tats tob ABY tprywvou tpi yw 
, € wv ~ ~ Ps , 2 ~ 
viats. at dpa zpets Too Tprywvov duvow épbais 


5) ” 
€touv toatl. 


(c) ‘‘ Pyruacgoras’s THEOREM ” 


Eucl. Hlem. i. 47 


> a > 6 , Ps A > A a A) 
Ev rots dpPoywriois tprywvois TO ATO THs THY 
6pOiv ywriavy trorewovons mAevpds TeTpdywvov 
isov €aTt Tots amo TaY THY 6pOnv ywriav Tept- 


exovo@y TAeupay TeTpaywrots. 


“Eotw tpiywvov dploydrov 76 ABT dpi 
éyov tiv t7o BAT ywriav: A€yw ote TO and THs 
BI" retpaywrov icov éott trois and tHv BA, AT 


TETpAyWwvoLs, 
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angles. He says they proved the theorem in question 


4 A E 





B r 


after this fashion. Let ABI be a triangle, and 
through A let AE be drawn parallel to BL. Now 
since BI’, AE are parallel, and the alternate angles 
are equal, the angle AAB is equal to the angle ABT, 
and EAT is equal to ATB. Let BAT be added to 
both. Then the angles AAB, BAT, PAF, that is, the 
angles AAB, BAE, that is, two right angles, are equal 
to the three angles of the triangle. Therefore the 
three angles of the triangle are equal to two right 
angles. 


(c) “* Pyruacoras’s THEOREM ” 
Euclid, Elements i. 47 


In right-angled triangles the square on the side sub- 
tending the right angle is equal to the squares on the sides 
containing the right angle. 


Let ABI be a right-angled triangle having the 
angle BAD right; I say that the square on BI is 
equal to the squares on BA, AT, 
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’Avayeypadbw yap azo pev tis BI’ rerpdywvov 
76 BAET, azé 8€ trav BA, AT ra HB, OF, xat 
Sia tod A ézorépa tHv BA, TE zapadAndos 7x0 
9 AA: Kal émelevxPwav ai AA, ZT. Kai eézet 


cS) 
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For let there be described on BI the square BAEI, 
and on BA, AT the squares HB, OT [Eucl. i. 46], and 
through A let A be drawn parallel to either BA or 
TE, and let AA, ZIP be joined.* Then, since each of 


¢ 


* Yn this famous “ windmill’’ figure, the lines AA, BK, 
TZ meet ina point. Euclid has no need to mention this fact, 
but it was proved by Heron; see infra, p. 185 n. b. 

If AA, the perpendicular from 
A, meets BI in M, as in the de- A 
tached portion of the figure here 
reproduced, the triangles MBA, 

MAT are similar to the triangle 
ABY and to one another. It 
follows from Eucl. Elem, vi, 4 
and 17 (which do not depend on BM T 
i. 47) that 
BA?]=BM. BI, 
and AI?=IM.BYr. 


Therefore BA? + AT*=BT (BM +TM) 
=Br’. 


The theory of proportion developed in Euclid’s sixth book 
therefore offers a simple method of proving ‘‘ Pythagoras’s 
Theorem.” ‘This proof, moreover, is of the same type as 
Eucl. Elem. i. 47 inasmuch as it is based on the equality of 
the square on BI to the sum of two rectangles. This has 
suggested that Pythagoras proved the theorem by means of 
his inadequate theory of proportion, which applied only to 
commensurable magnitudes. When the incommensurable 
was discovered, it became necessary to find a new proof 
independent of proportions. Euclid therefore recast Pytha- 
goras’s invalidated proof in the form here given so as to get 
it into the first book in accordance with his general plan of 
the Elements. 

For other methods by which the theorem can be proved, 
the complete evidence bearing on its reputed discovery by 
Pythagoras, and the history of the theorem in Fgypt, 
Babylonia, and India, see Heath, The Thirteen Books of 
Euclid’s Elements, i., pp. 351-366, A Manual of Greek 
Mathemat ics, pp. 95-100. 
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op Oy €oTw €KaTEepa Tov bo BAP, BAH yondv, 
mpos Oy Tun ev0eia TH BA Kal T® pos adTH 
onpeiw TO A bdvo eBOcrat at AY, AH py evi ra 
abta pépn Kelevar tas efeEfs ywvias dvatv 
> ~ ” ~ >? ? ‘ ” > a ¢ 
opbais taas movotaw: én’ edfeias dpa éoriv 47 TA 
7 AH. dua ra adra dy) Kat 4 BA 7H AO eorw 
a eae) > es ‘ ’ Lom” ? ‘ er, ‘ 4 
ez cifleias, Kal éeret ton eotiv » b7d ABT yavia 
a ¢ - FZ ’ \ ‘ “3 i a: , 
tH U0 ZBA: opti) yap éxatépa: Kow? mpockeiafw 
% tro ABI: ody dpa 7 b76 ABA ody 7H bao ZB 
dorey ion. Kal eel toy éoriv 9 pev AB vA BI, 
9 dé ZB 7H BA, do 57) ai AB, BA 68vo rais 
ZB, BI toate eioiv éxatépa éxatépa: Kal ywria 
tivo ABA ywria 7H t76 ZBI ton: Baows dpa 7» AA 
é ~ ’ uw \ A f a 
Bacer 7H ZV [eorww] ton, cat ro ABA tplywvrov 7h 
ZBP Tpeyevp €oTlv toov: kai [eave] Tod pev ABA 
Tpvywvou SumAdavov 70 BA mapa\AnAdypapjiov* 
aow TE vap THY adTIV eXovat Tv BA Kat év tais 
abrats etor mapadArjAous tats BA, A.A: rod b€ ZBI 
tpryw@vou dimAdavov 70 HB retpdywvov: Bdow Te 
yap maAw tiv adriv éxyovor tiv ZB Kal év tats 
abrais elov mapadAnjAos rais ZB, HY. [ra be 
a. + ” 3 ? 5 , 41 ” 
tav low bimAdoa ica addAnAots ea7iv:]' icov apa 
eott Kal To BA zapadAnAdypappov t@ HB re- 
Tpaywrw.  dpolws 8) émlevyvupéevwy trav AE, 
BK detyPjoerar Kai tO TA rapadAnAdypappov 
isov tH OL rerpayuivw: 6Aov apa 7d BAET' re- 
tpaywvov dvat tots HB, OL retpaycdvois tcov 
? , as A ¥ ey re > A -~ 
cori, Kal eate Td prev BAET retpdywvov azo ris 
BY avaypadev, 7a b€ IB, OV azo trav BA, AT. 
TO apa amo tTHS BY’ mAcupas Tetpdywvrov icov éort 
tots avo Tov BA, AV awAevpav tetpaywvors. 
"Ev dpa rots dpboywvriots tprywrois TO aid Tis 
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the angles BAT, BAH is right, it follows that with a 
straight line BA and at the point A on it, two straight 
lines AT, AH, not lying on the same side, make the 
adjacent angles equal to two right angles ; therefore 
IA is in a straight line with AH [Eucl. i. 14]. For 
the same reasons BA is also ina straight line with AO. 
And since the angle ABT’ is equal to the angle ZB, 
for each is right, let the angle ABT’ be added to each ; 
the whole angle ABA is therefore equal to the w hole 
angle ZBI. “And since AB is equal to BI, and ZB to 
BA, the two [sides] AB, BA are equal to the two 
[sides] BI’, ZB respectively ; and the angle ABA is 
equal to the angle ZBI. The base AQ is therefore 
equal to the base ZI’, and the triangle ABA is equal to 
the triangle ZBI [Eucl.i. 4]. Now the parallelogram 
BA is double the triangle ABA, for they have the 
same base B-\ and are in the same parallels BA, A.A 
{Eucl. i. 41]. And the square HB is double the tri- 
angle ZBI, for they have the same base ZB and are 
in the same parallels ZB, HI. Therefore the paral- 
lelogram BA is equal to the square HB. Similarly, if 
AE, BK are joined, it can also be proved that the 
parallelogram I'\\ is equal to the square OT’. There- 
fore the whole square BAET is equal to the two 
squares HB,OF. And the square BAET is described 
on BI’, while the squares HB, OF are described on 
BA, AI. Therefore the square on the side BI is 
equal to the squares on the sides BA, AT’. 

Therefore in right-angled triangles the square on 


1 om. Heiberg. The words are equivalent to Common 
Notion 5, which must also be an interpolation as it is covered 
by Common Notion 2, cat dav icous toa mpoorefh, 7a 6Aa eoriv 
toa, ‘if equals are added to equals the wholes are equal.” 
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\ / ~ 
tiv dpOiy ywrlay broTewovans wAcupas TeTpadywrov 
a ~ 3 
igov €a7t Tots amo TOV THY opOnv [ywviav] TeEpt- 


4 a , P y . 
eyovody mAeuvpav TeTpaywrots: Ovep ede SeiEat, 


Procl, in Fuel. i., ed. Friedlein 426. 6-14 

Tév pev totopety ta apyata BovAopévwy axovov- 
tas 70 Oedpnua totro eis Ilubayopav avamep- 

‘é > \ e ~ ‘ , Lg > ‘ 
movTwy eotlv edpeiv Kal Povbiznv Aeyovtwy adtov 
> §: ~ « , > ‘ A , A 4 A 
ent TH edpéon. eyw bé Gavudlw prev Kai Tods 

> , ~ ~ a 

mpwtovs émotavrtas TH TovdE TOD Hewpryartos 
> t , A uw \ # > 
adnbeta, merlovws b€ dyapar tov Lrovyewwr7v, od 
peovov Ort Sv arrodei~ews evapyeaotatyns TobTO KaT- 

f: > > oe A ‘ t > ~ 
edjouTto, GAN bre Kal 7d KaboAKeitepov adbtod 

~ ~ a: f 
tots aveAéyxrois Adyows Tis emoTHNs emicoev ev 
~ a a 
T@ Extw PiPrj(w. 

Ibid. 429, 9-15 
a be ~ > ~ > } t Ww 

Tijs dé tod Lrowyewrob amodelSews ovens 

davepas ovodev Hyodpae Seiv mpoobetvar mepitrov, 
~ ~ , % A 
aAAd dpKetaBar Tots yeypajyprevois, erred Kal dcot 
f f ‘ Ly € . oe A 

mpoceGecav te mAcdv, ws of mept “Hpwva kal 
Ildwmov, qvayKdo@ncav mpocdaBetv te TOY ev TH 
ExTw Sederypevey, oBdEvOS EVeKA TPAyLAaTELWOoUS. 





@ Buel. vi. 31. Ln right-ungled triaugles the figure on the 
side subtending the right angle is equal to the similar and 
similarly described figures on the sides containing the right 
angle. 

& By of wept “Hpwra kat Marzov Proclus doubtless means, in 
accordance with his practice elsewhere, Heron and Pappus 
themselves, Pappus, in Coll. iv. 1, ed. Hultsch 176-178, 
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the side subtending the right angle is equal to the 
squares on the sides containing the right angle; 
which was to be proved. 


Proclus, on Luclid i., ed. Friedlein £26. 6-14 


If we listen to those who wish to relate ancient 
history, we find some of them attributing this theorem 
to Pythagoras and saying that he sacrificed an ox 
upon the discovery. For my part, while I admire 
those who first became acquainted with the truth of 
this theorem, I marvel more at the writer of the 
Elements, not only because he established it by a 
most lucid demonstration, but because he insisted 
on the more general theorem by the irrefutable 
arguments of science in the sixth book.* 


bid, 429, 9-15 


The proof by the writer of the Elements being 
clear, I think that it is unnecessary to add anything 
further, and that we may be content with what has 
been written, since, in fact, those who have added 
anything more, such as Heron and Pappus, were 
compelled to make use of what is proved in the 
sixth book, with no real object.? 


generalized ‘‘ Pythagoras’s Theorem” by proving that if any 
triangle is taken (not necessarily right-angled), and any 
parallelograms are described on two of the sides, their sum 
is equal to a third parallelogram. Proclus’s words can, 
however, hardly refer to this elegant theorem. Heron is 
known from the Arabic commentary of an-Nairizi on Euclid’s 
Elements (ed. Besthorn-Heiberg 175-185) to have proved 
that in Euclid’s figure AA, Bk, 'Z meet in a point. Heron 
used three lemmas proved on the principles of Book i. alone, 
but they would more easily be proved from Book vi. It is 
quite likely that Proclus refers to this proof. 
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(d) Tue AppiicaTion oF AREAS 


One of the greatest of Pythagorean discoveries was 
the method known as the application of areas, which 
became a powerful engine in the hands of successive 
Greek geometers. The geometer is said to apply 
(wapoPddAew) an area to a given straight line when a 
rectangle or parallelogram cqual to the area is con- 
structed on that straight line exactly ; the area is said 
to fall short or be deficient (¢XXeirew) when the rect- 
angle or parallelogram is constructed on a portion of 
the straight line ; and to exceed (iwepBdAAcv) when 
the rectangle or parallelogram is constructed on the 
straight line produced. ‘The method is developed in 
the following propositions of Euclid’s Elements : 
i. 44,45; i1.5,6, 115 vi. 27, 28,29. These proposi- 


Procl. in Fuel, i., ed. Friedlein 419, 15-420. 12 


w ‘ > -~ ‘ - ‘ \ a 4 
Eort pev apyaia, dasiv of wept Tov Evdnuov, cat 
ths Tov Ivéayopeiwy povons evpjuara taira, 7 
A - 


xv ~ , ~ 3 ¢ A 

Te TapaPodAy TV ywptwy Kal % vepBoAy Kal 7 
EAreusus. dad dé TovTwy Kal of vewTEpor Ta 
ovopata AaBovrTes peTiyayov atta Kal éml ras 
Kkwikas Aeyopévas ypappas, Kal ToUTWY THY bev 

- ‘ \ ¢ ‘ la Ay A 
mapapoAny, TH dé dmepBodjv Kadéoavtes, THY Se 
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tions are equivalent to the solution of quadratic 
equations, not only in particular cases but in the most 
general form. The application of areas (tapafoA} tov 
xwpiov) is therefore a vital part of the “ geometrical 
algebra” of the Greeks, who dealt in figures as 
familiarly as we do in symbols. This method is the 
foundation of Euclid’s theory of irrationals and 
Apollonius’s treatment of the conic sections. The 
subject will be introduced by Proclus’s comment on 
Eucl. i. 44, and then the relevant propositions of 
Fuclid will be given, with their equivalents in modern 
algebraica] notation. Though the precise form of the 
later propositions cannot be due to Pythagoras, de- 
pending as they do ona theory of proportion invented 
by Eudoxus, there can be no doubt, as Eudemus said, 
that the method goes back to the Pythagorean 
school, and most probably to the master himself. 


Proclus, on Euclid i., ed. Friedlein 419. 15-420. 12 


These things are ancient, says Eudemus, being 
discoveries of the Muse of the Pythagoreans, 
I mean the application of areas, their exceeding 
and their falling short. From these men the 
more recent geometers took the names that 
they gave to the so-called conic lines, calling one 
of these the parabola, one the hyperbola and one 
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EAAcufuv, exetvrwv tov Tara Kal Fetwy dvdpav 
ev emimédw Kataypadh ywpiwv mpos edbetav wpt- 
operny Ta 070 TOUTWY ONpaAWdLEva TOV dvopLaTwY 
€ # oe LY ? ’ UZ ‘ A 
opwrtav. étav yap edlelas exxeysrevns To dobev 
xewplov mdon TH etOeia ouptrapatetins, TOTE Tapa- 
, bd ~ A é t ao ~ A 
Badrew éxeivo ro xwpiov daotv, drav petlov bé 
Towmans Tob xwplov 70 pAKos adris THs edOetas, 
, ig 7 oa x ww e ~ , 
tote UrephdAdew, drav bé EAacoov, ws TOD ywpiov 
f * , ~ i , ’ # / > 
ypadhevros elvai ti tis evetas éextds, Tore eA- 
Aetmew. Kat odtws ev TO EKT@ BiBrLw Kat THS 
iJ ~ © ade F Ud - XY ~ s 
tmepBodns 6 Ev«Aeidns prnpoveter Kat tis éA- 
Actbews, evrad0a Sé ris mapaBodjs edenbn TH 
b0bevre tprydvw mapa tv Sofcioav edOetar tcov 
a 2 A 
eféAwy tapaBareiv [mapadAnAdypappov], iva pup 
povoy avoTacw éywpev mapaddAndroypappov Ta 
dobre tprywve toov, ad\Ad Kat map’ «dOeiav 
Wpiopernvy tapaPorAnv. 


Eucl. Elem. i. 44 

Tlapa tiv Sdodeicav edfetav 7H Soblevre tprywve 
isov TapadAnrdypapypov mapaBareiy ev TH S00cion 
yovia ebbvypappw. 

"Eorw 1 pev dobeica edfeta 7) AB, 70 S€ Sober 
tplywroy 76 1, 7 b€ dofeica ywria edOdypapypos 7 
A: be¢ 87) mapa 7H Sobetcay edfeiav ty AB 7H 
dobévte tprywrw t@ VT toov tapadAndAoypapyptov 
mapapadrety ev ton TH A yuri. 
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the ellipse, inasmuch as those god-like men of old saw 
the things signified by these names in the construc- 
tion,in a plane, of areas upon a finite straight line. Vor 
when a straight line is set out and you lay the given 
area exactly alongside the whole of the straight line, 
they say that you apply that area; but when you 
make the length of the area greater than the straight 
line, then it is said to exceed, and when you make it 
less, so that when the area is drawn a portion of the 
straight line extends beyond it, it is said to fall short. 
In the sixth book Euclid speaks in this way both of 
exceeding and of falling short, but here he needed 
only the application, as he sought to apply to the 
given straight line an area equal to the given triangle, 
in order that we might have not only the construction 
of a parallelogram equal to the given triangle, but 
also its application to a finite straight line. 


Euclid, Elements i. 44 


To a given straight line to apply in a given rectilineal 
angle a parallelogram equal to a given triangle. 

Let AB be the given straight line, |’ the given 
triangle and A the given rectilineal angle ; then it is 
required to apply to the given straight line AB, in an 
angle equal to the angle A, a parallelogram equal to 
the given triangle I’. 


K 
Za 
oO A “A 
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Xuveotdtw 7H VT Tpeyeovey tov mrapah\ndo~ 
ypapipov 76 BEZH ev yeovia TH d7o EBH, a éorw 
ion 7H At Kai xetoBe wate é7 <vOeias elvat THY 
BE 797 AB, Kat Sux 9 ZH ezi 76 ©, Kai bud 
rou A drorépa tav BH, EZ mapddAndos Ax8w 
AO, kat éevelevyOw 7 OB. Kai ézei ets mrapanar- 
Nous tas AO, EZ edéeta evémecey » OZ, ai dpa 
i76 AOZ, OZE ywriat dvatv dpOais elow toa. ai 
dpa 376 BOH, HZE 8vo dp8&v éAdoaoveds eioww: 
at 6€ dd eAaccdvwy 7 Sv0 dpO&v ets dzretpov 
exBadAdpevat aupmintovow: at OB, ZE dpa 
exBadAdpevat acupmzecoivta. exBeBAjcOwaay Kai 
oupmimtétwaav Kara TO K, wat 81a 706 K onpetou 
dnotépa TOV EA, ZO mapdddAyAros yOw 4% KA, Kai 
exBePrArjcOwoav at OA, HB eat ra A, M onpeia. 
TupardAnrAdgypappov apa eatt TO OAKZ, SrdpeTpos 
8€ adroé 4) OK, wepi dé rv OK mapadAnAdypappa 
pev ta AH, ME, 7a 6€ Acyopeva maparAnpapata 
ta AB, BZ: toov dpa éort 76 AB tH BZ. aAdd 
70 BZ 7B TP tprydvw éarty icov: Kai 76 AB apa 
7a LV éotw iaov. Kat émet ton éoriv 4 to HBE 
ywvia Th b76 ABM, dada 9 b7o HBE 7H A éorw 
ion, Kal » td ABM dpa 7H A yuvia éeotiv ton. 

Ilapa tiv Sobcicav dpa evbeiay ty AB 7d 
dobévre Tpryesves 7® T toov ids tre 
mapaBeBAyrat 7o AB év yeovig 7h tno ABM, 


éotw ion TH A+ émep det Tovjoa. 





@ Since any rectilineal figure can be divided into triangles, 
this proposition can be used to solve Euelid’s next problem 
(i. 45), which is: 7@ S08evte etOvypdypw tcov mapaddndd- 
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Let the parallelogram BEZH be constructed, equal 
to the triangle I’, in the angle EBH which is equal 
to A [i. 42]; and let it be placed so that BE is in a 
straight line with AB, and let ZH be produced to 0, 
and through A let AO be drawn parallel to either 
BH or EZ [i. 31], and let OB be joined. Then, 
since the straight line OZ falls upon the parallels 
AO, EZ, the angles AOZ, OZ. are equal to two right 
angles [i. 29]. Therefore the angles BOH, HZE are 
less than two right angles. Now the straight lincs 
produced indefinitely from angles less than two right 
angles will meet. Therefore OB, ZE, if produced, 
will meet. Let them be produced and let them 
meet at K, and through the point K let KA be drawn 
parallel to either EA or ZO [i. 31], and let OA, HB 
be produced to the points A, M. Then O.AKZ is a 
parallelogram, OK is its diameter, and AH, ME are 
parallelograms, AB, BZ the so-called complements, 
about OK. Therefore AB is equal to BZ [i. 43}. 
But BZ is equal to the triangle I’, and therefore \B 
is equal to [Common Notion 1]. And since the 
angle HBE is equal to the angle ABM [i. 15], while 
the angle HBE is equal to A, therefore the angle 
ABM is also equal to A. 

Therefore the parallelogram AB, equal to the given 
triangle [, has been applied to the given straight 
line AB in the angle ABM which is equal to A; which 
was to be done. 


ypappov ovotjcacba ev rH Sobeion ywria etOvypdupw (to 
construct, in a given rectilineal angle, a parallelogram equal 
toa given rectilineal figure). The method is obvious and will 
not here be repeated. Proclus (in Eucl, i., ed. Friedlein 
422. 24-493. 5, cited infra, p. 316) observes that it was in 
consequence of this problem that ancient geometers were 
led to investigate the squaring of the circle. 
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ia Ore x Aa ‘ -~ 2 ” ow A 
Sav ed0eta ypapys7) THUNOH eis toa Kat dvica, 7d 
U7 THY avicwy Tis CANS TUNnLUTwWY TEpLexopevor 
dpOoyoniov jreTa TOO ATO TIS peTa€d TOV Toa 
TeTpaywrvov taov eoti TH amd THs Tutoetas Te- 
Tpayove. 

deta yap tes 4) AB retjujo0w ets pév toa Kata 

‘A a} * } tae 7. ‘ , a ie A a 
70 LV’, ets 6€ divga Kata TO A: deyw, ore TO dO THY 
AA, AB zwepteyopevor dpPoydvioy pera Tob ad 

a ¥. uw > A ~ a A ~ ‘ 
ais TA rerpaydvou tcov éoti 7 and tis VB 
TETPAyOVYD, 

’"Avayeypad0w yap azo tis VB tetpdywvov to 
PEZL, cai emelevdyOw % BI, Kai dud ev tod A 
onotépa Tav VE, BZ mapdadAniros 7jx8w 7 AL, dea 
dé 708 O dmordépa tHv AB, EZ wapadAAndos madw 
HyGw 7 KM, kat wad bia tod A dmotépa Tay 
PA, BM wapadanros ijy0w AK. Kal ézet icor 
> ‘ A is ~ a a 
eott 76 TO wapa7Arjpwpa TO OZ mapatAnpdpare, 
Kou'ov mpooKetabw to AM: GAov dpa 76 TM oAw 
7 AZ taov éortv. adda 76 TM 7 AA toov 
eotiv, evel kai 7 AL 79 VB éeotw ton: Kat 70 AA 
Ea a ” 2 t \ , \ 
apa 7 AZ ioov éatw. Kowov zpookeicbw 76 TO: 
a ” ‘ ~ hdl ’ ” 3 - 
Gdov dpa 76 AO 7H MNE yvadpov tcov €ariv. 


adda 76 AO 76 bd Tav AA, AB éarw: ion yap 7 





@ }.it. ** between the sections.” 

® The gnomon is indicated in the figure of the mss. by the 
three points M, N, 2 and a dotted curve; there are thus in 
the figure two points M which should not be confused. In 
the next proposition a similar gnomon is described as NEO, 
and perhaps this is what Fuclid here wrote. 
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Euclid, Elements ti. 5 


If a straight line be cut into equal and unequal segments, 
the rectangle contained by the unequal segments of the 
whole together with the square on the line between the 
points of section“ is equal to the square on the half. 

For let a straight line AB be cut into equal seg- 
ments at P, and into unequal segments at A; I say 


A r A B 





E H Z 


that the rectangle contained by AA, AB with the 
square on [A is equal to the square on TB. 

For let the square 'EZB be described on TB [i. 46] 
and let BE be joined, and through A let AH be drawn 
parallel to either Tk or BZ, and through O let KM 
again be drawn parallel to either AB or I:Z, and again 
through A let AK be drawn parallel to either A or 
BM [i. 81]. Then, since the complement IO is equal 
to the complement OZ [i. 43], let AM be added to 
each ; therefore the whole I'M is equal to the whole 
AZ. But PM is equal to AA, since AP is also equal 
to ['B [i. 36]; and therefore A.\ is equal to AZ. 
Let T'@ be added to each ; therefore the whole AO is 
equal to the gnomon MN.» But A@ is the rect- 
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AO 7H AB: kai 6 MNE dpa yrwipwr toos éoti 7h 
tro AA, AB.  kowov mpooxeiobw 76 AH, 6 éorw 
a a > \ a eo 38 \ —= cA LY 
icov 7H amo THs TA: 6 dpa MNES yopwv cal 
76 AH ioa éoti tH b76 taHv AA, AB meptexopevw 
ES i \ cal > ‘ ~ f > ‘ 
dploywriw Kai TH azo ris TA retpaydvw. adda 
6 MNE yrepwv cai ro AH ddov éort 76 TEZB 
TeTpaywrov, 6 eat amo THs TB: 16 dpa bao tay 
AA, AB zwepteyopevov dpPoywriov pera Tod amd 
~ i wu > ‘ ~ > bs A 
ais TA retpaywvouv icov éutt 7@ ano rAs TB 
TETPAYWVa. 

"Kay dpa Ka. 

* If the unequal segments are p, g, then this theorem is 
equivalent to the algebraical proposition 


p+q_\?_(p+a\* 
pqt (234 ae 1) = (232) 


a ae 6 oak i 
“ t-(3them 
This gives a ready means of obtaining the two rules, respect- 
ively attributed to the P?ythagoreans and Plato (see supra, 


pp. 90-95) for finding integral square numbers which are the 
sum of two other integral square numbers. Putting p =n, 


q=1,we have 
me+1\% (m?-1\?_ , 
a -{ 9—}) =n 


In order that the first two squares may be integers, » must 
be odd. This is the Pythagorean rule. 





Putting p=2n’, q=2, 
we have (n? + 1)? = (n?- 1)? =4n?, 

This is Plato's rule, starting from an even number 2r. 

The theorem can be made to yield a result of even greater 
interest, namely, the geometrical solution of the quadratic 
equation 

ag- 2? =b?, 
as is shown by Heath (The Thirteen Books of Euclid’s Ele- 
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angle AA, AB; for AO is equal to AB ; and therefore 
the gnomon MNZ& is equal to the rectangle AA, AB. 
Let .\H, which is equal to the square on IA, be added 
to each; therefore the gnomon MNZ and AH are 
equal to the rectangle contained by AA, AB and the 
square on A. But the gnomon MNZ and AH are 
the whole square TEZB, which is described on IB ; 
therefore the rectangle contained by AA, AB to- 
gether with the square on I’A is equal to the square 
on I'B. 
Therefore, etc.¢ 


ments, vol. i. p. 384, and H.G.M. i. 151, 152), following 
Simson; see also Loria, Le scienze esatte nell’ antica 
Grecia, pp. 42-45. 
If AB=a, AB=za, 
then the theorem shows that 
(a-2).2=the rectangle AO =the gnomon MN2&. 
If the area of the gnomon is given (=8?), then we have 
axr— 2? =), 
To solve this equation 
geometrically is to find 
the point A, and in Pyth- A ‘A B 
agorean language this is 
to apply to a given 
straight line (a) a rect- 
angle which shall be equal 
to a given square (b?) and : 
shall fall short by a O 
square figure, that is, to 
construct the rectangle 
AO or the gnomon MNE. 
Draw TO perpendicu- 
lar to AB and equal to b. 
With centre O and radius equal to TB ( =}3a) describe a circle. 
Provided that 6 is greater than 4a, this circle will cut AB in 
two points. One of these is the required point A, AB=a, and 
the rectangle A® can be constructed. 
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Euel. Elem. ii. 6 


*"Eav edfeia Ypapepey Tunbh dix, mpoarebj bé 
tis abtH edfeta én’ edbeias, 7d bm0 THs dAns oov 
Th TpooKkeyievyn Kal Tijs MpoaKepev7|s Te pleXOjLevov 
opBoyan vov pera Tod amo THs Tetcetas TeTpayenvou 
toov €ort TO amo THs avyKemerns eK TE TH 
Tprcelas Kal THs Tpookeyevns TETPAYWVM. 

Ev@eta yap tis 7 AB tern 00w diva Kare ro T 
onuetov, mpookeicbw dé tis abth edbeia en” evbeias 
9 BA: Adyw, drt 7d bd TaV AA, AB meptexopevov 





E H Z 


3 ‘a + a > 4 ~ ¥ w 
dpboyduov peta Tob azo THs 'B retpayudvov toov 
éoti TH amo THs TA retpayave. 





For by the proposition (ii. 5) just proved, 
AA .AB+TA?=T'B? 


= OA? 
=Or?+ TA? (i. 47) 
«. AA. AB =Ol? 
or (a= xe = J, 


The two points in which the circle ents AB give two real 
solutions of the equation, which are coincident when b= a 
and the circle touches AB. 

There is no direct evidence that the Pythagoreans, or 
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Euclid, Elements ii. 6 


If a straight line be bisected, and a straight line be 
added to it in a straight line, the rectangle contained by 
the whole with the added straight line and the added 
straight line, together with the square on the half, is equal 
to the square on the straight line made up of the half and 
the added straight line. 

For let a straight line AB be bisected at the point I, 
and let a straight line BA be added to it in a straight 
line; I say that the rectangle contained by AA, AB 
with the square on I'B is equal to the square on T'A.? 


Euclid for that matter, used this proposition to solve geo- 
metrically the quadratic equation az-z?=67, But, as will be 
shown below, the Pythagoreans must have solved a similar 
equation corresponding to ii. 11, and it may fairly safely be 
assumed that they solved the equations axz- «#?=8? corre- 
sponding to ii. 5 and the equations az +a? =? and z? - az =b? 
corresponding to ii. 6. 

® The proof is on the lines of that in the preceding proposi- 
tion, the rectangle AM being shown equal to the gnomon 
NEO, and can easily be supplied by the reader. If AB=a, 
BA=zs, and the gnomon NEO have a given value (=b), 


then (a+2).x2=b? 
or az+x? =, 
To solve this equation geometrically is fo apply to a given 
P 
A r B A 


straight line (a) a rectangle equal to a given square (b?) and 
enceeding by a square figure, in short, to find the point A. 


Continued on pp. 198-199.) 197 
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Eucl. Elem. ii. 11 


Thy Sofleioay edOetay Tepety adore TO v0 THIS 
OAns Kal Tod éTépou Tov THEA TOY TEpLeXoLEVvoV 
oploydsvvov t (aov elvat T@ amd Tod AowTrob TUnaATOS 
TeTpayove. 

"Koro 7 bo8eioa ev0cia 7 AB: Set 87) my AB 


TEE WOTE TO v6 THs 6Ans Kab Too €éTépov Tov 


Z H 
A 2 B 
. 

r K A 


THQRaT OV Teplexopevov opboyavov i toov elvat TO 
amo TOU Aowrob THApaTOS TETPAYWrO. 





Continued eum p. 197.) 
Simson first showed how to do this. Tet BP be drawn 


perpendicular to AB and equal to 6 With centre T° and 
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Euclid, Elements ii. 11 


To cut the given straight line so that the rectangle con- 
tained by the whole and one of the segments is equal to the 
square on the remaining segment. 

Let AB be the given straight line; then it is 
required to cut AB so that the rectangle contained by 
the whole and one of the segments is equal to the 
square on the remaining segment. 





radius ['P let a circle be drawn cutting AB produced in A. 
Then A is the required point. 
For by the proposition (ii. 6) just proved, 


AA .AB+TB?=TA? 


=TP% 

=TB?+ BP# 
os AA. AB =BP? 
i.e, au +x? = 0b, 


Because the circle cuts AB produced in two points there 
are two real solutions, and as the circle always cuts AB pro- 
duced there is always a real solution. This bears out the 
algebraical proof that the equation 


az+a?=b? 


always has two real roots, which are equal when 6 =a. 

When we come to deal with Hippocrates’ quadrature of 
lunes we shall come across the problem: To find a, when z is 
given by the equation 


/ fac + et =a’, 


This could have been solved theoretically by the above 
methods, and the solution was certainly not beyond the 
powers of Hippocrates. It seems more probable, however, 
from the wording of Eudemus’s account, that he used an 
approximate Tieeanical solution for his purpose, 

This same construction can be used to give a geometrical 
solution of the equation ?- az=6*. In the figure it has only 
to be supposed that AB=a and AA (instead of BA) =a. 
Then the theorem tells us that «(a2 - a)=the gnomon =8?, 
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"Avayeypad bus yap dao ahs AB TeTpdyeovov TO 
BAT, Kab TeTLHOOW 7 AT dixa KaTa 76 E 
onucio, kal emelevyOw 4 BE, kai dujy0w 4 TA 
‘ A A ‘ ~ x, MW ‘4 uf % 3 
emi 70 Z, kat Keiobw TH BE ton 4 EZ, nai avaye- 
adbw amo ths AZ tetpaywvov 76 ZO, Kat 
dijxOw 4 HO ent ro K: Adyw, ore 4 AB rérpnras 
A A on ‘ € A ~ ft 
Kata 70 O, wore 76 U6 THY AB, BO mepteyopevov 
oploydrov taov motety TH ard THs AO reTpayodve. 
*Eaet yap ed0eta AV rétpnra diva Kata ro 
hes a 
mpooxeitat b€ abrh 7 ZA, 76 dpa b7o Tov TZ, ZA 
meplexopevov dploywrov peta tod and tis AK 
TeTpaywvov laov €oTti TH ato THs EZ retpaywrvw. 
ion O€ 4) EZ 79 EB- 70 dpa tae trav TZ, ZA peta 
ma >A a CT Dich ak ~A 2’ Pp > \ ~ 
Tob ano tis AE toov éoti TH and EB. dAda tO 
azo EB toa éori ta azo THv BA, AE- dp61) yap 
 mpos TH A ywria: 70 dpa t7d trav TZ, ZA pera 
700 amo THs AE toov dort rots dno trav BA, AE. 
A > , A 3 \ ~ Pe) x mM ‘ 
Kowov adnpnadw To ano THs AE Aounov dpa to 
e A ~ ‘ > A mw 
tro tay PZ, ZA wepirexouevov dploywriov taov 
éotl TH amd THs AB retpaywvw. Kal éors TO pev 
to tov TZ, ZA 76 ZK: ton yap ) AZ rH ZH- 
To 6€ ano 7Hs AB to AA: 70 dpa ZK toov dori 
T® AA. xowov adnpicbw 76 AK: Aourov dpa To 
ZO 7 OA ioov éariv. Kail date 7d pev OA 70 
tno Tav AB, BO: ton yap 7 AB 79 BA: ro 5€ ZO 
To and THs AQ: 76 dpa b70 tév AB, BO mepiexd- 
pevov dpboywrtov taov €otl TH avo OA teTpayave. 


‘H dpa xtra. 





9 If AB=a, AO=z, then AB has been so cut at © that 
a(a- 2x) =2? 
or rt+ac=a’, 
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Let the square ABAT' be described on AB, and 
let AT be bisected at the point I, and let BE be 
joined, and let T'A be produced to Z, and let EZ 
be made equal to BE, and let the square ZO be 
described on AZ, and let HO be produced to K; 
I say that AB has been so cut at O as to make the 
rectangle contained by AB, BO equal to the square 
on AQ. 

For, since the straight line AI’ has been bisected 
at E, and ZA is added to it, therefore the rectangle 
contained by 'Z, ZA together with the square on AK 
is equal to the square on EZ [ii. 6]. But EZ is equal 
to EB; therefore the rectangle contained by T'Z, ZA 
together with the square on AE is equal to the square 
on EB. But the squares on BA, AE are equal to the 
square on EB, for the angle at A is right [i. 47]; 
therefore the rectangle contained by I'Z, ZA together 
with the square on AE is equal to the squares on 
BA, AE, Let the square on AE be taken away from 
each; therefore the rectangle contained by TZ, ZA 
which remains is equal to the square on AB. Now 
the rectangle ['Z, ZA is ZK, for AZ is equal to ZH $ 
and the square on AB is AA; therefore ZK is equal 
to AA. Let AK be taken away from each; there- 
fore the remainder ZO is equal to OA. Now OA is 
the rectangle AB, BO, for AB is equal to BA; and ZO 
is the square on AO}; therefore the rectangle con- 
tained by AB, BO is equal to the square on OA. 

Therefore, etc.% 

In other words, the proposition gives a geometrical solution 
of the equation e+axn=a 
for it enables us to find AO or a. 

This equation is a particular case of the more general 
proposition aw +ar=b? 
which, as was explained in the note on p, 197 n. a, can besolved 
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Euel. lem, vi. 27 

Tldvrwy trav mapa tHy abrny evbetav Trapa- 
BarAoperwv mapadAndroypapyrov Kat eMervrew 
cldeae TapadAn roy papyLots | opotors TE Kal Opoiws 
Keylevols TH GTO THS tcelas avaypadopevy 
peéytatoy éatt TO azo Tis Hucelas TapaPaAAdpevov 
Gpotov ov TH eANelLaTe. 

"Eo7vw ed0eia 1) AB Kal retjunjo0w diya Kara 


A E 


A I iN B 





by a method bascd on ii. 6. There is good reason to believe, 
as will be shown below, pp. 222-225, that the Pythagoreans 
knew how to construct a regular pentagon ABCDE, and it is 
probable that this theorem was used in the construction, as 
ean be shown if CE is allowed to cut AD in I. 

For the Pythagoreans, knowing that the sum of the angles 
of any triangle is two right angles, would immediately have 
deduced that the sum of the internal angles of a regular 
pentagon is six right angles, and that each of the internal 
angles is therefore $ths of a right angle. It easily follows 
that the angles CAD, ADC, DCA are respectively ?ths, ¢ths 
and ths of a right angle, while the angles FCD, CDF, DFC 
are also respectively ths, 4ths and {ths of a right angle. 
From this it follows that the triangles ACD, CDF are similar, 
while AF =lC=CD, 
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Euclid, Elements vi. 27 

Of all the parallelograms applied to the same straight 
line and deficient by parallelogrammic figures similar and 
similarly situated to that described on the half of the 
straight line, that parallelogram is greatest which is 
applied to the half of the straight line and is similar to 
the defect.? 

Let AB be a straight line and let it be bisected 


Therefore AC:CD=CD: DF 
or AD: AF=AF:FD 
or AD. FD=AF% 

A 





The point F can therefore be found according to the method 
of 1). 6, and the pentagon constructed, starting from AD. 

@ This proposition gives the conditions under which it is 
possible to solve the next proposition, and so full considera- 
tion will be left to the note on p, 210. It is the first example 
we have met of a d:opiopds. It will be remembered that 
according to Proclus Leon discovered S:opicpol (see supra, 
p. 150). 

203 


GREEK MATHEMATICS 


70 T, Kat wapaBeBAjobw mapa tiv AB edbetav 74 
AA mapahrnAdypaypov éMetrov eloet TrapaAdnho- 
ypappw TO AB dvaypagperte a amo THs jpeoeias THs 
AB, routéott THs VB: A€yw, 67u mavrwy TOV mapa 
mv AB mrapaBaopevey mrapadnAoypdppiay kal 
eMeumorrav <tdeor opotors Te Kal opolws Keyevors 
TO AB péyiotov €aTt TO AA. mrapaBeBAyjabu 
yap mapa tiv AB edéeiav ro AZ mapadnrd~ 
Y/papeprov éMetrrov ele pape yee TO ZB 
opolw TE Kal _Opotus Keytevy 7@ AB+ Ady, dre 
peilov éort TO AA Tot AZ. 

"Emel yap dpmotov eart tro AB Tmapaddnrdypappov 
7 ZB mapaddnroypaup, mept TI abray eto 
Sudjeerpov. 71xX9w atta@v didpetpos 7 AB, Kal 
Karayey page eo TO oxfya. 

*Ewet obv ioov éott 70 TZ 7h ZE, Kowov b€ 70 
ZB, 6Aov dpa 76 FO ddw TO KE é €orw toov. dAda 
70 re 7@ VH éorw igor, evel Kal 7 AT 7H VB. 
Kal TO HT ¢ dpa 7 EK éorw isov. KoLvov mpoo- 
xetobus 7} QZ: ddov dpa 70 AZ 7@ AMN yrdipovi 
corw icov' wote TO AB mapadAnAdypapov, 
TouTEeoTt 76 AA, vod AZ mapaddAndAoypdypov 
peilov €or. 

Ildvrwy dpa rév mapa tiv adriy etdetav Trapa- 
Badopévewy maparyAoypdppiav Kal éMeundvrev 
etSeot Tapadnoypapipors oprotous Te Kal dpolws 
KetpLevous 76 drr6 Tis Tptacias avaypadopevwy 
péyiarov éoTt TO amd Tis nurceias mapaPAnbev 
Omep coer Setéar. 


Eucl. Elem. vi. 28 


Tapa viv Sobcicay edbciav 7 So0bevr. edbv- 
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at I’, and let there be applied to the straight line 
AB the parallelogram AA deficient by the parallelo- 
grammic figure AB described on the half of AB, 
that is, TB. I say that, of all the parallelograms 
applied to AB and deficient by figures similar and 
similarly situated to AB, AA is the greatest. For let 
there be applied to the straight line AB the parallelo- 
gram AZ deficient by the parallelogrammic figure 
ZB similar and similarly situated to AB. I say that 
AA is greater than AZ. 

For since the parallelogram AB is similar to the 
parallelogram ZB, they are about the same diameter. 
Let their diameter AB be drawn and let the figure be 
described. 

Then, since P'Z is equal to ZK, and ZB is common, 
the whole TO is equal to the whole KE. But TO 
is equal to TH, since AI’ is equal to TB. And 
therefore HT is equal to EK. Let I'Z be added to 
each. Then the whole AZ is equal to the gnomon 
AMN, so that the parallelogram AB, that is, AA, is 
greater than the parallelogram AZ. 

Therefore of all the parallelograms applied to this 
straight line and deficient by parallelogrammic figures 
similar and similarly situated to that described on the 
half of the straight line the greatest is that applied 
from the half; which was to be proved. 


Euclid, Hlements vi. 28 


To the given straight line to apply a parallelogram 
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ypaupw tacov mapadAndrAdypappov mapaBadrety éd- 
Aetzov cider TapadAnAcypappw opoiw Ta dobevte- 
Sef bé 70 Siddpevorv edOvypappov [dd det icoy trapa- 
Bareiv] pn petfov elvac Toi amd tips apucetas 
dvaypadopevov dpoiov TH eAAeiuate [rot Te dd 
Ths yucetas Kal @ Sel duorov eAreiewv]. 

"Eotw 7 pév S00cica edOeta 7 AB, 76 dé doer 
edOdypapipov, @ det icov mapa tiv AB mapaBarely 
7o T' ph petlov [dv] rod amo ris ucetas 77s AB 
avaypagpopévou dopoiov TH €AAeluparer, b dé Set 
Gpovov éAdeizew, 76 A+ Set 81) wapa tiv Sofcioav 
eddciav tiv AB 7& So00evre edOvypdupm 7@ T ioov 
mapaddAnAcypappov TmapaBarety edAetrov elder wap- 
adAnroypdupw dpotw dv. Td A. 

Tezpjodw % AB diva xara 7o E onpeiov, cal 
avayeypadbw amo tis EB 7@ A dpovov Kat dpotws 
xetuevov 70 EBZH, nat ovperAnpwodw 7o AH 
TaparAnAdypapipiov. 

El pev odv icov éott 76 AH 7H T, yeyovos av ein 
76 emTaylev: mapuBeBAnra yap mapa TH dobetcay 
ed0ciav rHv AB 7@ S00evre edOvypaupw 7H I toov 
mapadAnAcypappov tO AH édAcimoy elder mapad- 
Anroypappw 7TH HB bpolw ovt. 7H A. ef SE od, 


1 The bracketed words are interpolations by Theon in his 
recension of the Llements (Heiberg). 
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equal to the given rectilineal figure and deficient by a 
parallelogrammic figure similar to the given one; thus 
the given rectilineal figure must be not greater than the 
[parallelogram] described on the half (of the straight 
line] and similar to the defect. 

Let AB be the given straight line, T the given 
rectilineal figure, to which the figure to be applied 


8 ee omer 
. M 


k N 





to AB is required to be equal, being not greater than 
the [parallelogram] described on the half fof the 
straight line] and similar to the defect, and A the 
[parallelogram] to which the defect is required to be 
similar ; then it is required to apply to the given 
straight line AB a parallelogram equal to the given 
rectilineal figure I and deficient by a parallelo- 
grammic form similar to A. 

Let AB be bisected at the point E, and on E let 
EBZH be described similar and similarly situated to 
A [vi. 18], and let the parallelogram AH be completed. 

If then AH is equal to [', that which was enjoined 
will have been done; for there has been applied to 
the given straight line AB a parallelogram AH equal 
to the given rectilineal figure I’ and deficient by a 
parallelogrammic figure H|3 similar to A. But if not, 
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petlov éotw 70 OE rob TL. toov 6é 76 OE 7H HB: 
petlov dpa kai ro HB rob TV. & 87) pretlov eore 
76 HB rod T, tavrn 7H brepoyy icov, rH Sé 
Gpotov Kal djotws KElpEevov TO a’TO ovvVEcTaTW TO 
KAMN. adda 7} A 7d HB [eorw] Gpovov Kal TO 
KM ape 7 HB eé cor Opowov. eaTw oby opddoyos 
7 pev KA 7H HE,» dé AM 7H IZ. kal émel tgov 
eott To HB rots Yr, KM, peilov dpa éo7i 76 HB 
Tob KM: peilwy dpa ort cai @ pev HE ris KA, 
4 S6€ HZ ris AM. KeicOw rH ev KA ion 7 HE, 
7H S€ AM ton 4» HO, kal ovprenAnpwdolw 76 
ENO wapadAnrdypappov taov dpa Kat dpoudv 
eore [ro HII] ro KM [aAAa 76 KM 7G HB Gpoudv 
éotw]. xat7d HII dpa 7G HB dpotov eorw: epi 
tiv adtny dpa Siduetpov éott ro HIT 7@ HB. 
éaTw adbtd&v didpetpos 7 HIB, Kai xarayeypadbw 
TO OXnMWO. 

*Ezet otv icov éatt tro BH rots T, KM, dv 7d 
HII 7@ KM éorw taov, Aowrds dpa 6 VXR® yrdpwv 
dom tH T taos eoriv. Kat émet toov eaori to OP 
7@ HX, Kowdv mpoaxeicbw 76 IIB: dAov dpa 76 
OB 6hw 76 EB toov eoriv. adda To EB 76 TE 
€oTw taov, émet Kat mAevpa 4) AE mAeuvpa 7H EB 
éorw tan: Kat 76 TE dpa 7@ OB éotw ioov. Kowwdv 
mpookeiatw to HL: OAov dpa 7d TX dAw 7 
OXY yrospovt éotw icov. add 6 OXY yropwv 
7@ T édetyOn icos: kat ro TX dpa 7@ LT éeorw 
igor. 

Ilapa viv Sofeicay dpa ed0eiay tiv AB 7H 
S007 edfvypaypw 7a T icov mapadAnAdypap- 
pov mapaBéBAnrar to XT éAXeimov elder mapad- 
Androypappw 7G IIB cpoiw dvte 7H A [errevdy- 
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let OE be greater than I’. Now OE is equal to HB 
and therefore HB is greater thanT. Let KAMN be 
constructed at once equal to the excess by which HB 
is greater than I‘ and similar and similarly situated 
to A [vi. 25]. But A is similar to HB; therefore KM 
is also similar to HB [vi. 21]. Let KA correspond to 
HE, AM to HZ. Now, since HB is equal to '+KM, 
HB is therefore greater than KM. Therefore HE is 
greater than KA, and HZ than AM. Let Hi be 
made equal to KA, and HO equal to AM, and let the 
parallelogram =HOII be completed. Therefore it is 
equal and similar to KM. Therefore HII is also 
similar to HB. Therefore HII is about the same 
diameter as HB [vi. 26]. Let HIIB be their diameter, 
and let the figure be described. 

Then since BH is equal to + KM, and in these HII 
is equal to KM, therefore the remainder, the gnomon 
YX®, is equal to’. And since OP is equal to 2, 
let IIB be added to each. Therefore the whole of 
OB is equal to the whole of EB. But EB is equal to 
TE, since the side AE is also equal to the side EB 
{i. 36]. Therefore TE is also equal to OB. Let => 
be addedto both. Therefore the whole of TS is equal 
to the whole of the gnomon PXY. But the gnomon 
XY was proved equal tol’. Therefore T2 is also 
equal to TI’. 

Therefore to the given straight line AB there has 
been applied the parallelogram =T equal to the given 
rectilineal figure I’ and deficient by a parallelo- 
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mep TO IIB 7H HL pov eorw}: dmep eee 
Toljoar. 
Fuel. Elem. vi. 29 

llapa iv Sobeicay ebbetav tH S00évrr ebOv- 
ypappw toov mapadrdAydrdypajtpov mapaBaretv drep- 
PaddAov cider wapadrAnrAcypappw opotw 7H Sobévre. 

"Eotrw 7 pev doleica ebfeia % AB, 76 5é So0ev 
ev0vypappor, @ de? igor Tapa TV AB wapaBurety, 








@ Tf AB Sa, LU =a, while the sides of the given parallelo- 
gram A are in the ratio #:¢, and the angle of A is a, then 


=B Sas and 


e H Z 


A E 2 &B b 

(the parallelogram TL) =(the parallelogram TB) 
— (the parallelogram IIB) 
=ae sina — te. «sina, 

If the area of the given rectilineal figure Tis S, the proposi- 
tion tells us that 
b 
ax sin a— ait sina=S, 


To construct the parallelogram TX is therefore equivalent to 
solving geometrically the equation 
bee 2 8 
ax- ~2? =——. 
c sina 
Heath (The Thirteen Books of Euclid’ Elementa, vot. vi 
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grammic form IIB similar to 4; which was to be 
done.? 


Euclid, Elements vi. 29 


To the given straight line to apply a parallelogram 
equal to the given rectilineal figure and exceeding by a 
parallelogrammic figure similar to the given one. 

Let AB be the given straight line, [ the given 


Z AM &k& 8 


ee 
N T= H 


rectilineal figure to which the figure to be applied to 


pp. 263-264), shows how the geometrical method is precisely 
equivalent to the algebraical method of completing the 
square on the left-hand side, and he demonstrates how the éwo 
solutions can be obtained geometrically, though Euclid, con- 
sistently with his practice, gives one only. 

For a real solution it is necessary, as every schoolboy 
knows, that 

wee 

sina 6° 4 
te. SP G : 5) (sin a) (5) 
i.e. SpHE sin a. EB 
ie. S> parallelogram HB. 


This is precisely the result obtained in vi. 27. 
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70 T', & 8€ def Gpovov trepBardcv, 7d A> det 87 
mapa Tv AB ed0etav 7H LV edlvypdppw toov 
TapaddnAdcy papov mapafadeiv trepBdrrov «idee 
mapahrnr oy papi opoia Ta A. 

Tetpjode % AB diya Kara 70 E, aut dvaye- 
ypddlw amo tis EB 7H A Gpowov Kai dpoiws 
Keimevov TapadAnAdypappov 76 BZ, Kat cuvaydo- 
tépois prev Tots BZ, 1 tcov, TH 5é€ A Spovov Kat 
dpoiws Keievov TO adtTo ovveotatw To HO. 
opdroyos S€é €oTw 7H pev KO rH ZA, 4 5€ KH 7H 
ZE. kat évei petlov éeott 76 HO rod ZB, peilwv 
dpa €oti kat 7 pev KO ras ZA, 4 b6€ KH ras ZE. 
exBePAjobwoayv at ZA, ZE, nat 7H pev KO ton 
éo7w 7 ZAM, 7H 8€ KH ton ZEN, Kal cvp- 
metAnpwobw 76 MN: 76 MN dpa 7G HO ioov ré 
€oTt Kal duowov. adda 76 HO 7H EA cor dpocov 
kat To MN dpa 7 EA Gpoicy eorw: epi riyv 
abriy dpa Sidapetpov eat. 76 EA tH MN. yOu 
avrayv didpetpos 7 ZE, Kal Katayeypadlw ro 
oyfue. 

*EEzei tcov eort To HO tots EA, T, ddda 76 HO 
t@ MN too early, Kal TO MN dpa tots EA, r toov 
éoTly. Kowvov adnpnobw 70 EA: hounds dpa. 6 
FAO yeepey 7 T éorw ioos. Kal ezet ton 
eotly » AE 7H EB, toov earl kai 76 AN 7 NB, 
routéott TH AQ. Kowdy zpooxeiobw 76 EE: dAov 
dpa 76 A& toov €oti 7 PNY yrodpove. ara 6 
ONY yropwv 7H T loos €oriv: nai To AE dpa 7@ 
I’ icov éariv. 

Hapa ryv dobctoav dpa ed0etay tHv AB 7d 
dobévre edbuypdjyew 7H LV toov mapadAnAdypappov 
mapapéeBAnra: TO A& brepBaddov etder tapaddrnro- 
212 


PYTHAGOREAN GEOMETRY 


AB is required to be equal, and A that to which the 
excess is required to be similar ; then it is required to 
apply to the straight line AB a parallelogram equal 
to the rectilineal figure and exceeding by a paral- 
lelogrammic figure similar to A. 

Let AB be bisected at E, and let there be described 
on EB the parallelogram BZ similar and similarly 
situated to A, and let HO be constructed at once 
equal to the sum of BZ, I’ and similar and similarly 
situated to A. Let KO correspond to ZA and KH to 
ZE. Now since HO is greater than ZB, KO is there- 
fore greater than Z.\, and KH than ZE. Let ZA, ZE 
be produced, and let ZAM be equal to KO, and ZEN 
equal to KH, and let MN be completed ; therefore 
MN is both equal to HO and similar. But HO is 
similar to EA ; therefore MN is similar to EA [vi. 21]; 
and therefore EA is about the same diameter with 
MN [vi. 26]. Let their diameter ZZ be drawn, and 
let the figure be described. 

Since HO is equal to EA+T’, while HO is equal to 
MN, therefore MN is also equaltoEA+T, Let EA be 
taken away from each ; therefore the remainder, the 
gnomon VX®, is equal to [, And since AE is equal 
to EB, AN is also equal to NB [i. 36], that is, to 
AO [i. 43]. Let EZ be added to each ; therefore the 
whole of AZ is equal to the gnomon ®X¥. But the 
gnomon ®X¥ is equal to I’; therefore AZ is also 
equal to P. 

Therefore to the given straight line AB there has 
been applied a parallelogram AZ equal to the given 
rectilineal figure I’ and exceeding by a parallelo- 
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, ~ ¢ , ” a F228 \ a 
VPALUw@ TH 10 OPOLUd OVTL TU A, Emel KAL TW 
= 


SA éorw opoov 76 Oll+ omep Eder movqoar. 


(e) Tur IrrationaL 


Schol, i. in uel. Blem. x., Evel. ed. Heiberg 
ve #15. 7-417, I+ 

THov Sé rH apyny ext Ti THs cupperplas 
Qjrnow of Mvbaydperoe mpBrou adryy e€evpdvres 
ex THs TOV apiludy KaTavojcews. KoLvod yap 
dmdvrwy ovros pétpov THs povados Kal él Tay 
peyeOGv Kowvor pétpov edpeiv odk HdvvAOncar. 
alriov 8€ 76 mdvTa plev Kal OmoLoroty apiOuov Kal” 
omotacotv Topas Statpovpevov pdpidy Te KaTa- 
Ayumdvew eAdxrotov Kal touts aveTiSextov, mv 
8€ péyeDos én” drepov Siaipovpevov py KaTa- 
Aysrrdvew podprov, 6 dia Td elvar eAdyrorov Tony 
obK émdeéerat, GAAG Kal éxetvo én’ arreipov Tepvo- 
flevov Toleiv dmretpa pidpia, Gv Exaotov én’ arerpov 
TpnOrjaerar, Kal amADs TO pev péyefos Kara pev 
To pepilec@ar pretéxewy tis Tob ameipov apyis, 
kata S€ tiv oAdTHTA THs Tob mépatos, Tov Sé 
dpiOov Kata pev TO pepilecPar ris tod wéparos, 





@ ¥f the angle of A is a and its sides are in the ratio b: ¢, 
while AB -a and OZ -., then 
(parallelogram AZ) = (parallelogram. ATL) + (parallelo- 
gram B32) 
t; 
=ae sin a+ ae .«x sina. 
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grammic form IIO similar to A, since OIL is similar 
to E.\ 3; which was to be done.* 


(e) Tue Irrationan ® 


Euclid, //ements x., Scholium i., Eucl. ed. Heiberg 
v. 415. 7-417. 14 

The Pythagoreans were the first to make inquiry 
into commensurability, having first discovered it as 
a result of their observation of numbers ; for though 
the unit is a common measure of all numbers they 
could not find a common measure of all magnitudes. 
The reason is that all numbers, of whatsoever kind, 
howsoever they be divided leave some least part 
which will not suffer further division ; but all magni- 
tudes are divisible ad znfinttum and do not leave some 
part which. being the least possible, will not admit of 
further division, but that remainder can be divided 
ad infinitum so as to give an infinite number of parts, 
of which each can be divided ad infinitum; and, in 
sum, magnitude partakes in division of the principle 
of the infinite, but in its entirety of the principle of 
the finite, while number in division partakes of the 


But by the proposition, if S is the area of f 
(parallelogram AZ=)=S, 
. 1 b 2 Ss 
. ALTE = 
ce sina 
To construct the parallelogram A= is therefore equivalent 
to solving geometrically this quadratic equation. There is 
always a real solution, and so no Sopiopes is necessary as 
in the case of the preceding proposition. Heath (The Thir- 
teen Books of Euclid’s Elements, vol. ii. pp. 266-267) again 
shows how the procedure is equivalent to the algebraic 
method of completing the square. Euclid’s solution corre- 
sponds to the root with the positive sign. 
> For further notices see supra, pp. 110-111, p. 149 n. ¢. 
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Kata S€ rHv OAdTHTA THs TOO amelpov . . . TOV yap 
Tlu@ayopetwy Adyos tov mpa@rov THv wept tovrwv 
Gewplay eis tovppares eLayayovta vavayiw Trepi- 
TEGELV. 


(f) Tue Five Recurar Sorips 


Phil. ap. Stob. Fcl. 1, proem. 3, ed. Wachsmuth 18. 5; 
Diels, Vors. i5. 412. 15-413. 2 


‘ii ad | A \ ~ ‘ ’ / > i A 
Kai ra fev Tas odaipas owpata mévTe evTt, 7 
? 
ev 74 opaipa Top «kat vdwp Kal ya Kal anp, 
Kal 6 Tas odatpas OAKds,' 7éuator. 


Aét. Plac. ii. 6.53 Diels, Vors. iS, 403. 8-12 


TvOaydpas mévre oynudrwy dvrwy orepedv, 
arep KaAeira Kal Habnparecd, ex pev Tob xdBou 
gyat yeyovevar Tp yh, ek be Tis mupap.isos TO 
mp, éx be rob dxracdpov Tov dépa, ex dé Tob 
elkooaddpov 70 vowp, ék S€ Tod Swdexaddpou Tiv 
Tot mavTos adaipay. 

1 GAxds: 6Axds coniecit Wilamowitz. 


° A regular solid is one having all its faces equal polygons 
and all its solid angles equal. The term is usually restricted 
to those regular solids in which the centre is singly enclosed. 
There are five, and only five, such figures—the pyramid, 
cube, octahedron, dodecahedron and icosahedron. They 
can all be inscribed in a sphere. Owing to the use made of 
them in Plato’s Timaeus for the construction of the universe 
they were often called by the Greeks the cosmic or Platonic 
figures. As noted above (p. 148), Proclus attributes the 
construction of the cosinic figures to Pythagoras, but Suidas 
(infra, p. 378) says Theaetetus was the first to write on them. 
The theoretical construction of the regular solids and the 
calculation of their sides in terms of the radius of the cireum- 
scribed sphere occupies Book xiii. of Euclid’s Elements. It 
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finite, but in its entirety of the infinite. . . . There 
is a legend that the first of the Pythagoreans who 
made public the investigation of these matters 
perished in a shipwreck. 


(f) Tue Five Recurar Sorins4 


Philolaus, cited by Stobaeus, Fxtracts 1, proem. 3, ed. 
Wachsmuth 18. 5; Diels, Vors. i®. 412. 15-413. 2 


There are five bodies pertaining to the sphere—the 
fire, water, earth and air in the sphere, and the vessel 
of the sphere itself as the fifth.? 


Aétius, Placita ii. 6.5; Diels, Vors. 15. 403. 8-12 
Pythagoras, seeing that there are five solid figures, 
which are also called the mathematical figures, says 
that the earth arose from the cube, fire from the 
pyramid, air from the octahedron, water from the 
icosahedron, and the sphere of the universe from 
the dodecahedron.¢ 


calls for mathematical knowledge which the Pythagoreans 
did not possess ; but there is no reason why the Pythagoreans 
should not have constructed them practically in the manner 
of Plato by putting together triangles, squares or pentagons. 
The passages here given almost compel that conclusion. 

The subject is fully treated in Die fiinf Platonischen Kérper, 
by Eva Sachs (Philologische Untersuchungen, 2les Heft, 
1917). Archimedes, according to Pappus, Coll. v., ed. 
Hultsch 852-358, discovered thirteen semi-regular solids, 
hee faces are all regular polygons, but not all of the same 

ind. 

> In place of dAkds Wilamowitz suggests oAxds, which is 
derived from éAcw and could be translated ‘“‘ enyelope.”’ This 
fragment, it will be noted, does not identify the regular solids 
with the elements in the sphere, but it is consistent with that 
identification, for which the earliest definite evidence is 
Plato’s Timaeus. 

¢ Aétius’s authority is probably Theophrastus. 
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Mparov prev 6») Op Kal yR kat USep Kal agp ote 
ompard éoTt, diprov Trou Kal mavri. 70 b€ Tod 
ouwparos elSos may Kal Bdbos exer. 7d S€ Babos 
av doa avayKn Thy émimedov mepeAn evar pow. 
7 S€ op0y Tis émumédou Bacews eK Tprye@vey 
ouréoTnKe. Ta d€ Tplywra mavTa ex Svoiv dpyerae 
Tprywvoww, piav prev opOiyy Exovtos Exatépov ywviar, 
Tas dé ogetas: dv TO pev éTEpov éxatépwley EXEL 
[épos yeovias op Ais meupais t oats Senpnyevns, TO 
b€ Erepov avidos dvica Hepn) vevepnpevs. my 

Totv 6% dvotv Tpryvow TO pev toooxedes pula 
etAnxe puow, 70 b€ mpounnes dmepavrous. 7™po~ 
atpeTéov oby av TaV dretpw TO Kddorov, et 
ueMdopev dapfecbar Kata tTpdmov. av ovv Tis 
Mw Fe > tf . tal 7 \ -¢ f 
éyn KaAXuov exreEdpevos etreiv eis THY ToUTWY aU- 

> a. > bs ‘ n > ‘ et a 

oraow, ékeivos o0K éx8pos av ada didos Kpatet: 

4 > io ~ ~ ca / 
TiBée8a 8° obv TOV TOAAGY Tprywvwy KdAALaTOY 

- ia 

ev, uTepBavtes TaAAa, €€ 08 70 iadmAeupov Tplywvov 
ek TpiTov ouvéaTnKev. . . . 

ry 1 o¢ oA ’ , 9 

Oiov Sé€ exacrov abrayv yéyovev eldos Kat && 

dow cuptecdvtwy apiOudv, Aéyew av émdpevov 
~ = ‘ 

ein. apger 81 7d Te mp@TOV Eldos Kal GpiKpdoTaToV 

ouvoTapevov: orotxyeiov 8 abrod 76 THY Umotel- 

vovaayv THs €AaTTovos TAcupas SimAaclay éxov 

pyKer avvduvo S€ towovTwy Kata didjeTpov ouvre- 

Gepévwy Kal Tpis ToUTOU yevopevov, Tas SiapeTpous 


2 This passage is put into the mouth of ‘Timaeus of Locri, 
a Pythagorean leader, and in it Plato is generally held to be 
reproducing Pythagorean ideas. 

° ie. the rectangular isosceles triangle and the rectangular 
sealene triangle. 
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Plato, Timaeus 53 c-55 c % 

In the first place, then, it is clear to everyone, I 
think, that fire and earth and water and air are 
bodies. Now in every case the form of a body has 
depth. Further, it is absolutely necessary that depth 
should be bounded by a plane surface; and the 
rectilinear plane is composed of triangles. Now all 
triangles have their origin in two triangles, each 
having one right angle and the others acute; and 
one of these triangles has on each side half a right 
angle marked off by equal sides, while the other has 
the right angle divided into unequal parts by unequal 
sides.o . .. 

Of the two triangles, the isosceles has one nature 
only, but the scalene has an infinite number ; and of 
these infinite natures the fairest must be chosen, if 
we would make a suitable beginning. If, then, any- 
one can claim that he has a fairer one for the con- 
struction of these bodies, he is no foe but shall prevail 
as a friend ; but we shall pass over all the rest and 
lay down as the fairest of the many triangles that 
from which the equilateral triangle arises as a third 
when two are conjoined. . . .¢ 

In the next place we have to describe the form in 
which each kind has come into existence and from 
what numbers it is compounded. <A beginning must 
be made with that kind which is primary and has the 
smallest components, and its element is the triangle 
whose hypotenuse is twice as long as the lesser side. 
When a pair of these triangles are joined diagonally 
and this is done three times, by drawing the hypo- 


© i.e, the “ fairest ” of rectangular scalene triangles is half 
of an equilateral triangle, the sides being in the proportion 

1, V3, 2. 
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Kal tas Bpayelas mAevpas ets tadrov ws KévTpov 
epeadvtwy, év iadmAevpov tpiywvov &€€ é€ Tov 
apibusy dvtwy yéyovev. 

Tplywva dé iodmAcupa ovrictdpeva. TérTapa Kata, 
avvtpes emimédous ywrias play orepedy ywvriav 
move, THs apBAvTaryns Tov éemmédav ywrdv 
efeEns yeyovviay: towovTwy dé amoreAcabecdv 
TeTTAapwv mparov eldos atepedv, dAov mepipepods 
diaveuntixoy eis toa pépy Kal Gpoa, ovviorarat. 
devtepov dé ek pev Tov adbt@v tprywvwv, Kara. 
dé ladmAcvpa tpiywva dKkTw ovotdvrwy, piay 
amepyacapevwy otepeav ywriay ex terrdpwy ém- 
méduv- Kal yevonevwn €€ TrorovTwy Td SevtEepov ad 
o@pa ovtws éaye téAos. 7d 8€ TpiTov ex Sis 
e£jxovTa TOV aTotyelwy ovpTmayevTwy, aTepedv 
b€ ywrdy Swoexa, 7d TévTe emiTmédwy Tprywrun 
ioomAc¥pwv meprexoevns éxdoTns, etkoat Bdcets 
éxov laomAevpous tprywvous yéyover. 

Kat 76 pev érepov dmjA\axto Ta&v orotyetwy 





9 As in the accompanying diagram, the triangles AOF, 

COD, AOE, BOD, COE, BOF 

A are joined together so as to form 

the equilateral triangle ABC. As 

Plato has already observed, an 

equilateral triangle can also be 

F E made out of two such triangles. 

A. i. Taylor (4 Commentary 

on Plato's Timaeus, pp. 374-375), 

first pointed out the correct mean- 

ing of Kata Siaperpov, ‘* diagon- 

D C ally.” Previously, following 

Boeckh, editors had supposed that 

it meant “so that their hypotenuses coincide,” e.g., triangle 

AOF is placed «ard Sidperpor with triangle AOE; Plato almost 

certainly meant that triangles AOF, COD are xara Sidperpov. 
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tenuses and shorter sides to a common centre, from 
those triangles, six in number, there is produced one 
equilateral triangle.* 

Now when four equilateral triangles are put to- 
gether so that the three plane angles meet in a point, 
they make one solid angle, which comes next in order 
to the most obtuse of the plane angles ®; and when 
four such angles are formed, the first solid figure ¢ is 
constructed, dividing the whole of the circumscribed 
sphere into equal and similar parts. The second 
solid ¢ is formed from the same triangles, but is con- 
structed out of eight equilateral triangles, which 
make one solid angle from four planes; when six 
such solid angles have been produced, the second 
body is in turn completed. The third solid * is made 
up of twice sixty of the elemental triangles and of 
twelve solid angles, cach solid angle being comprised 
by five plane equilateral triangles, and the manner 
of its formation gives it twenty equilateral triangular 
bases. 

Now the first of the elemental triangles was dropped 


> The three plane angles together make two right angles, 
which is “‘ the most obtuse of the plane angles.” 

¢ i.e., the regular tetrahedron or pyramid, which has four 
faces, each an equilateral triangle, and four solid angles, each 
formed by three of the equilateral triangles; Plato later 
makes it the element of fire. 

¢ i.e, the regular octahedron, which has eight faces, each 
an equilateral triangle, and six solid angles, each formed by 
four of the equilateral triangles; Plato later makes it the 
element of air. 

¢ d.e., the icosahedron, which has twenty faces, each an 
equilateral triangle (and is therefore made up of 120 elemental 
rectangular scalene triangles, inasmuch as six such triangles 
are put together to form one equilateral triangle), and twelve 
solid angles, each formed by five of the equilateral triangles ; 
Plato later made it the element of water. 
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tara yervijoay, ae) be iaooxe)es Tplywvov eyévva 
Thy Tob _TeTdptov pow, Karta TérTTapa ouviard- 
fevov, eis TO KévTpov Tas opbas yevias ouvayov, 
év lodmAeupov TeTpaywovov dmepyacdpevov’ ef 5é 
ToLavuTAa oupmayevTa ywvias OKTO oTepeas an- 
etédece, KaTa Tpeis emimédous dpOds svvappobetons 
éxdoTys’ TO b€ oyHua Tob avoTdyTos ouj.aTos 
yéyove kuPikov, €& émumédous TeTpaydvous tco- 
mAevpous Bdoes éyov: é7e 5é€ odons avatdoews 
puds méumtyns, emt 7o mav 6 Oeds adtf KaTexpr- 
gato exeivo dialwypadav. 


Iambl. De Vita Pythag. 18. 88, ed. Deubner 52. 2-8 


Ilepi 8 ‘Inmmdcov pddiara, ws Fv pev Tay 
Tvdayopetev, dua be 76 eeveynety Kal ypdyacbat 
TmpwTWS oduipay Thy ek Tav dddeka TEevTAywMVUY 
amudeto Kata OddAatrav cos dceByoas, ddgav be 
AdBor ws edpav, elvar 8€ mavra exetvou Tot avdpds* 





® Asin the accompanying figure, the four isosceles scalene 
triangles AOB, DOC, BOC, DOA 
A 8 placed about the common vertex 
O form the square ABCD. The 
fourth figure is the cube, which 
has six faces, each a square (and 
is therefore made up of twenty- 
four of the elemental rectangular 
isosceles triangles), and eight solid 
angles, each formed by three of 
8) Cc the squares; Plato later makes it 
the element of earth, 
> ie, the regular dodecahedron, — ‘This requires, however, 
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when it had produced these three solids, the nature 
of the fourth being produced by the isosceles triangle. 
When four such triangles are joined together, with 
their right angles drawn towards the centre, they 
form one equilateral quadrangle*; and six such 
quadrangles, put together, made eight solid angles, 
each composed of three plane right angles ; and the 
shape of the body thus constructed was cubic, having 
six plane equilateral quadrangular bases. As there 
still remained one compound figure, the fifth,’ God 
used it for the whole, broidering it with designs.° 


Iamblichus, On the Pythagorean Life 18. 88, 
ed. Deubner 32, 2-8 


It is related of Hippasus that he was a Pythagorean, 
and that, owing to his being the first to publish and 
describe the sphere from the twelve pentagons, he 
perished at sea for his impiety, but he received credit 
for the discovery, though really it all belonged to 


a new element, the regular pentagon. It has twelve faces, 
each a regular pentagon, and twenty solid angles, each 
formed by three pentagons. The following passages give 
evidence that the Pythagoreans may have known the pro- 
perties of the dodecahedron and pentagon. A number of 
objects of dodecahedral form have survived from pre-Pytha- 
gorean days. 

¢ This has often been held, following Plutarch, to refer to 
the twelve signs of the Zodiac, but A. E. Taylor (4 Com- 
mentary on Plato’s Timaeus, p. 377) rightly points out that 
the dodecagon, not the dodecahedron, would be the appropri- 
ate symbol for the Zodiac. He finds a clue to the meaning 
in Timaeus Locrus 98 ©, where it is pointed out that of the 
five regular solids inscribable in the same sphere the dode- 
cahedron has the maximum volume and “ comes nearest ”’ 
to the sphere. Burnet finds the real allusion to the mapping 
of the apparently spherical heavens into twelve pentagonal 
regions. 
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mpooayopevovar yap ovtw Tov IlvOayépay Kal od 
xadodow dvopare. 


Lue, Pro Lapsu inter Salut. 5, ed. Jacobitz i. 330, 11-14 
‘ , ~ > an z ‘ ’ 

Kai 7d ye tpim\otv adrois tplywrov, To 8c 

> , A ‘ ie , ‘ ‘ 
GAAjAwy, TO TEevTaypappov, © aupPdAw mpos Tods 
opoddéous eypavto, vyleva mpos adta@v wvopdlero. 





* Jamblichus tells the same story, almost word for 
word, in De communi Mathematica Scientia ec. 25 (ed. 
Festa 77. 18-24); the only substantial difference is. the 
substitution of the word €éaydévwv for mevraydévwr, which 
is a slip. The story recalls the passage given above 
(p. 216) about the Pythagorean who perished at sea for re- 
vealing the irrational. Hle may very well have been the 
same person as Hippasus, for the irrational would quickly 
come to light in a study of the regular solids. 
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HIM (for in this way they refer to Pythagoras, and 
they do not call him by his name).* 


Lucian, On Slips in Greetings 5, ed. Jacobitz i, 330. 11-14 


The triple interlaced triangle, the pentagram, 
which they (the Pythagoreans) used as a password 
among members of the same school, was called by 
them Health.® 

> Cf. the scholium to Aristo- 
phanes, Clouds 609. The penta- 
gram is the star-pentagon, as in the 
adjoining diagram. The fact that 
this was a familiar symbol among 
them lends some plausibility to the 
belief that they know how to con- 
struct the dodecahedron out of twelve 
pentagons. 
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VII. DEMOCRITUS 

Plut. De Comm. Notit, 39. 3, 1079 £ 
"Ext roivuv dpa tiva tpdTov amjvryjce Anpuoxpizw, 
Scamopobvrt ducks Kal éemitvy@s, ef K@vos Té- 
pvovro Tapa tiv Bdow émimédw, Ti xp7 Stavoetobat 
Tas Tav TpnudTwr enipaveias, loas 7 avicous 
ywopévas; dricor pev yap obca Tov Kavov dv- 
wparov mapeEovat, ToAAds atoxyapaters AapBdvovra 
Babpoedeis Kal tpuydrntas: tawv 8 obedv, toa 
TuNpata é€orar, Kal favetrac TO Tod KvAivdpou 
metovdws 6 Kavos, €€ lawy ovyKkeipevos Kal odK 

dvicwy KixAwy, Omep eotivy dtomuTaToV. 


Archim. AMeth., Archim. ed. Heiberg ii. 430. 1-9 


Atérep Kal Trav Jewpnuatwy TovTwr, dv Evdofos 
eEnupynkev mp@tos Thy anddekw, wept Tod KwVOU 
Kal THs Tupapidos, OTe Tpitov pépos 6 pév KaVOS 





@ Plutarch tells this on the authority of Chrysippus. 
Democritus came from Abdera. He was born about the 
same time as Socrates, and lived to a great age. Plato 
ignored him in his dialogues, and is said to have wished to 
burn all his works. The two passages here given contain all 
that is definitely known of his mathematics, but we are 
informed that he wrote a book On the Contact of a Circle and 
a Sphere; another on Geometry; a third entitled Geometrica ; 
a fourth on Vumberss a fifth On Irrational Lines and Solids; 
and a sixth called ’Exmerdopara, which would deal with the 


228 


VII. DEMOCRITUS 
Plutarch, On the Common Notions 39. 3, 1079 £ 


Consiwer further in what manner it occurred to 
Democritus,” in his happy inquiries in natural science, 
to ask if a cone were cut by a plane parallel to the 
base,? what must we think of the surfaces forming 
the sections, whether they are equal or unequal ? 
For, if they are unequal, they will make the cone 
irregular, as having many indentations, like steps, 
and unevennesses ; but if they are equal, the sections 
will be equal, and the cone will appear to have the 
property of the cylinder, and to be made up of equal, 
not unequal, circles, which is very absurd.¢ 


Archimedes, Method, Archim. ed. Heiberg 
ii. 430. 1-9 


This is a reason why, in the case of those theorems 
concerning the cone and pyramid of which Eudoxus 
first discovered the proof, the theorems that the cone 


projection of the armillary sphere on a plane. As his mathe- 
matical abilities were obviously great, it is unfortunate that 
our information is so meagre. 

> A plane indefinitely near to the base is clearly indicated 
by what follows. 

¢ This bold inquiry first brought the conception of the 
indefinitely small into Greek mathematics. The story har- 
monizes with Archimedes’ statement that Democritus gave 
expressions for the volume of the cone and pyramid. 
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Tou Kurjivdpov, 7 S5é€ mupapis tod mpispatos, Tav 
Baow exovrwy tH adrny Kat tibos iaov, ov puxpay 
aroveta dv tis Anpoxpirw pepida mpwtw tHv 
andpacty THv mepi TOO elpnucvov oxrpatos xwpis 
dnodetkews anofpnvapevy. 


DEMOCRITUS 


is a third part of the cylinder, and the pyramid of the 
prism, having the same base and equal height, no 
small share of the credit should be given to Demo- 
critus, who was the first to make the assertion with 
regard to the said figure,® though without proof. 


* So the Greek. Perhaps “ type of figure.” 
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VIII. HIPPOCRATES OF CHIOS 


(a) GENERAL 


Philop. tn Phys. A 2 (Aristot. 185 a 16), ed. Vitelli 
31. 3-9 


e , ae a w ~ A 
Inmoxparys Xtds tis wy Europos, AnorpiKH vyi 
‘ \ i. 3 a ’ if 
nepimeawy Kat mdvra dmodécas, FAGev "AOnvale 
ypapopevos Tovs Anords, Kal moAby mapapévwy ev 
"A@ Ld 8 ‘ ‘ ‘ 4, % id ’ 
jvars Sia THY ypadyv xpdvov, epoitnaer els 
piroadgous, Kai els togotrov eews yewperpicys 
WAGev, ws emyeipfoat evpely rov KUKAou TeTpayw- 
viouov. Kal avrov pev ovy dpe, Terpaywvicas dé 
4 é ed ~ LJ iz a A 
Tov pnvioxov o70n pevdais €x TovTov Kal Tov 
KUKAov TeTpaywrilew’ eK yap Tov TeTpaywriopod 
Tot pnvicxov Kal Tov Tod KUKAov TeTpaywriopov 
Ame id 
@HOn avrAdoyilecOa. 


(6) QuapRaTure or Lunes 


Simpl. tn Phys. A 2 (Aristot. 185 a 14), ed. Diels 
60. 22-68. 32 
‘O peévror Evdnuos ev 77 Tewperpixn toropia 
ovx émi Tetpaywrixts mAeupds Seibai drow tov 
‘Inmoxpdtny tov tod pnvioxov TeTpaywriopor, 
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(a) GENERAL 


Philoponus, Commentary on Aristotle's Physics A 2 
(185 a 16), ed. Vitelli 31. 3-9 


Hiprocrates of Chios was a merchant who fell in 
with a pirate ship and lost all his possessions. He 
came to Athens to prosecute the pirates and, staying 
a long time in Athens by reason of the indictment, 
consorted with philosophers, and reached such pro- 
ficiency in geometry that he tried to effect the quad- 
rature of the circle. He did not discover this, but 
having squared the lune he falsely thought from this 
that he could square the circle also. For he thought 
that from the quadrature of the lune the quadrature 
of the circle also could be calculated.? 


(6) QuapRaTuRE oF LuNEs 


Simplicius, Commentary on Aristotle's Physics A 2 
(185 a 14), ed. Diels 60. 22-68. 32 


Eudemus, however, in his History of Geometry says 
that Hippocrates did not demonstrate the quadrature 


® A lune (meniscus) is the figure included between two 
intersecting ares of circles. It is unlikely that Hippocrates 
himself thought he had squared the circle, but for a discus- 
sion of this point see infra, p. 310 n, 6. 
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LAA A 6 od € ” ” 

GAAG KaloAov, ws dv Tus etrou. et yap mas pnve- 

oKos Ty exTos Trepipepevav 7) tony eye Teevadiov 

7 petlova 7 éeAdrrova, tetpaywvriler $€ 6 ‘Inmo- 
4. ” 

Kpdtyns Kal tov lonv ayuKvedlov €yovtTa Kal TOV 
, ‘ ‘ > , , n Ww ‘ 
peilova Kai tov éAdtTova, KabdAov av etn Sederyws 
e ) ~ ? 6. a r.) A < e * ~ 7 0) Ls A 
ws doxet. exOjoopar Sé Ta b76 TOD Evdijpov Kara 
Aééw Aeyopeva ohiya Twa macau sts (etsy? oad 
vecav amo Tis tav Edvkreidsov & Urotxetwy avap.y- 
cews bia TOV Bropvynatucoy TpdTov Tod Evdryou 
KaTa TO apyaikov €Oos auvrdpous exOepevou Tas 
amoddces. Adyer Sé We ev TO Sevtépw BiBrtw 

tis Tewperpirijs laropias. 


1 es add. Usener. 





@ As Alexander asserted. Alexander, as quoted by 
Simplicius in Phys. (cd. Diels 56. 1-57, 24), attributes two 
quadratures to Hippocrates. 





In the first, AB is the diameter of a cirele, AT, TB are 
sides of a square inscribed in it, and AT is a semicircle 
described on Al’. Alexander shows that 

lune AED =triangle ATA, 
In the second, AB is the diameter of semicircle and on TA, 
equal to twice AB, a semicirele is described. TE, EZ, ZA 
are sides of a regular hexagon, and VHE, OZ, ZKA are 
semicircles described on TE, EZ, ZA. Alexander shows that 
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of the lune on the side of a square? but generally, as 
one might say. For every lune has an outer circum- 
ference equal to a semicircle or greater or less, and 
if Hippocrates squared the lune having an outer 
circumference equal to a semicircle and greater 
and less, the quadrature would appear to be proved 
generally. Ishall set out what Eudemus wrote word 
for word, adding only for the sake of clearness a few 
things taken from Euclid’s Elements on account of the 
summary style of Eudemus, who set out his proofs 
in abridged form in conformity with the ancient 
practice. He writes thus in the second book of the 
History of Geometry.° 


lune THE + lune EOZ + lune ZKA + semicircle AB= 
trapezium TEZA, 

The proofs are easy. Alexander goes on to say that if the 
rectilineal figure equal to the three lunes (‘‘ for a rectilineal 
figure was proved equal to a lune”’) is subtracted, the circle 
will be squared. The fallacy is obvious and Hippocrates 
could hardly have committed it. This throws some doubt on 
the whole of Alexander’s account, and Simplicius himself 
observes that Eudemus’s account is to be preferred as he was 
“nearer to the times ”’ of Hippocrates. 

> It is not always easy to distinguish what Eudemus wrote 
and what Simplicius has added. The task was_ first 
attempted by Allman (Hermathena iv., pp. 180-228; Greek 
Geometry from Thales to Euclid, pp. 64-75). Diels, in his 
edition of Simplicius published in 1882, with the help of 
Usener, printed in spaced type what they attributed to 
Eudemus. In 1883 Tannery (Wémoires scientifiques i., pp. 
339-370) edited what he thought the Eudemian passages. 
Heiberg (Philologus xliii., pp. 336-344) gave his views in 1554. 
Rudio discussed the question exhaustively in 1907 (Der 
Bericht des Simplicius tiber die Quadraturen des Antiphon 
und Hippokrates), but unfortunately his judgement is not 
always trustworthy. Heath (//.G./. i. 183-200) has an 
excellent analysis. In the following pages I have given only 
such passages as can safely be attributed to Eudemus and 
omitted the rest, 
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oe K ‘ e ~ , A ‘ , 
al of rBv pnviokwy 5€ retpaywriopol b6- 
faves elvar Tav ovK émumroAatiny Staypappdrwy 
bea Thy olKerdTynTA TI¥ pos, Tov KuKAov ug’ ‘Inm0- 
Kpdtous eypadnady te mpwrov Kal Kata tpdTov 
Mi > ~ , Ln - € rs ‘ 
€ofav amodobjvai: Siémep én méov japeopeBa 
Te Kal SeAPeupev. apx7y pev oby emroujaaro Kat 
mparov eBeto TOV Tp0s | avrovs xpnoimwy, ore TOV 
abdrov Adyov exer TA TE Opota TOY KUKAWY THYpATA 
‘ La A € 4 7“ ~ , ~ 
mpos GdAnAa Kai ai Pacers adtay Suvaper. todro 
dé edeikvuev ex Tob Tas Stapérpous Setfar tov adtov 
Adyov exovaas Suvdper Tots KUKAoLS. 
* AeixBevros bé avT@ TovTou mp@rov pev éypade 
Lnvioxoy Thy éxros mepipeperay exovros HpiKuKAlov 


rive Tpdmov yévorro dv retpaywriopos. dmedi8ou 
5€ todto mept tpiywvov opBoyesridy TE Kat igo- 
oxeXes MpuKvKov meprypdibas Kal mept thy Baouw 
THILO Kuxdov Tots und Tay emleux Gerad adat- 
povpevors dpotoy, dvTos be Tob mept THY Bdow 
THNPATOS | tgov tots mept Tas érépas dpugorepors, 
Kai Kowob mpoorebevros Tob pépous Tob Tpuyesvou 
Tou bméep TO THA TO mept THY Baow, % toos éorat 6 
é 
uqviaKos TO Tprywrw. taos ovv 6 pnvioKos 7 
tpuysvw SerxyOels tetpaywriloto dv. obtws pev 
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“ The quadratures of lunes, which seemed to belong 
to an uncommon class of propositions by reason of the 
close relationship to the circle, were first investigated 
by Hippocrates, and seemed to be set out in correct 
form; therefore we shall! deal with them at length and 
go through them. He made his starting-point, and 
set out as the first of the theorems useful to his pur- 
pose, that similar segments of circles have the same 
ratios as the squares on their bases. And this he 
proved by showing that the squares on the diameters 
have the same ratios as the circles.? 

“ Having first shown this he described in what way 
it was possible to square a lune whose outer circum- 
ference was a semicircle. He did this by circum- 
scribing about a right-angled isosceles triangle a 
semicircle and about the base a segment of a circle 
similar to those cut off by the sides.¢ Since the 
segment about the base is equal to the sum of 
those about the sides, it follows that when the part 
of the triangle above the segment about the base is 
added to both the lune will be equal to the triangle. 
Therefore the lune, having been proved equal to 
the triangle, can be squared. In this way, taking 

* Lit. ‘‘ as the bases in square.” 

® This is Eucl. xii. 2 (see infra, pp. 458-465). Euclid proves 
it by a method of exhaustion, based on a lemma or its equi- 
valent which, on the evidence of Archimedes himself, can 
safely be attributed to Eudoxus, We are not told how 
Hippocrates effected the proof. 

* As Simplicius notes, this is the problem of Eucl. iii. 33 


and involves the knowledge that similar segments contain 
equal angles. 
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obv HpuKudrlou THY é€w Tod pyvickov Tepipeperay 
dmb emevos eretpaywvioev oO ‘Immoxpatns Tor 
ey iakov edKoAWS. 

“Etra ede€is peilova, Tuer Aton: broriBeras 
avoTnadpevos tparéliov Tas pev Tpels Exov mAevpas 


Zz 








B A 


toas aAArjAats, THY dé play my petlw Tav Trapan- 
Arjrwy tpimAaciay éxetvun Exaorns Suvdpet, kal 76 
Te Tpaméliov mrepidaBay KUKA@ KaL TEpl THY [Me- 
ylorny avrod mAeupay _Spotov THApa meprypaipas 
tots v70 Tov iowy Tpidv ATOTELVOLEVOLS ad 700 
KUKAov. OTe dé petlov & €or juixvKAiov 7d AexOev 
THALA, dipov axBetons € év TO Tparrelion dtapezpov. 
dvayKn yap TavTHY d76 Svo meupas vToretvougay 
Tod tpameliov tis brodoimov pias peifova 7 Sus 
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a semicircle as the outer circumference of the. lune, 
Hippocrates réadily squared the lune.” 
“* Next in order he assumes [an outer circumferencé] 
greater than a semicircle [obtained-by] Grease a 
trapezium having three sides equal to one another 
while ene; the greater of the parallel sides, is eur tliat 
the square on it is three-times the square on each of 
those sides, and then comprehending the trapezium 
in a circle and circumscribing about @ its greatest side 
a segment similar to those cut off from the eirele by 
the three equal sides.? That the said segment ° is 
greater than a semicircle is clear if a diagonal is 
drawn.in the trapezium. For this diagonal, sub- 
tending two sides of the trapezium, must be such that 


> 


the square on it is greater than double the square on 


* ie,“ describing on.” 


> Simplicius here inserts a proof that a circle can be de- 
scribed about the trapezium. 


¢ i.e, the segment bounded by the outer circuntference. 
Eudemus is going to show that the angle in ‘it‘is acute”dnd 
therefore the segment is greater than.a semicircle, Bae 
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miaciay elvar Svvdper. 1) dpa BY peilov 7 SirAdavov 
Svvara: dxardpas rv BA, AT, dore wai ris TA. 
Kai THy peylorny dpa t&v tod tpareCiov mAcupav 
tiv BA dvayxatov éXatrov Svvacbat rijs Te dia- 
peétpov xai t&v étépwv mAcupdv éxeivns, vd’ Tv 
droreiver pera THS diapeTpov 7) AexGeioa. at yap 
BY, TA peilov 7 tpimAdacov Svavra rAs TA, 7 
3¢ BA rpimAdoov. dfeta dpa éoriv 7 emt rijs 
peovos rod tpareliov mAevpas BeBynxvia ywvia. 
petlov dpa muixvxAiov €or To TuApa ev @ oti. 
Onep €oriv 7 é&w mepipepeta Tov pnvioKov. 

“Ei 8€ eAdrrwy tyuxv«dlov «ln, mpoypditas 
todvde 7+ 6 ‘Inmoxpdtys Totvro Kateckevacev: 





éotw KUKAos od Sidyuetpos éf’ F [7]' AB, xévrpov 

d€ abrod ef’ & K- nai 7 pev ef Ff TA diya te 

‘ A Md Oa , ‘ +7) BK- e be Li a 

Kat mpos opbdas reuvéerw thy ed’ F H 5€ éd 

EZ xeicOw ravrns peragv Kal ris twepipepetas 

€mi 70 B vevouca tay ex Tod Kévrpou Huuodia ovaa 
1 4 om. Diels. 


* A proof is supplied in the text, probably by Simplicius 
though Diels attributes it to Eudemus. The proof is that, 
since BA is parallel to AI but greater than it, AY and BA 
produced will meet in Z. Then ZAT is an isosceles triangle, 
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one of the remaining sides. Therefore the square on 
BI is greater than double the square on either BA, 
AT, and therefore also on l'‘A.2_ Therefore the square 
on BA, the greatest of the sides of the trapezium, 
must be less than the sum of the squares on the 
diagonal and that one of the other sides which is 
subtended by the said [greatest] side together with 
the diagonal.? For the squares on BI, VA are greater 
than three times, and the square on BA is equal to 
three times, the square on I'A. Therefore the angle 
standing on the greatest side of the trapezium ¢ is 
acute. Therefore the segment in which it is is greater 
than a semicircle. And this segment is the outer 
circumference of the lune.? 

“If [the outer circumference] were less than a 
semicircle, Hippocrates solved ¢ this also, using the 
following preliminary construction. Let there be a 
circle with diameter AB and centre K. Let I'A bisect 
BK at right angles ; and let the straight line EZ be 
placed between this and the circumference verging 
towards B so that the square on it is one-and-a-half 
so that the angle ZAT is acute, and therefore the angle BAT 
is obtuse. 

> i.e, BA2<BI?+TA* 

* i.e. the angle BIA. 

# Simplicius notes that Eudemus has omitted the actual 
squaring of the lune, presumably as being obvious. Since 

BA? =3BA? 
(segment on BA) =3 (segment on BA) 
=sum of segments on BA, AT’, TA. 

Adding to each side of the equation the portion of the tra- 
pezium included by the sides BA, AT’ and IA and the cireum- 
ference of the segment on BA, we get 

trapezium ABAT =lune bounded by the two circumferences 
and so the lune is ‘‘ squared.” 

° Lit. “ constructed.” 
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Suvdpe. 4 de éf’ # EH ay0w rapa rH ep’ F AB, 


Kat amd Tob K éneledyOwoav eri ra E, Z.  oupemte- 
nrétw b€ exPaddouervyn 1) et TO Z émlevybeioa TH 
ef’ 4 EH xara to H wat wddw dno 706 B ent 
7a Z, H érelevxOwoav. davepov 51) dtu % pev ed’ 
4 EZ ékBaddopéevyn emt ro B weceirae (dmdKeurae 
yap 7 EZ émi ro B vevouca), 4 dé ef’ 4 BH ton 
€ora TH ep’ A EK. 

“Tovrwy otv otrws éxdvtwv To tparélidy dye 
ef ob EKBH epirnpetar xdxdos. 

“ TlepyeypadpOw' 57 mepi 76 EZH zptywvov 
Tua KUKAOV, SiAov Gre éxatepov Tov EZ, ZH 
Gpo.ov exaorw Tov EK, KB, BH tynpdrwv. 

“ Tovtwy ottws éexydvTwy 6 yevdpevos pnviakos 
ob exrtds mrepipepera 7 EKBH toos éora 7H ed- 
Ovypdupw 7@ ovyceyevw ex TOV Tpidv Tprydvwv 
trav BZ, BZK, EKZ. 7a yap dao Trav edOerdv 
ef ais EZ, ZH adaipovpeva évrds tod unvicxov 
amo Tob edOvypdupov Tunuara ica eati Tots exTds 

1 TlepeyeypadOw...tpnpdtwr. In the text of Simplicius this 
sentence precedes the one above and Simplicius’s comments 


thereon. It is here restored to the place which it must have 
occupied in Eudemus’s //istory. 





® This is the first example we have had to record of the 
type of construction known to the Greeks as vevoets, inclina- 
tions or vergings. ‘The general problem is to place a straight 
line so as to verge towards (pass through) a given point and 
so that a given length is intercepted on it by other lines. In 
this case the problem amounts to finding a length a such that, 
if Z be taken on T'A so that BZ=a@ and BZ be produced to 
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times the square on one of the radii. Let EH be 
drawn parallel to AB, and from K let [straight lines] 
be drawn joining E and Z. Let the straight line 
[KZ] joined to Z and produced meet EH at H, and 
again let [straight lines] be drawn from B joining Z 
and H. It is then manifest that EZ produced will 
pass through B—for by hypothesis EZ verges towards 
B—and BH will be equal to EK. 

“This being so, I say that the trapezium EKBH 
can be comprehended in a circle. 

“Next let a segment of a circle be circumscribed 
about the triangle EZH ; then clearly each of the 
segments on EZ, ZH will be similar to the segments 
on EK, KB, BH. 

“This being so, the lune so formed, whose outer 
circumference is EKBH, will be equal to the recti- 
lineal figure composed of the three triangles BZH, 
BZK, EKZ. For the segments cut off from the 
rectilineal figure, inside the lune, by the straight lines 
EZ, ZH are (together) equal to the segments outside 


meet the circumference in E, then EZ?=2AK?2, or EZ=+/} 
AK. If this is done, EB. BZ4=AB. BP =AK? 


or (w@++/%a).x=a*, where AK=a. 
In other words, the problem amounts to solving the quadatric 
equation x? + 4/fax=a?, 


This would be recognized by the Greeks as the problem of 
“applying to a straight line of length +/3.a, a rectangle 
exceeding by a square figure and equal in area to a?,” and 
could have been solved theoretically by the Pythagorean 
method preserved in Eucl. ii. 6. Was this the method used 
by Hippocrates ? Though it may have been, the authorities 
prefer to believe he used mechanical means (//.@.M. i. 196, 
Rudio, loe cit., p. 59, Zeuthen, Geschichte d. Math., p. 80). 
He could have marked on a ruler a length equal to 4/3 AK 
and moved it about until it was in the required position. 
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Tod evOvypdypov THA Waow daparpoupevors b bao TOV 
EK, KB, BH. _EKaTEpOV yap TOV évrds Tmpeddov 
€oTw éxdoTov THY eKTOS. THptodia yap’ UrdKerTae 

EZ ris ek tot Kévrpov, toutéote TAS EK Kat 
KB «cai BH. ed ody 6 pév pnvicxos ta Tpia 
TpypaTa €oTt Kal Tod edOvypdppov TO Tapa Ta 
dvo THNPATA, To b€ evOdypappov pera. Trav duo 
THNLATWY €oTl xewpis TOY TpLay, éort be Ta. dvo 
THHpATA Tots tptolv toa, toos av ein 6 pnvicKkos 
TH eddvypappw. 

“ "Oru 5€ obtos 6 unvioxos eAdtrova HutKvKAiov 
THY exTos exer Trepipéperav, detxvucr Sia Tod THY 
EKH ywviav ev 7@ ex7ds odcav tunpate apBrctav 
elvat. Tt de dpBrcid éoTw 7 tro EKH ywria, 
deikvvow ovrws: émret? H pev ed? i EZ Tysodia 
€oTl THY ex TOU Kévrpou duvaper, 7 dé ef’ 7 KB 
petlwy tas ef’ 7 BZ 7 SerAacia duvaper, pavepov 
ore Kain ef’ Hy KE éora ris ed? 4 KZ dpa peilwr 
7 SumAacia Suvayer. 7 5€ ef F EZ peilwv cori 
duvayer THv ef’ als EK, KZ. apBreia dpa éeoriv 
% mpos TH K ywvia, dAattov dpa ypuKukdAliov to 
Tuna ev @ éatw. 

“Odrws pev odbv 6 ‘Inmoxpatns mavta pnviokov 
eTeTpaywvicev, elmep Kal Tov AyuKUKALoOV Kal TOV 


1 Surdwer must be understood after juodAca yap, as Bret- 
schneider first pointed out, but Diels and Rudio think that 


Simplicius probably omitted it as obvious, here and in his 
own comments. 
2 émet...éarw. Eudemus purports to give the proof in 


Hippocrates’ own words. Unfortunately Simplicius’s ver- 
sion is too confused to be worth reproducing. The proof is 
here given as reconstructed by Rudio. That it is substanti- 
ally the proof given by Hippocrates is clear. 
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the rectilineal figure cut off by EK, KB, BH. For 
each of the inner segments is one-and-a-half times 
each of the outer, because, by hypothesis, the square 
on EZ is one-and-a-half times the square on the radius, 
that is, the square on EK or KB or BH. Inasmuch 
then as the lune is made up of the three segments 
and the rectilineal figure less the two segments—the 
rectilineal figure including the two segments but not 
the three—while the sum of the two segments is equal 
to the sum of the three, it follows that the lune is 
equal to the rectilineal figure. 

“That this lune has its outer circumference less 
than a semicircle, he proves by means of the angle 
EKH in the outer segment being obtuse. And that 
the angle EKH is obtuse, he proves thus. 


Since EZ? =3 EK 
and @ KB?> 2BZ?, 
it is manifest that EK?> 2KZ?. 
Therefore EZ?> EK? + KZ, 


The angle at K is therefore obtuse, so that the seg- 
ment in which it is is less than a semicircle. 

“‘ Thus Hippocrates squared every lune, seeing that 
(he squared] not only the lune which has for its outer 
circumference a semicircle, but also the lune in which 


* This is assumed. Heath (H.G.M. i. 195) supplies the 
following proof: 
By hypothesis, EZ? = 3KB?. 
Also, since A, E, Z, T are concyclic, 

EB.BZ=AB.BI'=KB? 
or EZ. ZB+ BZ? =KB*=jEZ*. 
It follows that EZ> ZB and that KB*>2BZ', 
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eee. eo: ¢ \ ‘ 2 7 - oo” A es to 
pétlova AukvKAlov Kal tov eAdrTova ExovTa THY 
0S aac 
P| ‘ ta 
€xTOs Tepipeperay. 

"°AAXNG pnvioxov dua Kat KvKAov éreTpaywvicev 
ovTws' €otwaav Tept Kévtpov ed’ ob K dv0 KUKAoL; 
4 S€.700 exros Siduertpos éEatAacia Suvdper Tis 

Be Re pete , 2 , > vn ea 
Tob évros Kal éeLaywrou eyypadertos eis Tov evTes 
KUKAQgv Tod €f’ ob ABTAEZ ai re éf’ dv KA, KB, 
KT ek rod Kévrpou emlevybeicar exPeBAjcOwoav 
oe ~ a~ ? 5 AA # a e322 
ews THs TOO exTOs KUKAOV TEpidepetas Kai ai ep’ av 
HO, OI, (HI éxeledGwoav Kal Siow 6 Ort Kat at 
HO, OI éayuvov etait wAcvpai Tob ets Tov petlova 
KUKAY .eyypapomevov. Kal mepi tiv ef’ 7 HI 
THUG. dpocoy 7H ddatpoupevea bad ris ef’ F HO 
mepryeypapbw, ézet obv riv pev ed’ § HI pie 
mAaciay, avayrkyn elvar duvdper tis ed? 4 OH rod 
¢ a a € ‘ ¢€ ‘ , aA e ze 
éaywvov mAevpas (4) yap b70 dvo Tob éEaydvov 
mAeupas broTeivouca peta dAAns pds dpOnv mept- 

1 HI add, Usener. 
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the outer circumference is greater, and that in which 
it is less, than a semicircle. 

“ But he also squared a lune and a circle together 
in the following manner. Let there be two circles 


Ga eet 


7 


ae 


with K as centre, such that the square on the diameter 
‘of the outer is six times the square on the diameter 
of the inner. Let a [regular] hexagon ABIAEZ be 
inscribed in the inner circle, and let KA, KB, KI be 
joined from the centre and produced as far as the 
circumference of the outer circle, and let HO, OI, 
HI be joined. Then it is clear that HO, OI are sides 
‘of a [regular] hexagon inscribed in the outer circle. 
About HI let a segment be circumscribed similar to 
the segment cut off by HO. Since then HI?=30H? 
(for the square on the line subtended by two sides of 
the hexagon, together with the square on one other 
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éxovoa yeoviav THY év NutKvKAwW toov SUvarat TH 
diaperpy, n Oe didpetpos TetpamrAdatov Svvaras 
THs TOD éLaydvou t ions ovons TH €x TOO Kévrpov Sia 
ro Ta pyKet SirAdota elvat Surduet terparrAdeca), 
n de OH éfamdagia ths éf 4 AB, diAov Gre 70 
TULA TO mepi THY eg’ " HI _nepiypager i icov elvat 
ovpBaiver Tots Te do TOO EexTOs KuKdov bm Tov 
ep ais HO, oO! ddatpoupevors Kat Tots amo Tob 
évros tno TaY Too éEaywvou TAEupay a anacdv. 

yap HI ris HO rpimAdowov dvvarat, toov dé TH 
HO Sua. 9 OI, Svvarar 5€ éxarépa rovrwy 
tgov Kal at €& mAevpai tod éevros é€aywvov, didTe 
Kai 1) Stduerpos Tov exTos KUKAov éLaTrAdatov br0- 
Keita SUvacOat THs TOU evTds, WOTE O LEV LNVioKOS 
ep od HOI rod rprycvou eAdrrwv av ein ep’ od 
Ta a’ta ypdppata tois bro tév rob éLaywvov 
mAeuvp@v adatpoupeévois THT LACW a6 Tob évros 
KUKXov. TO yap emi Tis HI THILO igov Hv Tots Te 
HO, ol THTBAOT Kal Tots b70 Tob éLaywvou dpau- 
poupevots. ra otv HO, OI tyjpara eAdrrw €ori 
Tob mepi THY HI (tpjparos tots) tTpjpace [eat]? 
Tots ve Tov éLaywvou dadatpoupevors. Kowod ouv 
mpoorebevros Tob trép TO THILO TO mept Thy HI 
Hépous rob Tprydvov, ex pev Tovrou Kat Tov mept 
THY HI Tp }LaTOs TO Tpiywvov ora, €k b¢ Tot 
avroo Kat TV HO, Ol THN LATOW ts) pnvioKos. 
éorat oby eAdrrwv 6 pnvicKxos Tot Tpydvov Tots 
tno Tot eLaywvou adaipoupevots Tunpaow. 6 dpa 


1 spjparos trois add. Bretschneider. 
? xai om. Bretschneider. 





*« If HA be a side of the hexagon, then IA is a diameter 
and the angle IHA is right. herefore HI?+HA*=IA%, 
se 
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side, is equal, since they form a right angle in the 
semicircle, to the square on the diameter, and the 
square on the diameter is four times the side of the 
hexagon, the diameter being twice the side in length 
and so four times as great in square *), and OH? = 
6 AB?, it is manifest that the segment circumscribed 
about HI is equal to the segments cut off from the 
outer circle by HO, Ol, together with the segments 
cut off from the inner circle by all the sides of the 
hexagon.’ For HI?=3 H@2, and 61? = HO2, while OI? 
and H6? are each equal to the sum of the squares 
on the six sides of the inner hexagonal, since, by 
hypothesis, the diameter of the outer circle is six times 
that of the inner. Therefore the lune H6I is smaller 
than the triangle HOI by the segments taken away 
from the inner circle by the sides of the hexagon. For 
the segment on HI is equal to the sum of the segments 
on HO, OI and those taken away by the hexagon. 
Therefore the segments [on] H®, OI are less than the 
segment about HI by the segments taken away by 
the hexagon. If to both sides there is added the part 
of the triangle which is above the segment about HI,¢ 
out of this and the segment about HI will be formed 
the triangle, while out of the latter and the segments 
{on] HO, OI will be formed the lune. Therefore the 
lune will be less than the triangle by the segments 
taken away by the hexagon. For the lune and the 


and so HI?+ OH? =IA?=40H? (since IA=2@H). Conse- 
quently HI? =30H?. 
> For (segment on HI) =3 (segment on H®) 
=2 (segment on H®)+6 (segment 
on AB) 
=(segments on HO, OI) + (all seg- 
ments of inner circle), 
® «.¢., the figure bounded by H®, OJ and the are IH. 
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pnvickos Kal Ta b70 Tob éLaywvov adatpovpeva 
Tunpata toa coTly TH Tprywvw. Kal Kowod mpoc- 
telévros Tob éEaywvouv 76 Tplywvoy TobTO Kal 76 
e€aywvov toa €oTt TH Te pnviokw TO AcxPevre Kal 
TO KUKAW TH evTds. ef obv Ta eElpnueva EdOL- 
ypappa duvarov teTpaywricbivat, Kai TOV KUKAOY 
dpa peta Tod pyvioKov.”’ 


(c) Two Mean Proportionats 


Procl. in Fuel. i., ed. Friedlein 212, 24-213. 11 


‘H be > A iA , ? 2 > ww 

€ amaywy peTaBaois €orw da aAXov 
mpoBAxpatos 7H Dewprjparos er aMo, ob yro- 
abévros 7 moptabévros Kat TO TpoKelevoy eaTat 
Katapaves, olov Wamep Kal Tod dum acracpob 70 
KUBou onrnBévros peteDecav THY lnrnow els aAro, 
@ TobT0 emeTat, TI etpeow T&v dvo péawr, Kal 
76 Aowmov eCnrovv, mHs av So dobecwv edlerav 
dvo pécat avddoyov edpebetev. mpairov 5é daar 
Ta&v amopouvpevwy Staypappdtwr thy amaywyhy 
mwoincaabat ‘Inmoxparyyv Tov Xiov, 6s Kal pnvicxoy 
ereTpaywvice Kat GAAa troAAd KaTd yewpeTplay 
edpev edvpurs mept Ta Staypdappata elmep tts dAdos 
yevopevos. 





@ What Hippocrates showed was that if as =5: then 
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segments taken away by the hexagon are equal to 
the triangle. When the hexagon is added to both 
sides, this triangle and the hexagon will be equal to 
the aforesaid lune and to the inner circle. If then 
the aforementioned rectilineal figures can be squared, 
so also can the circle with the lune.” 


(c) Two Man Proportionats 
Proclus, on Euclid i., ed. Friedlein 212. 24-213. 11 


Reduction is a transition from one problem or 
theorem to another, whose solution or construction 
makes manifest also that which is propounded, as 
when those who sought to double the cube transferred 
the investigation to another [problem] which it 
follows, the discovery of the two means, and from that 
time forward inquired how between two given straight 
lines two mean proportionals could be found. They 
say the first to effect the reduction of the difficult 
constructions was Hippocrates of Chios, who also 
squared a lune and discovered many other things in 
geometry, being unrivalled in the cleverness of his 
constructions.* 


aia ‘ ; : : 
gin 5° that if 6 =2a, a cube of side z is twice the size of 


acube of side a. Fora fuller discussion, see infra, p. 258 n. b. 
It has been supposed from this passage that Hippocrates dis- 
covered the method of geometrical reduction, but this is 
unlikely. 
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IX. SPECIAL PROBLEMS 
1. DUPLICATION OF THE CUBE 


(a) GENERAL 
Theon Smyr., ed. Hiller 2. 3-12 


*Epatocbarns pev yap ev 7@ émypagoperyp 
TAarwvenced dnow dri, AndAiots ToD Geod ypjaavtos 
énl dmadrayA Aoyiod Bupdv Tod dvros SitAactova 
KaTackevdcar, ToAA}Y apyiTéKTOOW euTeceiy aro- 
plav Cnrotow dws xpi) aTepedv atepeod yeveobas 
dimAdotov, adixéobar Te mevaojpévous ep TOUTOV 
T[Adrwvos. tov d€ ddavat abtois, ws dpa od &- 

4 ~ € % , fot Gy 
mAraciov Bwpot 6 beds Sedpevos tobro AnAtos 
> , , A \ > f ~ a 
epavtTevoaTo, mpopepwy dé Kai overdilwy tots “EA- 
Anow dpedobor pabyudtwy Kal yewperpias &A- 
ywpnkdow, 

Eutoc. Comm. in Archim, de Sphaera et Cyl. ii, Archim, 
ed. Heiberg iii. 88. 4-90. 13 

Baowre? IIrodcuaiw ’Npatoobévns xalpev. 

Tay dpyaiwy twa tpaywooraay dacw eicaya- 
yetv Tov Maw 7@ VAavew xatackevalovra tadov, 








@ Wilamowitz (dtl. Nachr., 189-4) shows that the letter is 
a forgery, but there is no reason to doubt the story it relates, 
which is indced amply confirmed ; and the author must be 
thanked for having included in his letter a proof and an 
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1. DUPLICATION OF THE CUBE 
(a) GENERAL 
Theon of Smyrna, ed. Hiller 2. 3-12 


Ix his work entitled Platonicus Lratosthenes says 
that, when the god announced to the Delians by 
oracle that to get rid of a plague they must con- 
struct an altar double of the existing one, their 
craftsmen fell into great perplexity in trying to 
find how a solid could be made double of another 
solid, and they went to ask Plato about it. He 
told them that the god had given this oracle, not 
because he wanted an altar of double the size, but 
because he wished, in setting this task before them, 
to reproach the Greeks for their neglect of mathe- 
matics and their contempt for geometry. 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii., Archim. ed. Heiberg iii, 88. 4-90. 13 
To King Ptolemy Eratosthenes sends greeting.¢ 
They say that one of the ancient tragic poets 
represented Minos as preparing a tomb for Glaucus, 


epigram, taken from a votive monument, which are the 
genuine work of Eratosthenes (infra, pp. 294-297). The 
monarch addressed is Ptolemy Euergetes, to whose son, 
Philopator, Eratosthenes was tutor, 
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muOdpevov S€, ott mavtaxyod éxardopmedos ein, 
elzreiv: 
puxpdv y? eAeEas Baoirtxot onkoy tadov: 
dutAdatos €atw, TOO KaAod Sé py odarels 
dimAal? exaazov K@Aov ev Taye Tadov. 


edoKer b€ Sunpapry evar: Ta yap mAevp@v Sitda- 
awobeaay 76 prev erimedov yiverat TetpamAdovov, 
TO S€ oTepedv OKTaTAdatov. élytetro Sé Kal Tapa 
Tois yewpéerpas, Tiva dv tis Tpdmov TO dolév 
otepedy Stapevoy ev 7H abta@ oaxijpate Si7Aacd- 
gevev, Kal éxadeiro TO Tovodrov mpoPAnpa KvBou 
SutrAactagp.ds: Urro8epevoe yap KUBov élyzovy TodTOV 
dumAacidcar. mavrTwy d€ diatopovvTwy emi Toddv 
xpovov mparos ‘Immoxpdatyns 6 Nios émevdyoer, 671, 
eav eipeOR Sv0 ede ypappdr, dv % wetlwv Tis 
éAdacoves éatt dimAaata, dvo pécas dvddoyor 
AaBeiv ev ovveye? dvadoyia, SirAactacOyjoera 6 
KuBos, wote TO dzopnua adT@ eis eTepov ovK 
éAacoov andépnpa Kuréatpedev. ueTa xpovov b€ 
zwds dag AjAious émBaAdopévous Kara xenopov 
dimAacrdoat Twa Tav Buyer eumrecelv ets TO avTo 
avdpynua, SiaTepsapevous $€ rods mapa 7H TAd- 
tw ev Axadnpia yewuetpas abiodv adrois edpetv 
70 tnrovpevov. trav 5€ dirorovws émididdvTwr 
éavtovs Kal Cyrovvtwy dvo0 Tay S00evcHv So pécas 


* Valckenaer attributed these lines to Euripides, but 
Wilamowitz has shown that they cannot be from any play by 
Aeschyhis, Sophocles or Euripides and must be the work of 
sume minor poct. 
» For if 2, y are mean proportionals between a, b 
aey 


then zy} 


SPECIAL PROBLEMS 


and as declaring, when he learnt it was a hundred feet 
each way: ‘Small indeed is the tomb thou hast 
chosen for a royal burial. Let it be double, and thou 
shalt not miss that fair form if thou quickly doublest 
each side of the tomb.”’* He seems to have made a 
mistake. For when the sides are doubled, the surface 
becomes four times as great and the solid eight times. 
It became a subject of inquiry among geometers in 
what manner one might double the given solid, while 
it remained the same shape, and this problem was 
called the duplication of the cube; for, given a cube, 
they sought to double it. When all were for a long 
time at a loss, Hippocrates of Chios first conceived 
that, if two mean proportionals could be found in 
continued proportion between two straight lines, of 
which the greater was double the lesser, the cube 
would be doubled,’ so that the puzzle was by him 
turned into no less a puzzle. After a time, it is 
related, certain Delians, when attempting to double 
a certain altar in accordance with an oracle, fell into 
the same quandary, and sent over to ask the geo- 
meters who were with Plato in the Academy to 
find what they sought. When these men applied 
themselves diligently and sought to find two mean 
proportionals between two given straight lines, 


2 
Therefore y aw a 
ae 
and, eliminating y, a =a2b 
aia 
so that aoe 


ae property is stated in Eucl. Elem. v. Def. 10. 

If b =2a, then # is the side of a cube double a cube of side a. 
Once this was discovered by Hippocrates, the problem was 
always so treated. 
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AaBetv ’"Apytras ev 6 Tapavrivos A€éyerat 81a. TOV 
HurckudAvdpwv edpynKevat, Evdogos b€ dia TOY Ka- 
Aovupévwy KapTUAwY ypappa@v: cupBeBnKe dé maow 
avrois dTrodELKTLK@S ‘yeypadévat, xetpoupyjaa bé 
Kal els xpelav meceiv pur) SUvacPat TARY emt Bpaxd 
Tt TOV Mevarypov rai Tatra Svcxepéis. emuvevonrac 
bé Tes bd’ mpav opyaviKy Ayes padia, dv as 
ebpijcopev So Trav dofetadv od pdvov Svo péoas, 
ard’ 6oas dy tis emitdéy. 


(6) Sotutions Given By Evroctus 


Eutoc. Comm. in Archim. de Sphaera et Cyl. ii., Archim. 
ed. Heiberg iii. 54. 26-56. 12 


3 AY ua ~ , 
Ets tiv atvOeow Tob a 


Todvrov Andbévros emet 8 dvaddcews atta 
mpo€éBy ta TOO mpoBAjpatos, An~Edors Tis dvadv- 
aews eis TO Seiv dv0 Sofeody Svo pécas avddoyov 
mpoceupety ev auvexet dvadoyia dyciv ev TH ovv- 
bécer: ‘‘ edpyobwoav.” tiv dé evpeoy TovTwY b7” 
avroh pev yeypappévnv oddé dAws cdpicxoper, 
TOMdY dé KrAewav avdpdv ypadais évreruyrjKapev 
TO mpoBAnpa Totro émayyedAopéevas, wv THY 
Evdefov tof Kydiov mapnryoducba ypadyy, 
éretd7} gnaw pev ev mpoountots dud. Kapmbawy 
ypappav adriy nopynKéevat, ev dé TH amrodetEet mpos 
TO pty KexphoOa KaymvAas ypaypats aAdAd Kat 


° * Given a cone or cylinder, to find a sphere equal to the 
cone or cylinder ” (Archim. ed. Heiberg i. 170-174). 

> This is a great misfortune, as we may be sure Eudoxus 
would have treated the subject in his usual brilliant fashion. 
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Archytas of Taras is said to have found them by the 
half-cylinders, and Eudoxus by the so-called curved 
lines ; but it turned out that all their solutions were 
theoretical, and they could not give a practical con- 
struction and turn it to use, except toa certain small 
extent Menaechmus, and that with difficulty. An easy 
mechanical solution was, however, found by me, and 
by means of it I will find, not only two means to the 
given straight lines, but as many as may be enjoined. 


(6) Sotutions Given sy Eurocius 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii., Archim. ed. Heiberg iii. 54, 26-56. 12 


On the Synthesis of Prop. 1% 


With this assumption the problem became for him 
one of analysis, and when the analysis resolved itself 
into the discovery of two mean proportionals in con- 
tinuous proportion between two given straight lines 
he says in the synthesis: ‘‘ Let them be found.” 
How they were found we nowhere find described by 
him, but we have come across writings of many 
famous men dealing with this problem. Among 
them is Eudoxus of Cnidos, but we have omitted his 
account,® since he says in the preface that he made 
his discovery by means of curved lines, but in the 
demonstration itself not only did he not use curved 


Tannery (Mémoires scientifiques, vol. i. pp. 53-61) suggests 
that Eudoxus’s construction was a modified form of that by 
Archytas, for which see infra, pp. 284-239, the modification 
being virtually projection on the plane. Heath (H.G.M. i. 
249-251) considers Tannery’s suggestion ingenious and 
attractive, but too close an adaptation of Archytas’s ideas 
to be the work or so original a mathematician as Eudoxus. 
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Senpnwevay dvahoyiay eb pey ws ouvexet xpyrac 
Omep Vv dromov movoyaat, tt rAdyw TrEpt Evdogov, 
adra mrept TOV Kal [epics mept yewpLeT pia av- 
coTpapipereny, iva 81 9 T@Y eis pas. edn Avdorev 
dS par érvoua euparns yérntat, 6 éxdorTou TIS 
edpécews Tpdomos Kal evratla ypadijcerat. 


Ibid. 56. 13-58. 14 
‘Os TAarwv 


Avo Sofcody edferdv S¥0 péoas avadoyov etpetv 
? - 
év oureyel dvadoyia. 





"Eotwoav ai dofeica Svo0 edfetar ai ABT zpos 





° The complete list of solutions given by Eutocius is: 
Plato, Heron, Philon, Apollonius, Diocles, Pappus, Sporus, 
Menaechmus (two solutions), Archytas, Eratosthenes, 
Nicomedes. 

> It is virtually certain that this solution is wrongly attri- 
buted to Plato. Eutocius alone mentions it, and if it had 
been known to Eratosthenes he could hardly have failed to 
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lines but he used as continuous a discrete proportion 
which he found. That would be a foolish thing to 
imagine, not only of Eudoxus, but of any one moder- 
ately versed in geometry. In order that the ideas 
of those men who hare come down to us may be made 
manifest, the manner in which each made his 
discovery will be described here also.* 


Ibid. 56. 13-58. 14 
(i.) The Solution of Plato® 


Given two straight lines, to find tvo mean proportionals 
in continuous proportion. 


A 


A 
Let the two given straight lines be AB, BI, per- 


cite it along with those of Archytas, Menaechmus and 
Eudoxus. Furthermore, Plato told the Delians, according to 
Plutarch’s account, that Eudoxus or Helicon of Cyzicus 
would solve the problem for them: he did not apparently 
propose to tackle it himself. And Plutarch twice says that 
Plato objected to mechanical solutions as destroying the 
rood of geometry, a statement which is consistent with his 
<nown attitude towards mathematics. 
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dpbas GAAnAats, av Set SUo0 pécas avadocyov edpeiv. 
exBeBrAjclwaav em edbfelas emi ta A, E, Kai 
Kateckevacbw dpb ywvia 7 bao ZHO, kal ev évi 
oxéAet, olov 7H ZH, Kweicbw Kavov 6 KA ev 
owdivi tut dvte ev TH ZU otrws, wore mapada- 
Andov adrov duapeve TH HO. €orar 8€ rodro, 
éav Kal €repov Kavdviov von} aupdvés tO OH, 
mapadAndov $¢ 7 ZH, cbs 70 OM. owAnviabecadv 
yap TOV dvwbev émpavedav trav ZH, OM cwrjow 
meAekwoedéow Kal TUAWY cududy yevonevwv TO 
KA els tods efpnudvous awAjvas Eotat } Kivnais 
7o0 KA zapadAnios det 7H HO. rovrwv odv 
ti a a a / ~ / 

KaTeokevacpevwy Kelc0w Td év okédAos THs ywrias 
zuxov Td HO pavov rod I, kai petadepécOw 7 Te 

, ‘ € ‘ : | ~ ” bal ‘ 
ywvia kat 6 KA Kavev ént togottov, dxpis av 70 
pev H onpetov emi ris BA edéeias 7 tod HO 
axédous Yavorros Tob T', 6 S€ KA kava xara pev 
70 K avy tis BE edfetas, kata 5€ 7d Aowrov pépos 

~ oe s Ww > ‘ ad ~ 

tov A, wore ecivat, ws exer emt THs Kataypadis, 


A ‘ é \ ‘a / Vv € * ec ‘ 
Thv pev opOiyy ywriay Odow Exovaay ws THY v70 
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pendicular to each other, between which it is required 
to find two mean proportionals. Let them be pro- 
duced in a straight line to A, E, let the right-angle 
ZHO be constructed, and in one leg, say ZH, let the 
ruler KA be moved in a kind of groove in ZH, in such 
a way that it remains parallel to HO. This will come 
about if another ruler be conceived fixed to @H, but 
parallel to ZH, such as OM. Ifthe upper surfaces of 
ZH, OM are grooved with axe-like grooves,” and there 
are notches on KA fitting into the aforementioned 
grooves, the motion of KA will always be parallel to 
H®. When this instrument is constructed, let one leg 
of the angle, say HO, be placed so as to touch I, and 
let the angle and the ruler KA be turned about until 
the point H falls upon the straight line BA, while the 
leg HO touches I, and the ruler KA touches the 
straight line BE at K, and in the other part touches A, 
so that it comes about, as in the figure, that the right 
angle takes up the position of the angle [T'AE, while 


® The grooves are presumably after the manner of the 


accompanying diagram, or, as we should say, the notches 
and the grooves are dove-tailed. 
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TAE, Tov be KA Kavora Deow € exe, olay éxet 7 
EA: ToUTw@y yap yevapeveny €arau TO Tpoxetpevov. 
op dav yap ovody rar mpos Tots A, Is cor, ws 


a TB zpos BA, 74 AB zpos BE kai 4 EB mpos BA. 


Ibid, 58. 15-16 
‘Qs "Hpwv ev Mnyarxais cloaywyats kal év rots 
BeAozroukois 
Papp. Coll. iii. 9 26, ed. Multsch 62. 26 64. 185 Heron, 
Mech. ic U1, ed. Schmidt 268, 3-270. 15 
"Eorwoar yap at S00eioa edbciar at AB, BI 
‘ 3 AY > , t e 3 A 5 , ¥ 
mpos opbas addArjAas Kelpevar, dv def dV0 péous 
avdAoyov evpety. 








®@ The account may become clearer from the accompany- 
ing diagram in which the instrument is indicated in its final 
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the ruler KA takes up the position EA. When this 
is done, what was enjoined will be brought about. 
For since the angles at A, E are right, [B:BA= 
AB:BE=EB:BA. ([Eucl. vi. 8, coroll.] 


Thid, 58. 15-16 


(ii.) The Solution of Heron in his “ Mechanics” and 
“* Construction of Engines of War”? 


Pappus, Collection iii. 9. 26. ed. Hultsch 62. 26-64, 18; 
Heron, Mechanies i. 11, ed. Schmidt 268. 3-270. 15 


Let the two given straight lines between which it 
is required to find two mean proportionals be AB, BI’ 


lying at right angles one to another. 


position by dotted lines. H® is made to pass through T' and 
the instrument is turned until the point H lies on AB pro- 
duced. The ruler is then moved until its edge KA passes 
through A. If K does not then lie on IB produced, the 
instrument has to be manipulated again until all conditions 
are fulfilled: (1) H© passes through T; (2) H lies on AB 
produced; (3) KA passes through A; (4) K lies on TB 
produced, It may not be easy to do this, but it is possible. 

> Heron’s own words have been most closely preserved by 
Pappus, whose version is here given in preference to Eutocius’s, 
which includes some additions by the commentator. Schmidt 
also prefers Pappus’s version in his edition of the Greek frag- 
ments of Heron’s Mechanics in the Teubner edition of Heron’s 
works (vol. ii., fase. 1). The proof in the Belopoeica (edited 
by Wescher, Poliorcétique des Grecs, pp. 116-119) is extant. 
Philon of Byzantium and Apollonius gave substantially 
identical proofs. 


267 


GREEK MATHEMATICS 


LupretAnpwadw 76 ABTA zapaddAndAdypappor, 
Kai exBeBAjobwoar at AL, AA, Kai éreledyOwoav 
at AB, TA, Kat rapareicbw Kavovov mpos TO 
B onpetw Kat xiwetoOw réuvov tas TE, AZ, dypts 
ob » amo Tod H {dyOciaa)! emi tiv ris TE ropny 
ion yernra TH avo ToD H eat tiv rHS AZ ropyy. 
yeyoverw, Kal €oTw 4 pév TOO Kavoviov Odors 7 
EBZ, toa S€ af EH, HZ. Aéyw otv dv ai AZ, 
TE péoa avadoyev elow 7tSv AB, BP. 

"Emel yap dpboywrdv éorw 76 ABTA mapad- 
AnrAdypappov, at técoapes edOetar ai AH, HA, 
HB, HD toa ddAdjdas elolv. eet ody ton 7 
AH 79 AH kal deperat 1 HZ, 70 dpa tro AZA 
prera tod dao AH ioov early r@ aad HZ. bea 
7a adta 69 Kal 76 dvd AET peta tod dad TH 


iaov eoviv 7@ amo HE. kai etolv toa at HE, 


1 ayOeioa add. Hultsch. 





® The full proof requires ITO to be drawn perpendicular to 
AZ so that © bisects AA. 


Then AZ. ZA+ AO? =Z0?. (Eucl. ii. 6 
Add Ii? to each side. 
Then AZ. ZA+ AIP =HZ?3, [Eucl. i. 47 
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Let the parallelogram ABI'A be completed, and 
let AT, AA be produced and let AB, PA be joined, 


Z 





E 


and let a ruler be placed at B and moved about 
until the sections ['E, AZ cut off [from AT, AA 
produced] are such that the straight line drawn 
from H to the section I'E is equal to the straight 
line drawn from H to the section AZ. Let this 
be done, and let the position of the ruler be EBZ, 
so that EH, HZ are equal. I say that AZ, TE are 
mean proportionals between AB, BI’. 

Yor since the parallelogram ABI is right-angled, 
the four straight lines AH, HA, HB, HI’ are equal 
one to another. Since AH is equal to AH, and HZ 
has been drawn (from the vertex of the isosceles 
triangle AHA to the base), therefore ¢ 

AZ. ZA+AH?=HZ?, 
For the same reasons 
AE. ET +TH?=HE?, 
But HE, HZ are equal. 
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HZ. toov dpa cui 70 two AZA pera tod dao 
AH 7@ ive ALT pera toi dzo TH. dv 76 dd 
TH toov éoriy 7@ avo HA. Aotrdv dpa 6 bard 
AET toov éotiv 7 b76 AZA. ws dpa y EA mpos 
AZ, 4 ZA mpos TE. ws de 4) NA mpds AZ, 7 re 
BA pos AZ Kai a EP apos 1B, ore éorae Kal 
ws 4 AB apos AZ, 7 te ZA apos TE cal 4 TE 
pos TB. tev dpa AB, BV peécat avddoydy efow 


ai AZ, TEL 


Eutoe. Conan. fn frehin, De Sphaera et Cyl, ii, Archim, 
: ste | ¥y ’ 
ed, Heiberg iii, 66. 8-70, 5 


‘Qs AtowAjs ev T& Mept mupiwv 


"Ev Kixrw tjyOwoav dvo Sidprerpor mpos dpbas 
ai AB, VA, Kat dvo0 mepipéperar tocar arzretAr- 
dOwoav ef éxdrepa tod B ai EB, BZ, «al 8a 
cod Z mapddAnros 7H AB 7HyOw 4 ZH, Kai én- 
elevy0w 47 AE. déyw, orc Trav TH, HO duo péoat 
avadoyov etuw at ZU, HA. 


"Hydw yap da rod E 7H AB wapaddndos 7 





* Another fragment from the Ilept zvpiwy of Diocles is 
preserved by Eutecius (pp. 160 e¢ seg.). It contains a solu- 
tion by means of conies of the problem of dividing a sphere 
by a plane in such a way that the volumes of the resulting 
segments shall be in a given ratio, and refers both to Archi- 
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Therefore AZ. ZA + AH?2=AE,EC+TH?. 
And AH?= TH, 
Therefore AZ. ZA=AE.ED. 
Therefore EA; AZ=ZA : UE, 


But (by similar triangles) 
KA: AZ=BA:AZ=EI': TB, 
sothat AB:AZ=]=ZA;TE=Pk : IB, 


Therefore AZ, TE are mean proportionals between 
Ab, BI] 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii., Archim. ed. Heiberg iii. 66. 8-70. 5 


(iii.) The Solution of Diocles in his Book 
“ On Burning Mirrors” 4 


In a circle let there be drawn two diameters AB, 
VA at right angles, and on either side of B let there 
be cut off two equal ares EB, BZ, and through Z let 
ZH be drawn parallel to AB, and let AE be joined. 
] say that ZH, HA are two mean_prvportiunals 
between [H, HO. 

For let EK be drawn through E parallel to AB; 


medes and to Apollonius. Diocles must therefore have 
flourished later than these geometers. It appears alse, from 
allusions in Proclus’s commentary on Eucel. i., that the curve 
known to Geminus as the cissoid was none other than the 
curve here described and used by Divcles for finding two 
mean proportionals, though the identification is not certain 
(see Loria, Le scienze esutte nell’ antica Grecia, pp. 410-415, 
Heath, A.G.M. i. 264), In that case, Diocles preceded 
Geminus, who flourished about 70 8.c. It is probable there- 
fore that Diocles lived towards the end of the second century 
or the beginning of the first century B.c. 
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EK: ton dpa éorty » pev EK 7H ZH, 4 8 KT 79 
HA. éorat yap rodto SiAov and tod A ent ta 
E, Z eémlevyOeccdv etledv: toa yap yivovrar 
at i716 TAE, ZAA, cat épfai af zpos rots K, H: 
Kal mavra apa maow dia 76 THY AE 7H AZ tonv 
elvat: Kat Aown apa 7» TK 77 HA ton éoriv. 
emel odv éotw, ws 4 AK apos KE, 4 AH mpos 
HO, dW’ ws 7 AK zpos KE, 7 EK xpos KIT: 
péon yap avadoyov 7 EK rév AK, KT+ ds dpa 
% AK pos KE xal 4 EK mpds KT’, otrws 4 AH 
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EK will therefore be equal to ZH, and KT to HA3 
this will be clear if straight lines are drawn joining 


A 





A to E, Z; for the angles PAE, ZAA are equal, 
and the angles at K, H are right; and therefore, 
since AE= AZ, all things will be equal to all; and 
therefore the remaining element IK is equal to HA. 
Now since 

AK : KE=AH : HO, 
but AK: KE=EK:KIT (for EK is a 

mean proportional between AK, KI’), 
therefore AK : KE=EK ; K'=AH : HO. 
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mpos HO. kai eorw toy 7 péev AK 7H TH, 7 Se 
KE 79 ZH, % 6é€ KP 7H HA: ws dpa» PH mpos 
HZ, 7 ZH apos HA cai AH mpos HO. eav 87 
map éxdrepa Tod B Andddow repideperar ioar af 
MB, BN, kat dca prev to N mapadAndos axOR TH 
AB 9 N&, emevyO7 dé 7 AM, ecovra wad tov 
T=, 2O péou davddoyov ai NE, BA. mAcidvwv 
obv ovTws Kal cuveyOv TapadArjAwy éxBAnbecdv 
peragd tv B, A Kat rais darodAapBavopevas 
bn’ abtay tepipepetars mpds TH B taowv teBevodv 
amo Tod B ws emi td TL Kat emi ta yevdpeva onpeta 
emlevyJerody evOerdyv azo Tov A, ws THY dpotwy 
tais AE, AM, tpyOyoovrar at mapdadAnAoe at 
petagd trav B, A Kata tia onpetu, ent ris 
mpoxeeryns Kataypadys ta O, ©, éd” a Kavdvos 


Ld ’ , ? A a 
mupabéoe emlevgarvtes edlelus efouev Kataye- 
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And AK =TH, KE =ZH, KT =HA; 


therefore TH : HZ=ZH : HA=AH: HO. 


If then on either side of B there be cut off equal arcs 
MB, BN, and NX be drawn through N parallel to AB, 
and AM be joined, NZ, =A, will again be mean pro- 
portionals between T'E, BO. If in this way more 
parallels are drawn continually between B, 4, and 
arcs equal to the ares cut off between them and B are 
marked off from B in the direction of I’, and straight 
lines are drawn from A to the points $0 obtained, 
such as AK, AM, the parallels between B and A will 
be cut in certain points, such as O, 0 in the accom- 
panying figure. Joining these points with straight 


lines by applying a ruler we shall describe in the 
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ypappevny ev TO KUKAW Twa Yap py, ep’ ts 
éav An p69 TvXOv onpetov kat &v avrob TmapadAnAos 


dy 93} TH AB, éorae a dyGeioa Kal 7) amrohapBavo- 
pen bm atrtas amo THs Stapérpov mpos Ta A 
pect dvdhoyov Ths TE drrodapBavopevns on 
abTis amo Tis SuapeTpou mpos mo VT onpetey Kal 
Tob Hépous auras Tob amo Tob ev TH ypappn 
onpetov ent tiv TA SudpeTpov. 

Tovrtwy mpokateckevacpevwy éatwoav at do- 





° Lit.“ line.”’ It is noteworthy that Diocles, or Eutocius, 
conceived the curve as made up of an indefinite number of 





B 


small straight lines, a typical Greek conception which has 
all the power of a theory of infinitesimals while avoiding its 
logical fallacies. The Greeks were never so modern as in 
this conception. 

The curve described by Diocles has two branches, sym- 
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circle a certain curve,’ and if on this any point be 
taken at random, and through it a straight line be 
drawn parallel to AB, the line so drawn and the 
portion of the diameter cut off by it in the direction 
of A will be mean proportionals between the portion 
of the diameter cut off by it in the direction of the 
point I and the part of the parallel itself between the 
point on the curve and the diameter TA. 

With this preliminary construction, let the two 


E 


—_——— 





by 
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Getcat do etbetat, ov det dvo HEéoas avadoyov 
etpeiv, ai A, B, Kat gorw KUKAos, ev @ dvo bud 
peTpot 7pos opAas aMijdas at PA, EZ, Kat 
yeypadlw ev abtd 7 dia tOv avvexdv onpetwv 
ypappen, ws Tpoetpyrat, 4 AOZ, Kat yeyoverw, 
ws 7 A Tpos zyv By PHL mpos HK, rat ém- 
levybctoa 7) TK nai exBdnietca tepvérw tiv 
yeep Kara 76 O, Kat dia Too O 77 EZ wapaa- 
Andros 7x0w % AM-+ 81a dpa ta mpoyeypappéva 
tov LA, AO pécat avddoydy efow at MA, AA. 
Kal eet €or, as 47 TA mpos AO, ovrus 7 TH 
Tpos HK, os dé 4) » TH zpos HK, o8tws 7 A, ampos 

Thy B, éav ev Te aire Aoyep rats TA, AM, AA, 
AO mapenfarwaiias pecas 7Oav A, B, ws tas N, 


” 


= Egovrat ethnppevat Tav A, B peéoat gudlover 
at N, &: dep edec edpetv. 


Ibid. 78. 13-80. 24 
‘Qs Mévaryptos 


“Eorwoav at dobetca dvo0 ev0etar at A, E- Set 
87 tav A, E 8v0 pécas avadoyov etipetv. 

Teyoverw, kal €otwoav ai B, I’, nat exxeicbw 
Oéce edfeta AU wemepacpérn kata 76 A, Kat 
T™pos TO ArAT ton Ketoben 4 AZ, Kad 70a mpos 
dpfas a ZO, cat 7H B ton Keto 4 ZO. émret 
ovv Tpets ebbeiae dariAoyor at A, B, r, ae) uae 
trav A, I toov éori 7 ano tis B+ 76 dpa bao 





metrical about the diameter CD in the accompanying figure, 
and proceeding to infinity. There is a cusp at C and the 
tangent to the circle at D is an asymptote. If OC is the axis 
of 2, and OA the axis of y, while the radius of the cirele is 
a. then by definition the Cartesian equation of the curve is 
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given straight lines, between which it is required to 
find two mean proportionals, be A, B, and let there be 
a circle in which PA, EZ are two diameters at right 
angles to each other, and let there be drawn in it 
through the successive points a curve AOZ, in the 
aforesaid manner, and let A: B=I'H : HK, and let 
IT, K be joined, and let the straight line joining them 
be produced so as to cut the line in 9, and through 90 
let AM be drawn parallel to EZ; therefore by what 
has been written previously M.A, AA are mean pro- 
portionals between TA, AO. And since TA : AQ= 
TH:HK and TH: HK=A: B, if between A, B we 
place means N, = in the same ratio as TA, AM, AA, 
A®,? then N. = will be mean proportionals between 
A, B3; which was to be found. 


Ibid, 78. 13-80, 24 
(iv.) The Solutions of Menaechmus 


Let the two given straight lines be A, E; it is re- 
quired to find two mean proportionals between A, E. 

Assume it done, and let the means be B, I, and let 
there be placed in position a straight line AH, with an 
end point A, and at A let AZ be placed equal to I, 
and let ZO be drawn at right angles and let ZO be 
equal to B. Since the three straight lines A, B, I’ are 
in proportion, A.I’=B?; therefore the rectangle com- 


a+@v a-@ 
Var 

The curve was called by the Greeks the cissoid (xtocoed}s 
ypaupy) because the portion within the circle reminded them 
of a leaf of ivy (xiceds). 

2 «ie, if we take TA: AM=A;N, AM: AA=N:& and 
AA: AQ=E:;: 


——, or y (a+ 4) =(a- x), 
ax 
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Sobeions THs A Kat tis I’, trouréats tis AZ, tov 
€oTt TH and THs B, touvréote TH amd THs ZO. 
emt mapaBoAjs dpa 70 © dia Tod A yeypappeérys. 
7x8woav maparAnAor at OK, AK. Kal émet Sobev 
To 70 B, [—ioov yap éor. 7H bad A, E—Sobev 
dpa kat 76 bd KOZ. ent trepBodAfs dpa ro O 
ev doupntwtos tats KA, AZ. do€ev dpa ro 0: 
wore kal 7d Z. 

LurreOrjcerar 87) odtws. eoTwaav ai pev do- 
Octoar edOetar ai A, E, 4» 8€ 7H Ores 7) AH ze- 


mepacpern Kata 70 A, Kal yeypadOw dia tod A 
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prehended by the given straight line A and the 
straight line I’, that is, AZ, is equal to the square on 


A 





A Z H 


B, that is, to the square on ZO. Therefore 0 is on 
a parabola drawn through A, Let the parallels OK, 
AK be drawn, Then since the rectangle B . [is given 
—for it is equal to the rectangle A. E—the rectangle 
KO0.0Z is given. The point © is therefore on a 
hyperbola with asymptotes KA, AZ. Therefore 0 
is given ; and so also is Z. 

Let the synthesis be made in this manner. Let the 
given straight lines be A, E, let AH be a straight line 
given in position with an end point at A, and let 
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mapaBoAy, 7s a&wv pev 7 AH, dpOia d€ rod cidous 
mAcupa % A, ai dé Karayopevat emi tHv AH ev 
6p9R yoria Burdcbwoav ta mapa tiv A mapa- 
Ke(ueva ywpia mAdTn €xovTa tas daroAapBavo- 
pévas br” abtay mpos TG A onpelw. yeypadbw 
kai €orw 4 AO, kal 6p0} 4 AK, Kai ev dovprrwrots 
tais KA, AZ yeppadpOw izepBodr}, ad’ Hs at mapa 
tas KA, AZ ay@eica moujoovew to ywpiov taov 
7@ bo A, E+ repet 84 tiv mapaPodjy. repvérw 
Kata 70 ©, Kat Kaberor nYPwoav ai OK, OZ. 
émet odv to azo ZO tgov éoti TQ tzo A, AZ, 
éa7w, ws » A mpos thy ZO, 4 OZ apds ZA. 
mad, evel 7d td A, E icov eott T@ tnd OZA, 
gor, ws » A mpos tHv ZO, 7 ZA apds ri E. 
aA ws % A mpos tay ZO, 4 ZO mpdos ZA: Kai 
ws apa 7» A zpos tv ZO, 7» ZO mpos ZA Kal 7 
ZA zpos E. Ketofw rH per OZ ton 7 B, 7H be 
AZ ton 4 T. éorw dpa, ws 4 A apds tiv B, 7 
B apds tiv T cal 7 T apos E. af A, B, T, E 


w tha > , , > og wi € cal 
upa. éffjs dvddoyov elow: dmep Eder edpeiv. 
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there be drawn through A a parabola whose axis is 
AH, and latus rectum A, and let the squares of the 
ordinates drawn at right angles to AH be equal to 
the areas applied to A having as their sides the 
straight lines cut off by them towards A. Let it be 
drawn, and let it be AO, and let AK be perpendicular 
{to AH], and in the asymptotes KA, AZ let there 
be drawn a hyperbola, such that the straight lines 
drawn parallel to KA, AZ will make an area equal 
to the rectangle comprehended by A, KE. It will 
then cut the parabola. Let it cut at 0, and let 
OK, OZ be drawn perpendicular. Since then 


ZO2=A . AZ, 
it follows that 
A:Z0=07 : ZA, 
Again, since A.E=0Z.ZA, 
it follows that 
A:Z0=ZA:E, 
But A :Z0=Z0 : ZA. 
Therefore A: ZO=Z70:ZA=ZA: E. 
Let B be placed equal to OZ, and I' equal to AZ. 
It follows that 
A:B=B:TH=C:E. 
A, B, I, E are therefore in continuous proportion : 
which was to be found. 


° Ifa, x, y, b are in continuous proportion, 
aey 
amet and a* =ay, y?=be, xy =ab, 
Therefore 2, y may be determined as the intersection of 
the parabola y*?=bx and the hyperbola zy=ab. This is the 
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Ibid. 84. 12-88. 2 
‘H ’Apyurou evpnais, ws EvSnuos loropei 


"Eotwoav ai So00ctoar Svo «dOetae ai AA, Ts 
det 87) Trav AA, TP dv0 pécas avdAoyor edpetv. 

TeypadOw epi riv peilova tiv AA kdxdos 
6 ABAZ, xai 79 T ton évyppdcdw % AB kal éxBan- 
Ocioa oupmintérw tH and tot A édarropevyn tod 


KvKAov Kata TO II, mapa dé Hv TIAO FyOw % 





analytical expression of the solution given above, where 
E=a and A=b. Menaechmus gave a second solution, 
reproduced by Eutocius, determining 2, y as the intersection 
of the parabolas 2? =ay, y* =b2. 

This is the earliest known use of conic sections in the 
history of Greek mathematics, and Menaechmus is accord- 
ingly credited with their discovery. But the names parabola 
and hyperbola were not used by him; they are due to 
Apollonius; Menaechmus would have called them, with 
Archimedes, sections of a right-angled and obtuse-angled 
cone. 

From the equations given above it follows that 


x? + y?- bx- ay=0 
is a circle passing through the points common to the parabolas 
w=ay, yr=be. 


It follows that x, y may be determined by the intersection 
of this cirele with the hyperbola ay =ab. 

This is, in effect, the proof given by Heron, Philon and 
Apollonius. For, in the figure on p. 269, if AZ, AE are the 
co-ordinate axes, AB=a, BI'=6, then 2? + y?- ba- ay=0 is 
the circle passing through A, B, I’, and xy =ab is the hyper- 
bola having AZ, Ali as asymptotes and passing through B. 
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Ibid. 84, 12-88. 2 
(v.) The Solution of Archytas, according to Eudemus 


Let the two given straight lines be AA, I’; it is 
required to find two mean proportionals between 
AA,T. 

Let the circle ABAZ be described about the greater 
straight line AA, and let AB be inserted equal to T’ and 
let it be produced so as to meet at IT the tangent to 
the circle at A. Let BEZ be drawn parallel to ILAO, 
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BEZ, kat vevorjolw iptcvAivdpiov dpbdv emt Tod 
ABA _Tpucurdion, emt d€ THs AA AiKvKALoy opBov 
év 7@ Tob jpeexvdadplov mapaddnroypappm Ket- 
pevov- tobro on) TO TeucdeeAov Tepayopevov ws 
amo Tob A\ emt 70 B jeevovtos Tod A mépatos Tis 
Siaperpov repel ay KvAwdpury empdverav ev 
TH Teptaywyy) Kat ypdiber ev avra Ypappny Twa, 
mdAw dé, eav THs, AA prevovons zo AHA Tplywvov 
meprevex Oh Tay evavtiay 7@ Tcondin Kino, 
KOVURTY TOUTE emipdveray TH All ev0eia, 9 oy) 
Te prayopev7 coup Banet TH KvAWOopLKT) ypaph KaTa 
TL onyieiov dpa dé kal 70 B Tepeyparper TpucdeAvov 
ev TH Tob Kwrou emipavela. eyérw 81) Béow Kata. 
TOV TOTOV THs OUETTwCEWS TOV ypappaov TO peev 
KUvoULevov mpexdxAvov ws rip tou AKA, 76 be 
dvrueptay opevov Tplywvov Thy Tob AAA, 76 be 
Tis etpnpevns oUpTTcEWS onpetov €otw TO K, 
€oTw d€ Kal dua Tod B ypapopevov WptkvKALov TO 
BMZ, wou S€ adrod trop Kat Tod BAZA kvKdov 
éotw 9 BZ, wai azo tod K emi 76 rod BAA 
jkvkAlov émimeSov Kdberos yAw: mecetrar 87 
emt viv Tob KUKAov trepipépecay Sia 7d dpOovr 
éovdvat Tov KUAWSpov. mimtérw Kal éorw 4 KI, 
Kal 7) amo tod | emt 7d A émlevybeica ovpBarérw 
77 BZ xara 76 O, 7) 5é AA 7H BMZ ayurvedic 
Kuta TO M, ézelevxPwoar d€ Kai ai KA, MI, MO. 
erel odv éxatepoy tav AKA, BMZ jpuxvedio 
opOdv €or mpos TO UroKelpLevov émimedov, kal y 
Ko?) dpa abtav Top 7, MO Tpos op8as core TH 
Tou KUKAv emiT€dw' ware Kat mpos THY BZ 
opby earw 4» MO. 76 dpa bro tév BOZ, tov- 
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and let a right half-eylinder be conceived upon the 
semicircle ABA, and on AA a right semicircle lying 
in the parallelogram of the half-cylinder. When this 
semicircle is moved about from \ to B, the end point 
A of the diameter remaining fixed, it will cut the 
cylindrical surface in its motion and will describe in it 
acertaincurve. Again, if AA be kept stationary and 
the triangle ALIA be moved about with an opposite 
motion to that of the semicircle, it will make a conic 
surface by means of the straight line AI, which in its 
motion will meet the curve on the cylinder in a certain 
point ; at the same time B will describe a semicircle 
on the surface of the cone. Corresponding to the 
point in which the curves meet let the moving semi- 
circle take up a position A’KA,* and the triangle 
moved in the opposite direction a position AAA ; 
let the point of the aforesaid meeting be K, and let 
BMZ be the semicircle described through B, and let 
BZ be the section common to it and the circle BAZA, 
and let there be drawn from K a perpendicular upon 
the plane of the semicircle BAA; it will fall upon 
the circumference of the circle because the cylinder 
is right. Let it fall, and let it be KI, and let the 
straight line joining | to A meet BZ in 0; let AA 
meet the semicircle BMZ in M, and let KA, MI, MO 
be joined. Therefore since each of the semicircles 
A’KA, BMZ is at right angles to the underlying 
plane, their common section M@ is also at right angles 
to the plane of the circle ; so that MO is also at right 
angles to BZ. Therefore the rectangle contained by 

@ Tn the text and figure of the mss. the same letter is used 
to indicate the initial and final positions of A; for con- 
venience they are distinguished in the figure and translation 
as A, 4’, It would make the figure easier to grasp if A could 
be written IT’ (for A is the final position of IT). 
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téott TO U7TO AOI, toov cori TH avd MO: dporov 
dpa éott to AMI tpiywrov éxarépw trav MIO, 
MAO, kal 60%) 7 t7d IMA. éorw 5€ Kal 4 bd 
AKA 6p6h}. wapadAndot dpa etciv aé KA, MI, 
Kal €atat avddoyor, ws 7) AA mpos AK, touréarw 
4 KA apos AI, otrws IA apds AM, da tH 
OmolTyTa THY Tplywvuwv. Téooapes dpa at AA, 
AK, AI, AM €&js avddoydv eiow. Kal éorw %} 
AM ton 79 TD, evel cai 77 AB+ d¥0 dpa bofecay 
trav AA, I 8v0 pécat avddoyov nipnvra ai AK, 
Al. 


e 

@ The above solution is a remarkable achievement when it 
is remembered that Archytas flourished in the first half of 
the fourth century p.c., at which time Greek geometry was 
still in its infancy. It is quite easy, however, for us to repre- 
sent the solution analytically. If AA is taken as the axis 
of w, the perpendicular to AA at A in the plane of the paper 
as the axis of y, and the perpendicular to these lines as the 
axis of z, and if AA=a, '=6, then the point K is determined 
as the intersection of the following three curves : 


(1) The cylinder vty =ar, 
(2) the curve formed by the motion of the half-circle about A 
(a tore of inner diameter nil) 

vy yt+eaaVfety, 


(3) the cone art yt 2? = hen 
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BO, OZ, which is the same as the rectangle contained 
by AQ, OI, is equal to the square on MO ; therefore 
the triangle AMI is similar to each of the triangles 
MIO, MAO, and the angle IMA is right. The angle 
A’KA is also right. Therefore KA’, MI are parallel, 
and owing to the similarity of the triangles the 
following proportion holds : 


AA:AK=KA:AI=IA: AM. 


Therefore the four straight lines AA, AK, AI, AM 
are in continuous proportion. And AM is equal tol’, 
since it is equal to AB; therefore to the two given 
straight lines AA, I’, two mean proportionals, AK, 
Al, have been found. 


Since K is the point of intersection, 


AK= fet y+2, Alsat yh 
From (2) it follows directly that 





AK? =a. Al 
i es 
a AK AI‘ 
From (1) and (3) it follows that 
22 2\8 
Pear age OA ciao — 
a 
w Veryres — 
: AT? 
hess AK =" 
AK _Al 
or AIL op 
a _AK AI 


Pau AT Sab, 
and AK, AI are mean proportionals between @ and 6. 
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Ibid. 88. 3-96, 27 
‘Qs ?Eparoobévns . « « 

Acdécbwaav So arco et0ctar, dv Set Svo 
pe€oas avddoyov evpety ev ovvexet dvadoyia, at 
AK, AO, Kat xeloOw éxi twos edfetas 77s EO 
A ‘A I 


5 Zz ite 8 
mpos dpbas 4 AE, kat emt ris EO rpia ovveoratw 
mupardAgrrAdypappa edeffjs ta AZ, ZI, 10, wai 
HyIwouv diduetpor ev abrois at AZ, AH, 10- 
Zoovtar 51) abdrar mupaddyAot. pévovtos 8) Tob 
pécov TapaddAnroypaypov 706 ZI ouvwobjtw ro 
pev AZ éravw rob péoov, 70 d€ 10 droKdTw, 
KaQdmep emt tot deurépov oxXnpatos, ews ob 
yéernrar Ta A, BLD, A kar evbeiar, kai dujybw 
dia vOv A, B, TT, A onpetwy edbeia Kat oup- 
nintérw 7H EO éxBdAnbeton kata 70 K+ Eorar 37), 
os ) AK apés KB, ev pev rats AE, ZB zapaa- 
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Ibid. 88. 3-96, 27 ¢ 
(vi.) The Solution of Eratosthenes . . « 


Let there be given two unequal straight lines AE, 
A® between which it is required to find two mean 
proportionals in continued proportion, and let AE be 
placed at right angles to the straight line EO, and upon 
EO let there be erected three successive parallelo- 
grams? AZ, ZI, IO, and let the diagonals AZ, AH, IO 
be drawn therein ; these will be parallel. While the 
middle parallelogram ZI remains stationary, let the 
other two approach each other, AZ above the middle 
one, I6 below it, as in the second figure,° until A, B, 
T, Alie along a straight line, and let a straight line be 
drawn through the points A, B, I’, A, and let it meet 
EO produced in K ; it will follow that in the parallels 
AE, ZB 

AK : KB=EK : KZ 

@ This is the letter falsely purporting to be by Eratosthenes of 
which the beginning has already been cited, supra, pp. 256-261. 
The extract here given (88écwoar . . .) starts in Heiberg’s 
text at 90. 30. Eratosthenes’ solution is given, with varia- 
tions, by Pappus, Collection iii. 7, ed. Hultsch 56, 18-58, 22, 

> Pappus says triangles in his account; it makes no 


difference. 
¢ See p. 294. 
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AnAos 4 EK apos KZ, év &€ rais AZ, BH aapaa- 
Ajros 7 ZK mpos KH. ws dpa 7 AK apes KB, 
9 EK apos KZ wai 4 KZ apos KH. aad, eed 
€orw, ws 7 BK apés KT, ev pev rais BZ, TH 
naparryjrus 7 ZK apos KH, ev $€ rats BH, TO 
mapadrjros 7 LK apos KO, as dpa 4 BK apds 
KI, 7 ZK mpos KH Kai 7) HK mpos KO. adn’ as 
7 ZK zpos KH, 7 EK apos KZ: cai ws dpa 7 EK 
mpos KZ, » ZK apos KH wai 4 HK zpos KO. 
adv ws 7 EK apos KZ, 4 AE apes BZ, ais 5€ 4 
ZK zpos KH, 7 BZ mpos TH, cis 8€ 7 HK zpos 
KO, 470TH apds AO: kal ws dpa » AE mpos BZ, 
4 BZ apes TH wat 4 TH apos AQ. nupqyrae 
dpa Tov AE, AO dvo péoar 7 ve BZ wai y TH. 

Taira otv ent T&v yewpetpouperwy emdaverdv 
drobédexTau Wa d€ Kal dpyavkas duvwpcba Tas 
dvo pécas AapBavew, Suamayvurat mAvOiov gvAwov 
u) eAeddvrwov 7 xaAnodv éxov Tpeis muvakioKous 
isous ws Aemrordrous, o dv 6 ev péaos evijppoorat, 
of 5€ S¥o emworot claw ev yodddpais, Tots 5é pe- 
yeleow Kai tails ovppeTpiats ws exaoToL EavTods 
meWovow: Ta pev yap Tis amodeiews waadtTws 
auvteAcirat mpos S€ TO axpiBéatepov AapBaveclar 
Tas ypappas didorexvnréov, iva év 7H cuvayecbar 
Tovs mwakiokous TapdAAnAa Siapévy TavTa Kal 
doxacTa Kal ouadds auvanropeva aAArAots. 

"Ey 5€ 7 avabjpate Td ev dpyaviKov xaAKody 
éotw Kal Kabryppoota bm adtny tiv atepavnv 
Tis aTHAns TpoopepoAvBdoyonpevoy, bm” adtob Sé 
H adders cvvtopwtepov dpalopevy Kal Td oxFua, 
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and in the parallels AZ, BH 
AK: KB=ZK: KH. 


Therefore AK: KB=EK:KZ=KZ: KH. 


Again, since in the parallels BZ, TH 
BK : KT =ZK : KH 
and in the parallels BH, TO 
BK : KT =HK : KO, 
therefore BK: KI=ZK :KH=HK: kO, 
But ZK : KH=EK : KZ, and therefore 
EK : KZ=ZK : KH=HK : K@. 
But EK : KZ=AE: BZ,ZK :KH=BZ:TH, 
HK : KO=TH: Ad. 
Therefore AE:BZ=BZ:TH=TH: AO. 


Therefore between AE, AO two means, BZ, TH, 
have been found. 

Such is the demonstration on geometrical sur- 
faces ; and in order that we mav find the two means 
mechanically, a board of wood or ivory or bronze 
is pierced through, having on it three equal tablets, 
as smooth as possible, of which the midmost is fixed 
and the two outside run in grooves, their sizes and 
proportions being a matter of individual choice—for 
the proof is accomplished in the same manner ; in 
order that the lines may be found with the greatest 
accuracy, the instrument must be skilfully made, so 
that when the tablets are moved everything remains 
parallel, smoothly fitting without a gap. 

In the votive gift the instrument is of bronze and is 
fastened on with lead close under the crown of the 
pillar, and beneath it is a shortened form of the proof 
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’ + LS A Ls € i s 
pet’ atdrto 8 éemlypappa. daoyeypadbw obv aor 
kal tadra, iva éyns Kat ws ev TO avabypari. Tav 
8€ b¥0 oynudtwy Td SevTEpoy yeypamTat ev TH OTHAN. 

ce A ca ~ 8 ~ 30 ~ 8 / f 3 iA 
vO TWP obeadv E€VUELWY OVO peoas ava oyov 

c A. > ~ 2 ap , + 
edpelvy ev cuvexet avadoyia. deddcbwoav ai AE, 
AO. ourdyw 6) Tods ev TO dpyavw mivakas, Ews 

An eo ? a. / ‘ be! 

av Kat ev0ciav yévn7ar ra A, B, T, A onpeia. 
voeiaOw 57, ws exer emi Tot devtépov axiaros. 
éotw dpa, ws 47 AK zpos KB, év pev rais AE, 
BZ zapadAyjrors ) EK apds KZ, ev b€ rats AZ, 
BIT 4» ZK mpos KH: cis dpa 4 EK apos KZ, 9 








E Zz hn e 


KZ ampos KH. os 8€ aibrae mpos dddjAas, 4 Te 
AE xpos BZ kai 7 BZ mpos TH. woatrws bé 
decEopev, dt Kal, ws 4 ZB mpos TH, 4 TH zpos 
AO: avadoyov dpa ai AK, BZ, TH, AO. nipynvrar 
dpa dvo0 THv dofeicay bvo0 péoar. 

“Kav d€ ai S0fetoar pur) (oa dow tais AE, AO, 
TOLGaVTEs adrats dvahoyov Tas AE, AO ToUTWwY 
Anyopeba Tas pléoas Kal emravotoojev én éxeivas, 
Kat éodpeba TETOLNKOTES 79 _emurax bev. éav Se 
mAeious péoas emitaxOH edpetv, aet évi mAelous 
mwakiokous KaTaoTyaduela év TH SOpyaviw THY 
AndOncopévwy jréeawv: 7 Se amddecéis 4 abt?" 
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and the figure, and along with this is an epigram. 
These also shall be written below for you, in order that 
you may have what is on the votive gift. Of the two 
figures, the second is that which is inscribed on the 
pillar.¢ 

“Between two given straight lines to find two 
means in continuous proportion. Let AE, AO be the 
given straight lines. ‘Then I move the tables in the 
instrument until the points A, B, I’, Aare in the same 
straight line. Let this be pictured as in the second 
figure. Then AK : KB is equal, in the parallels Ak, 
BZ, to EK: KZ, and in the parallels AZ, BH to 
ZW :KH; therefore EK: KZ=KZ: KH. Now this 
is also the ratio AE: BZ and BZ :TH. Similarly we 
shall show that ZB: TH=CH : AO; AE, BZ, TH, 
A® are therefore proportional. Between the two 
given straight lines two means have therefore been 
found. 

“Tf the given straight lines are not equal to AK, 
AO, by making AE, AO proportional to them and 
taking the means between these and then going back 
to the original lines, we shall do what was enjoined. 
If it is required to find more means, we shall con- 
tinually insert more tables in the instrument accord- 
ing to the number of means to be taken; and the 
proof is the same. 


2 The short proof and epigram which follow are presum- 
ably the genuine work of Eratosthenes, being taken from 
the votive gift. The reference to the second figure cannot, 
however, be genuine as there was only one figure on the votive 
offering ; perhaps Sevrepov should be omitted. 
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“Ei xvBov é& ddlyou SimAjouv, dyabe, Tevyew 
tf hal X ~ > La , 
fppalear H oTepenv macav és addo dvow 
ed petapopd@oat, Tdde ToL Tapa, Kav aU ye 
pdr pry 
t - ‘ Al 
H olpov 7) KotAov dpetatos evpd KUTOS 
THO avaperpijoao, éoas éte Téppacw aKxpors 
ovvdpopddas dicady evrds EAys Kavorur. 
pnde at y "Apytrew Svopjxava épya KvdAidpwv 
pendeé Mevatypetous KwvoTopeiy Tpiddas 
dilijon, pnd et vu Deovddos Evdc€oto 
, ? a :) , 
KapmvAov ey ypappais eldos avaypaderat. 
totade yap ev muwvdKeoot peadypada jupia TevoLS 
petd kev ex Travpou mubevos apydjpievos. 
evaiwy, TroAepaie, matip ote mardi ovvnBav 
an @ \ 1. \ a , 
av, dca Kat Movoats Kai Bactredor ida, 
> ‘ * , ‘ > s 4 2 / oe 
atts edenpyjow" TO ) és Vorepov, ovpavie Zed, 
Kat ox TT pw eK Os avTidcele YEpos. 
kai Ta pev ws TeA€otto, A€you 8€ Tis avOepa Aevo- 
cwv 
to Kupnvalov tot7’ ’Epatoobéveos.” 


Ibid. 98, 1-7 
‘Qs Nixoprjdns ev 7@ epi xoyxyoedav ypaypav 


Tpager dé Kal Nixopndys ev r@ emuyeypapipery 
mpos adtood Tlepi KoyxoeSav ovyypappare opydvou 
KaTaoKeryy THY abriy dmom\npobytos xpetav, ep 
@ Kal peydha fev cepivevoperos patverar 6 (ep, 
TOANG 8€ ToIs *Epatoatévous emeyyeA@v edpijpiaci 





¢ Or ‘ with a small effort,” Heiberg. 
> Perhaps so called because there are three conic sections 
—of an acute-angled, right-angled and obtuse-angled cone 
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“Tf, good friend, thou thinkest to produce from a 
small [cube]? one double thereof, or duly to change 
any solid figure into another nature, this is in thy 
power, and thou canst measure a byre or corn-pit or 
the broad basin of a hollow well by this method, when 
thou takest between two rulers means converging 
with their extreme ends. Do not seek to do the 
difficult business of the cylinders of Archytas, or to 
cut the cone in the triads ® of Menaechmus, or to 
produce any such curved form in lines as is described 
by the divine Eudoxus. Indeed, on these tablets thou 
couldst easily find a thousand means, beginning from 
a small base. Happy art thou, O Ptolemy, a father 
who lives his son’s life in all things, in that thou hast 
given him such things as are dear to the Muses and 
kings; and in the future, O heavenly Zeus, may 
he also receive the sceptre from thy hands. May 
this prayer be fulfilled, and may anyone seeing this 
votive offering say: This is the gift of Eratosthenes 
of Cyrene.” 

Ibid. 98. 1-7 


(vii.) The Solution of Nicomedes in his Book 
“On Conchoidal Lines” ¢ 


Nicomedes also describes, in the book written by 
him On Conchoids, the construction of an instrument 
fulfilling the same purpose, upon which it appears 
he prided himself exceedingly, greatly deriding the 


(ellipse, parabola and hyperbola). If so, this proves that 
Menaechmus discovered the ellipse as well as the other two. 

© It follows from this extract that Nicomedes was later 
than Eratosthenes ; and as Apollonius called a certain curve 
“sister of the cochloid’ (infra, p. 334), he must have been 
younger than Apollonius. He was therefore born about 
270 B.c. 
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as apnymvos Te dua Kal yewmetpufs ebews 
éarepnpevots. 


Papp. Coll. iv. 26. 39-28. 43, ed. Hultsch 242. 13-250. 25 

Ks’. Ets tov dimAaciacpov tod KvBou mapayerat 
tis v0 Nexopyndous ypappn Kal yereow eye 
TOLAUTHY. 

’"ExxeloOw edOcia 7 AB, Kat adz mpos dpbas 
9 DAZ, Kai etAjdtw te onuctov emt ris TAZ 
dofév vo EB, Kal pevovros rob E onpelou &v @ 
éeorw tomm % VAEZ evéeia depéclw Kata tis 
AAB ed@elas EXxopéevyn ba to8 E onpelov ottws 
wore ba mavtos fépecfar to A emi THs AB 
evfeias Kal pn exmintew éAKoperys tHS TAZ 
dua tod E. rowadrns 51) Kiwjoews yevoprevns ed’ 
éxatepa davepov drt To TD onpeiov ypaiyrer ypappry 
ota €oriy 7 ATM, kal éorw adris 70 ovpntwpa 
TowobTov. ws av evlela mpoonintyn tis and Tov 
E onpeiov mpdos THY ypaypry, THY atroAapBaro- 
perny petafd ths te AB ed0etas Kai tHAS ATM 
ypappns tony elvac TH PA edtela: pevovons yap 
vhs AB kat pévovtos tod Ih onpeiou, é6tav yevnrat 
to A emt vo H, 4 TA edfeta 7H HO ehappdcer 
cat 70 [ onpetov emi to O <zeceirar)': ton apa 
éorly 7 TA 7H HO. 6potws Kai av érépa tis 

2 mecetrar add. Hultsch. 


2 Eutocius proceeds to describe Nicomedes’ solution ; we 
shall give an alternative account by Pappus. 
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discoveries of FEratosthenes as impracticable and 
lacking in geometrical sense.* 
Pappus, Collection iv. 26, 39-28, 43, ed. Hultsch 
242, 13-250. 25 

26. For the duplication of the cube a certain line 
is drawn by Nicomedes and generated in this way. 

Let there be a straight line AB, with PAZ at right 
angles to it, and on [AZ let there be taken a certain 





given point F, and while the point E remains in the 
same position let the straight line TAEZ be drawn 
through the point E and moved about the straight 
line AAB in such a way that A always moves along 
the straight line AB and does not fall beyond it while 
TAEZ is drawn through E. The motion being after 
this fashion on either side, it is clear that the point [ 
will describe a curve such as AIM, and its property is 
of this nature: when any straight line drawn from 
the point E falls upon the curve, the portion cut off 
between the straight line AB and the curve AIM is 
equal to the straight line TA; for AB is stationary 
and the point E fixed, and when A goes to H, the 
straight line [A will coincide with HO and the point 
T will fall upon ©; therefore ['A is equal to HO. 
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dro Tob E onpietou pos my Ypapepny mpoonéon, 
TI dmorepvopevny U0 Ths ypappys Kab THs 
ev0etas tony moujoee TH TA [erecd) tavTn toate 
eloly at mpoomizrovoat].’ Kareiobw 8é, dyoir, 
7 pev AB edOcia Kxavdv, to S€ onpetov dXos, 
Sidornpa dé 9) ra, erred) tavtTn toa. elo at 
Tpoomimrovaat mpos thy ATM YPappey, avr7) 
be 4 ATM Yaya KoxAoedys mpurn (ezrevd7) Kat 
7" Sevtépa Kal 7 TpiTn Kal » TeTApTN eKTiBeTaL Els 
aAXa pl ae XpyouLevoveat). 

KC’. "Oru Se Spyavikas dvvarau ypdpectar 7 
ypapyn Kal er éNatrov det oupTropeverat TO 
Kavore, TOUTEOTLY OTL macév TOV amo = TwwV 
onpeiwy ths ALO Yeats ext tHV AB evOetav 
Kablérwv peyiom™ eotly 7 LA Kdéeros, det Sé 4 
éyywov THs TA dyopevn xdberos THs dmresrepov 
pilav éorlv, Kal oT, els Tov peragd Tomov Tob 
Kavovos Kal Ths KoyAoedots édv tis 4 edfeta, 
éxBaddropevn tynOijcerat bd THs KoxAocedobs, 
adzos amédetev 6 Nucopedas, Kat mpets ev TO eis 
70 ’AvaAnupa Atoddépou, Tpixa Tepety Thy yeoviay 
Bovadpevor, Kexpypeba 7H Tpoelpnuern ypappy. 


1 éreid7) . . . mpoominrovcat ‘ex proximis inepte huc trans- 
lata” del. Hultsch. 





@ Let a be the interval or constant intercept between the 
curve and the base, and 6 the distance from the pole to the 
base (EA). If © is any point on the curve, and EO=7, 
LTEO =4, then the fundamental equation of the curve is 

t=hsec Pta. 
If a is measured bachirards from the base towards the pole, 
then another conchoidal figure is obtained on the same side 
of the base as the pole, having for its fundamental equation 
r=b sec d-a. 

This takes three forms according as a is greater than, 
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Similarly, if any other straight line drawn from the 
point E falls upon the curve, the portion cut off by the 
curve and the straight line AB will make a straight 
line equal to TA. Now, says he, let the straight line 
AB be called the ruler, the point [EK] the pole, PA the 
interval, since the straight lines falling upon the line 
APM are equal to it, and let the curve AIM itself be 
called the first cochloidal line (since there are second 
and third and fourth cochloids which are useful for 
other theorems).¢ 

27. Nicomedes himself proved that the curve can 
be described mechanically, and that it continually 
approaches closer to the ruler—which is equivalent 
to saying that of all the perpendiculars drawn from 
points on the line ATO to the straight line AB the 
greatest is the perpendicular PA, while the perpen- 
dicular drawn nearer to I'A is always greater than 
the more remote ; he also proved that any straight 
line in the space between the ruler and the cochloid 
will be cut, when produced, by the cochloid; and we 
used the aforesaid line in the commentary on the 
Analemma® of Diodorus when we sought to trisect an 
angle. 
equal to, or less than 6. These three forms are probably 
the ‘* second, third and fourth cochloids,’? but we have no 
direct information. When a is greater than 6, the curve has 
a loop at the pole; when a equals 6, there is a cusp at the 
pole ; when ais less than 6, there is no double point. 

The original name of the curve would appear to be the 
cochloid (xoxdoed7s ypappyH), as it is called by Pappus, from 
a supposed resemblance to a shell-fish (xéyAos). Later it was 
called the conchoid (xoyxoe.di}s ypayp), the “‘mussel-like” curve. 

> Diodorus of Alexandria lived in the time of Caesar and 
is commemorated in the Anthology (xiv. 139) as a maker of 
gnomons. Ptolemy also wrote an Analemma, whose object 


is a graphic representation on a plane of parts of the heavenly 
sphere. 
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Aca 81) ra&v eipypévwy davepsv ws Suvardv éorw 
ywrias dobetons ois tis trod HAB kal onpeiov 
extos attis Tod T Sidyew rv TH kat moveiy ry 
KH peragd ris ypappis Kat tis AB tonv rij 
dobeion. 


A 





"Hy be KdBeros amo Tob Pr onpetov ent THY AB 
v7) TO Kai eKBePdijob, Kal 7H Soleion ton EoTw 

9 AO, Kai wéAw pev 7a T, StaorHpare dé TO 
Sober, TOUTEOTL TH AO, kavou d¢ 7H AB ye- 
ypadbw KoxAoed1)s ypaypn ampaTyn s EAH- 
ovp Barrer dpa 7H AH &a 76 mponexBev. oup- 
Baddérw kata 7O H, kal emelevyOw 4 TH: ion 
apa Kad 9 KH 7A Bobetan. 

KN. Turés dé ris Xprjgews: eveka maparievres 
Kkavova T@ [ xwovaw abrov, ews av éx Tis metpas 
y peratd drrohauPavopern 77s AB edbfelas Kat 
THs BAH Ypappyjs ion yeévnta TH bobeton: ToUTOU 
yap dvTos TO mpoKetpevov e€& apyfs SeikvuTae 
(Aéyw Sé KvBos KUBov SdimAdctos evploxerat). 
mpotepov dé dUo0 dSoderadv edOerav So péoae Kara 
TO avveyes diddoyov Aap Bavovrat, dv 6 pe 
Nexopydqs THY Katackeuny e&€0eTro pdvov, Hpeis 
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Now by what has been said it is clear that if there 
is an angle, such as HAB, and a point I’ outside the 
angle, it is possible so to draw ['H as to make KIf 
between the line and AB equal to a given straight 
line. 

Let FO be drawn from the point I‘ perpendicular to 
AB and produced to A so that AO is equal to the 
given straight line, and with I for pole, the given 
straight line, that is AO, for interval, and AB for 
ruler let the first cochloid EAH be drawn; then by 
what has been said above it will meet AH ; letit meet 
it in H, and let [TH be joined ; KH will therefore be 
equal to the given straight line. 

28. Some people, following [a more convenient] 
usage, apply a ruler to I’ and move it until by trial 
the portion between the straight line AB and the line 
EAH becomes equal to the given straight line ; and 
when this is done the problem which was posed at the 
outset is solved (I mean a cube which is double of 
a cube is found). But first two means in continuous 
proportion are taken between two given straight lines ; 


Nicomedes explained only the construction necessary 
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S€ Kal Ty dnddekw ebypudcapev TH KatacKkevy 
TOV TpdTOV ToUTOV. 

Acddcbwaav yap Svo ed0ciar ai TA, AA apds 
dpbas adArjAas, dv Set SVo pécas dvadoyor Kara 
TO ouveyes cdpely, Kal ovpeTrAnpwiobw ro ABTA 
mapadAynAdypappov, Kal retpicbw dsixa éxarépa 
trav AB, BY tots A, E onpeious, cai émlevybetoa 





@ The proof is given by Eutocius with very few variations 
(pp. 104-106) and also in another place by Pappus himself 
(ii. 8, ed. Hultsch 58. 23-62. 13, with several differences). In 
iti. 8 the straight lines are called AT, AA, whereas here 
and in the passage from Eutocius the mss. have TA, AA. 
Wherever we have A here, it is reasonably certain that 
Pappus wrote A, and vice versa. 


304 


SPECIAL PROBLEMS 


for doing this, but we have supplied a proof to the 
construction in this manner. 

Let @ there be given two straight lines TA, AA at 
right angles to each other between which it is required 


M 





to find two means in continuous proportion, and let 
the parallelogram ABI‘A be completed, and let each 
of the straight lines AB, BI be bisected at the points 
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pev 7 AA ex BeAr) a)w Kai oupmemreray TH PB 
exBrnBeton kava vo H, TH dé BI mpos opbas 7 
EZ, kai mpooPeBijabes 4 «UZ ton otoa 77 AA, 
Kai emelevyOw 1% ZH Kai adtH mapddAAndos % 
TO, Kat ywrias ovens THs imo tay KVO azo 
do0bévt0s Tot Z Sijybw 47 ZOK zovwdca tony tHv 
OK rH AA 7 7h UZ (rofro yap ws Svvarov 
edelyOn bid THs KoxAoedois ypapp7js) Kal ém- 
CevxGetaa KA én BeBArjoben Kal oupmimTeroD TH 
AB éxBAy elon Kara TO M- Adyus ore éotly ws a 
Ar mpos KI, 7 KI apos MA, wai 7) MA zpos 
my AA, 

*"Eret 7 BI rérpnrar diva TH E nai mpdoxertar 
at77 7 KT, 76 dpa tro BRT pera rod aad TE 
igov €otiy TH do EK. Kowov mpooxeicbw 76d 
amo EZ: 76 dpa t7o BKT pera t&v and TEZ, 
tovtéoTw Tob azo V'Z, icov éotiv tots amo KEZ, 
routeatw T@ avd KZ, kat ézei ws 7 MA apos 
AB, 7 MA zpos AK, ws dé 7) MA zpos AK, 
ottws » BI apds TK, nal ws dpa %y MA mpods 
AB, otrws 7 BLP apos VK. kai éore tis péev AB 
jytoea 7 AA, rHs b6é BY’ SirdAq 4 TH: éorat dpa 
kar ws 7 MA apos AA, otrws 7 HI xpos KI. 
adv ws 4% HT apds VK, otrws 4 ZO zpos OK 
bia Tas mapadAjAous tas HZ, TO: cai cvvbévte 
dpa ws 7 MA mpos AA, 7 ZK mpos KO. toy 8e 
badxecrar kal AA rH OK, éxet’ Kal 7H TZ ton 
eotlv 7 AA’ ton dpa cai 4 MA 7H ZK: toov dpa 
kal 7a ad MA 7 amo ZK. Kal €ore TH prev ard 
MA ioov 76 two BMA peta tod dad AA, TO 5é 

1 éme. .. AA. Hultsch thinks these words are inter- 
polated ; they appear in both other versions. 
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A, E respectively, and let AA be joined and produced, 
and let it meet 1B produced in H, and let EZ be 
drawn at right angles to BI in such a way that I'Z is 
equal to AA, and let ZH be joined and parallel to it let 
LO be drawn, and, since the angle KT0 is given, from 
the given point Z let ZOK be so drawn as to make OK 
equal to AA or to P'Z (that this is possible is proved by 
the cochloidal line), and let KA be joined and pro- 
duced, and let it meet AB produced in M ; I say that 
AI:KP=Kl: MA=MA: AA. 

Since BI is bisected at E and KT lies in BI 
produced, therefore 


BK. KI +TER?sEK?2, (Eucl. ii. 6 
Let EZ? be added to both sides. 
Therefore BK .KI'+TE?+EZ?=EK?2 + EZ?, 


that is BK. KP 4T2Z?=KZ?2, (Eucl. i, 47 
And since MA:AB=MA: AK 

and MA:AK=BI': TK, 

therefore MA :AB=BP:I'K. 
And AA=}AB, TH =2BP, 
Therefore MA : AA=HI: KP. 


But on account of HZ, TO being parallels, 
HL: VK=Z0: OK, 
Therefore, compounding, 
MA: AA=ZK : KO. 
But by hypothesis AA=OK, since [Z=AA3 


therefore MA=ZK ; 
therefore MA? =ZK2, 
And MA?=BM. MA +AA2 [Eucl. ii. 6 
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amo ZK toov édetyOn Oo tad BET pera tod amd 
ZI’, dv to amd AA toov 7H azo VZ (ton yap 
urdxetat y AA tH TZ): tcov dpa nal ro vo 
BMA 7é@ td BKI: ws dpa 47 MB apds BK, 7 
TK apos MA. aA os BM apos BK, 4 AT 
mpos VK: ws dpa 4 AT zpos TK, 7 PK zpos AM. 
€or. 5€ Kai ws 7 MB zpos BK, 7 MA mpdos AA: 
Kat ws dpa 4 AL apos TK, 4% TK zpos AM, Kab 
4) AM zpos AA. 


2. SQUARING OF THE CIRCLE 
(a) GeneraL 
Plat. De Evil. 17, 6075, F 
’ArOpurov 8 oddels adaipetrat témo0s eddat- 
poviay, womep o88 dpetiv obb€ dpdvnaw. ard’ 
*Avagaydpus prev ev 7@ Secpwrnpiw tov Tob 
KUkAou TeTpaywriopor eypadge. 


Aristoph. Aves 1001-1005 


METON. IIpoobets otv ya 
>) ‘> w ‘ ‘ , 
Tov Kavov’ dvwhev rovtovi tov KapmvAor, 
evbeis dcaBy7rnv—pavOdvers; MEIZOETAIPOR. 
ot pavOdver. 
METON. "Op0 petpjaw Kavove mpooribeis, o iva 
6 KUKAOs yévnTal co” TeTpaywvos. 


@ This reference shows the popularity of the problem of 
squaring the circle in 414 B.c., when the Birds was first 
produced. Meton, who is here burlesqued, is the great 
astronomer who about eighteen years earlier had found that 
after any period of 6940 days (a little over nineteen solar 


808 


SPECIAL PROBLEMS 


and it was proved that 
ZkK?=BK.KT+ZI%, 
andhere [YZ?=AA? (for by hypothesis AA=IZ) ; 
therefore BM.MA=BK.KT; 
therefore MB: BK=TK: MA, {Eucl. vi. 16 


But BM :BK=ATr:TK3 
therefore AT: TK=IK : AM. 
And MB:BK=MA:AA; 


andtherefore A: TK=IK ;: AM=AM: AA. 


2. SQUARING OF THE CIRCLE 
(a) GENERAL 
Plutarch, On Exile 17, 6072, F 


There is no place that can take away the happi- 
ness of a man, nor yet his virtue or wisdom. 
Anaxagoras, indeed, wrote on the squaring of the 
circle while in the prison. 


Aristophanes, Birds 1001-1005 4 


Merton. So then applying here my flexible rod, and 
there my compass—you understand? PertsTHE- 
tarros. I don't. 

Merton. With the straight rod I measure so that 
the circle may become a square for you. 


years) the sun and moon occupy the same relative positions 
as at the beginning, and had just built a water-clock worked 
by water from a neighbouring spring on the Colonus in 
the Athenian Agora. Actually, Meton made no contribu- 
tion to squaring the circle; all he seems to be represented as 
doing is to divide the circle into four quadrants by two 
diameters at right angles. 
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(6) ApproximaTIon BY Potycons 
(i.) Antiphon 
Aristot. Phys. A 2, 185 a 14-17 

"Apa 8 otdé Avew dravra mpoorKet, GAN 7) daa 
€x TOV apxav tis émdeckvds Yevderat, daa b€ py, 
ov, olov Tov TeTpaywviojxov tov pev did TaD 
TpNaTwWY yewpeTpiKod Siaddoat, Tov dé *AvTi- 
Pa@vros od yewpeTpiKod. 

Them. in Phys. A 2 (Aristot. 185 a 14), ed. Schenk] 
3. 30-4. 7 
"Evel kal 7a pevdoypadypata coa pev oa@le 


Tas yewpetpixas brobéces AuTéov TH yewperpn, 
Goa S€ pdyetat mpds exeivas, trapaiTntéov, olov 





* Antiphon was an Athenian sophist contemporary with 
Socrates. 

> The comments of Themistius, Philoponus and Simplicius 
on this passage are of great importance in the history of 
Greek geometry. All three agree (Simplicius with a re- 
servation) that ‘‘ the quadrature by means of segments "’ is 
to be ascribed to Hippocrates of Chios. Simplicius’s repro- 
duction of the passage in Eudemus’s History of Geometry 
which tells us of certain areas squared by Hippocrates has 
already been given (supra, pp. 234-253). The four quadra- 
tures there given contain no fallacy. What then is the 
fallacy with which Aristotle and the commentators charge 
Hippocrates? It is most probably an alleged assumption 
by Hippocrates that because he had squared a_ particular 
lune in each of three kinds, he had squared all types of 
lunes; and, as he had also squared a figure consisting of a 
lune and a circle, that he had squared the circle. In fact, 
the last-mentioned lune was not of a kind which he had 
previously squared, and so he had not really squared the 
circle. But did Hippocrates think that he had squared the 
circle ? There is no reason to suppose that he so thonght, and 
it is extremely unlikely that a mathematician of his calibre 
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(6) Approximation By PoLycons 
(i.) Antephon* 
Aristotle, Physics A 2, 185a 14-17 


At the same time it is not convenient to refute 
everything, but only false demonstrations starting 
from the fundamental principles, and otherwise not ; 
thus it is the business of the geometer to refute the 
quadrature by means of segments, but it is not the 
business of the geometer to refute that of Antiphon.? 


Themistius, Commentary on Aristotle’s Physics A@ 
(185 a 14), ed. Schenkl 3. 30-4. 7 


For such false arguments as preserve the geo- 
metrical hypotheses are to be refuted by geometry, 
but such as conflict with them are to be left alone. 


could be so deluded. Heiberg (Philol. xliii. 336-344) thinks 
that in the then state of logic he may have thought he had 
squared the circle. Bjirnbo (in Pauly-Wissowa, Real- 
Encyclopddie, xvi. 1787-1799) thinks he knew perfectly well 
what he had done, but used language calculated to give the 
impression that he had squared the circle. Both suggestions 
are highly improbable. Heath (4.G.Af, i. 197) prefers to 
think that Hippocrates was trying to put what he had dis- 
covered in the most favourable light. Ross (Aristotle’s 
Physics, p. 466) is of opinion that Hippocrates simply proved 
his quadratures of lunes and the sum of a lune and circle, no 
doubt in the hope of ultimately squaring the circle, but 
without any claim to have done so. This appears the 
best view. Aristotle has misunderstood what Hippocrates 
claimed to have done. 

Tpypara means ‘* segments,’ and is not properly used 
of ‘‘lunes,’’ but mathematical terminology was fluid in 
Aristotle’s time, and tujua may have been used to denote 
any portion cut out of a circle. In De Caelo ii, 8, 290 a 4, 
Aristotle uses it to denote a ‘‘ sector.” 


811 


GREEK MATHEMATICS 


Svo Twes KUKAOY emtyerprijcavTes TeTpaywriley 
‘Ilamoxparys te 6 Xios Kat 6 Avrigaiv. TOV pev 
ovv ‘Inmoxparous | Auréov. Tas yap dpxas puddrrwy 
mapadoyilerat 76 pLovoy jev éxeivov TOV pvioxov 
TeTpaywrioat és ypaderat mepl THv Too TeTpA- 
YeOvo | mAeupay Tod «is Tov KUKAoV eyypadopevou, 
mav7a S€ pyvioxov oldv te TeTpaywrilew AafPeiv 
eis? drrdderswv, mpos Avripdvra. be obKer’ dy éxot 
Aéyew 6 yEewpeTpns, os eyypapwy Tplywvov icd- 
mAeupov els Tov KUKAov Kal éd? exdar7s Tov 
mAeup@v erepov toookeAés ovmotdas mpos TH 
mepipepeia tod KUKAoV Kai Todto epe€hs trom 
eto Tove ehappdcev tod redevTaliov Tprywvov 
thy TAevpav edlelav otcav TH mepipepeia. 
Simpl. in Phys. A 2 (Aristot. 185 a 14), ed. Diels 
54, 20-55, 24 

‘O dé J Avripaiv ypaibas Kixdov évéypaypd re 
xwplov eis adrov TroAvycovov Tov eyypdgeobar 
Suvapeveny. éotw 5é et TUXOL TeTpaywvov TO 
ey yey paptpevor. Kal dfjAov ore n owvaywyn 
mapa Tas yewpeTpucas dpyas yéyovev ux ws o 
"AreLar8pos gnow, “6re broriBerat pev 6 yew= 
peetpyns TO Tov KUKAov Tis ev0elas Kata onjteiov 
dmreobar ws apynv, 6 dé "Avripav avaipe? todTo.”’ 
ot yap dmoriferar 6 yewpéTpys ToiTo, aAX’ dro- 
Seixvuow atro ev TO tpitw BiBriw. dpewov obv 

1 ndvra . .. ets: a lacuna in the text is satisfactorily 


filled, as Schenkl notes, if these words are supplied from 
Simplicius. 





* Accounts differ about Antiphon’s procedure, but it 
makes no difference to the result, which is to get a regular 
polygon approaching the circle as its limit. Themistius was 
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Examples are given by two men who tried to square 
the circle, Hippocrates of Chios and Antiphon. The 
attempt of Hippocrates is to be refuted. For, while 
preserving the principles, he commits a paralogism 
by squaring only that lune which is described about 
the side of the square inscribed in the circle, though 
including every lune that can be squared in the proof. 
But the geometer could have nothing to say against 
Antiphon, who inscribed an equilateral triangle in 
the circle,* and on each of the sides set up another 
triangle, an isosceles triangle with its vertex on the 
circumference of the circle, and continued this pro- 
cess, thinking that at some time he would make the 
side of the last triangle, although a straight line, 
coincide with the circumference. 


Simplicius, Commentary on Aristotle's Physics A 2 
(185 a 14), ed. Diels 54. 20-55. 24 


Antiphon described a circle and inscribed some one 
of the (regular) polygons that can be inscribed 
therein. Suppose, for example, that the inscribed 
polygon is a square. . . . It is clear that the breach 
with the principles of geometry comes about not, as 
Alexander says, “ because the geometer lays down as 
a hypothesis that a circle touches a straight line in one 
point [only], while Antiphon violates this.” For the 
geometer does not lay this down as a hypothesis, but 
it is proved in the third book of the Elements.’ It 


the earliest of the commentators, and Heath considers his 
account ‘the authentic version.” Philoponus makes 
Antiphon begin by inscribing a square, then an octagon and 
so on. Simplicius, as will be seen below, allows him to 
begin with any one of the regular polygons, but starts with 
the square as an example. 
> Eucl. Elem. iii. 16. 
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rd ? \ oa A > , - % ~ 
Aéeyew apynv civat 7d advvatov elvat edOeiav 
> , / LAN’ ¢ A > ‘ ‘ a 
edappocar mepipepeia, GAN 1 pev exTds Kata ev 
- > , ~ , € be A b , 
onetov edayserar Tod KUKAOV, 7 Sé evtos KaTA SUO 
povoy Kai od mAclw, Kal 7 étady Kata onpetov 
yiverat. Kal pevTot Téuvwy aet TO peTakd THs 
evfelas Kal THs TOO KUKAoU Tepibepelas emimedov 
od Samarijcer atta odd€ Katadrniberal mote THY 
Tob KUKAov mepipeperav, cimep em” adrreipov e€art 
Suaiperov 70 emimedov. ef bé€ KatadapBaver, av- 
WpHTAl Tis apy7) yewperpiKr 7) A€yovea é€m” amet- 
pov elvar Ta preyeUn Statpeta. Kal TadTyY Kal 
Kvdnpos Thy apyjv avatpetabat dyow tro To 
7 
a ~ 
Avripdvros. 


e 
oO 
7) 


(ii.) Bryson 
Adex. Aphr. in Soph. El. 11 (Aristot. 171 b 7), ed. 
Wallies 90, 10-21 
"AAW 6 tod) Bovowvos retpaywriopos Tob 
KUKAov éeptatiKds €aTL Kal codiaTiKds, OTL OK eK 
TOV OlKEelwY apYar THs yewpeTplas add’ eK Tw 
KOLVOTEpUY, TO yap TEpLypadew eKTOS TOD KUKAOU 





® Heath (/1.G..M, i, 222-223) comments: ‘‘ The objection 
to Antiphon's statement is really no more than verbal; 
Euclid uses exactly the same construction in xii. 2, only he 
expresses the conclusion in a different way, saying that, if 
the process be continued far enough, the small segments left 
over will be together less than any assigned area. Antiphon 
in effect said the same thing, which again we express by 
saying that the cirele is the lim/¢ of such an inscribed polygon 
when the number of its sides is indefinitely increased. 
Antiphon therefore deserves an honourable place in the 
history of geometry as having originated the idea of ex- 
hausling an areca by means of inscribed regular polygons 
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would be better therefore to say that the principle is 
that a straight line cannot coincide with the circum- 
ference, a straight line drawn from outside the circle 
touching it in one point only, a straight line drawn 
from inside cutting it in two points and not more, and 
tangential contact being in one point only. Now 
continual division of the space between the straight 
line and the circumference of the circle will never 
exhaust it nor ever reach the circumference of the 
circle, if the space is really divisible without limit. 
For if the circumference could be reached, the 
geometrical principle that magnitudes are divisible 
without limit would be violated. This was the prin- 
ciple which Eudemus says was violated by Antiphon.?” 


(ii.) Bryson ® 


Alexander, Commentary on Aristotle's Sophistie 
Refutations 11 (171 b 7), ed. Wallies 90. 10-21 


But Bryson’s quadrature of the circle is eristic and 
sophistical, because he proceeds not from principles 
peculiar to geometry but from wider principles. For 
to circumscribe a square about the circle and to 


with an ever-increasing number of sides, an idea upon which 
Eudoxus founded his epoch-making method of exhaustion. 
The practical value of Antiphon’s construction is illustrated 
by Archimedes’ treatise on the Measurement of a Circle 
{reproduced below]... The same construction starting 
from a square was likewise the basis of Vieta’s expression 
(9) 


for 7 namely, 


2 eee cng one 
a 4° g° SS gees 


=VE.VECtVEs VEE (4 V9) 
> Bryson was a pupil either of Socrates or of Euclid of 
Megara. 
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TeTpdywvov Kal evros eyypapew € eTepov kal peratd 
Tay do TeTpayesveny éTEpov TeTpaywvoy, elra. 
Aye OTe 6 petakd THY dVo TeTpayuvwy KUKAoS, 
dpoiws b€ Kat To peta€d TaOv So TeTpaywvwy 
TeTpaywrov Tob pev exTos TeTpaywvou éAdrToVd. 
clot Tob be evros peiCova, Ta b€ THY adtav petlova 
Kat eAdttova toa éotiv, toos dpa 6 KUKAOS Kal TO 
TeTpaywvov, ek Tiwy Kowadr adda Kal pevddv 
€o7t, Koway pev, OTe Kal én’ apipdv Kal ypdvwy 
Kal Té7wv Kal dAAwY Kowdv appdcot av, pevddv 
dé, OTe OKTW Kal evvea TOV d€Ka Kal érta EAATTOVES 
Kal petlovés elor Kat Ouws ov ela toot. 
(iii.) Archimedes 
Procl. in Eucl. i., ed. Kroll 422. 24-423. 5 


"Ek rovrov be otjat Tob mpoPAnjatos ema Oevres 
ot madatot kal Tov tod KUKAoU TeTpaycwviapov 
elirnoav. et yap mapadAnrAcypaupov icov etpi- 
OKETOL mavrt evOvypappe, (yticews aévov, py 
Kat ta evOvypappa Tots mepipepoypappots toa 
decxvovar Suvarov. Kal oO "Apxyendns ederker, ort 
mas KUKAos igos éort Tpryeovy ophoywrinn, ob 4 
bev ek KevTpou ion early pd TOV rept Thy dpOnv, 
1 5€ mepipetpos TH Bacet. 

Archim. Dim. Circ., Archim. ed. Heiberg i. 232-242 


, 
a 


~ a ” ¥: a , > f hal 
las xvxdos tcos eort tprywrw dpboywviw, of 





* Bryson marks a step beyond Antiphon because he con- 
ceived the cirele as intermediate in area between an inscribed 
and an eseribed polygon, an idea which was powerfully 
developed by Archimedes. The manner in which he took 
a square intermediate between the inscribed and escribed 
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inscribe another® within and between the two 
squares to take another square, and then to say that 
the circle is intermediate between the two squares, 
and similarly that the square between the two squares 
is less than the outside square but greater than the in- 
side and that, since things which are greater and less 
than the same things are equal, therefore the circle 
and the square are equal, is to proceed from wider 
principles (than those of geometry) and false ones ; 
wider, because the argument would apply to numbers 
and times and spaces and other entities, false, be- 
cause eight and nine are respectively less and greater 
than ten and seven and nevertheless are not equal. 
(iii.) Archimedes 
Proclus, On Euclid i., ed. Kroll 422, 24-423. 5 

I think it was in consequence of this problem ® that 
the ancient geometers were led to investigate the 
squaring of the circle. For if a parallelogram is 
found equal to any rectilineal figure, it is worth 
inquiring whether it be not also possible to prove 
rectilineal figures equal to circular. Archimedes 
in fact proved that any circle is equal to a right- 
angled triangle wherein one of the sides about the 
right-angle is equal to the radius and the base to the 
perimeter. 

Archimedes, AWeasurement of a Circle, Archim. 
ed. Heiberg i, 232-242 
Prop. 1 
Any circle is equal to a right-angled triangle in which 


squares is unknown. Some have assumed that it was the 
arithmetic mean, others the geometric (see Heath, H.G.M. 
i, 223, 224). 
> Eucl. i. 45. ‘* To construct, in a given rectilineal angle, 
a parallelogram equal to a given rectilineal figure.” 
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) ev ex Tod Kevtpou ton pd Ta Tepl THY dpOny, 
7 S€ mepijetpos TH Pacer. 
*Eyérw 6 ABTA Kvkdos tpryivm 7@ E, ws 


€ , , oe Ww ? td 
bmdxerrat: Adyw, OTL laos eariv. 








? A , we £ e , A 
Ei yap Suvardv, €orw peilwv 6 KvKAos, Kal 
eyyeypadlw 76 AL retpdywrov, Kat teTpACOwoav 
at mepidéperat diya, Kal €oTw Ta TyrpaTa WOH 
eAdgoova THs UTEpoyis, 7) dTEpexer 6 KUKAOS TOO 
Tpiywvou' 76 ed0ypaypov dpa ét. To0 Tpeycsvou 
ryan a a t \ Tr \ , 
€ott peilov. etdrijp0w Kévtpov to N Kat xdberos 
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one of the sides about the right angle is equal to the radius, 
and the base is equal to the circumference. 
Let the circle ABFA have to the triangle E the 


stated relation ; I say that it is equal. 


Yor, if possible, let the circle be greater, and let the 
square AT be inscribed, and let the ares be divided 
into equal parts [and let BZ, ZA, AM, MA, ete., be 
drawn], and let the segments be less than the excess 
by which the circle exceeds the triangle? The 


rectilineal figure is therefore greater than the triangle. 


2 Heiberg’s note is: ‘‘ Tale aliquid Archimedes sine dubio 
addiderat: Omnino in toto hoc opusculo genus dicendi et 
exponendi brevitate tam negligenti laborat, ut manum 
excerptoris potius quam Archimiedis agnoscas.” 

> Yhat this can be done is shown in Eucl. Llem. xii. 2, 
depending on x. 1. The latter theorem was probably dis- 
covered by Eudoxus, but is commonly known as the ‘* Axiom 
of Archimedes ”’ from his repeated use of it. 
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9 NE: éAdcowy dpa q NE Tis Tob Tpeyesvou 
mAeupas. €oTw Sé Kal 7 meplper, pos zob edOu- 
ypappov Tis owrijs eAdrrev, émel Kal THs TOD 
KUKAoU Te pyle pov" éXatTov dpa Td ed0vypappov 
Tob Is Tprydivou" Omep dromov. 

“Eorw 8é 6 KuKAos, ef Svvatdv, eAdacwv tod E 
Tptywvov, Kal mepeyeypadbw TO TeTpdywvov, Kal 
retpnobwaarv al mepipepea Biya, Kal yOwoay 
eparropevat bua TOY on peta 6p0i) dpa 7 bo 
OAP. 7 OP dpa Tis MP éorw peibany: 7 yap 
PM 79 PA ton eori: Kai ro POT Tplywvov dpa 
tod OZAM oytiatos petlov eotw 7 7d jusov. 
AcheipOwoav o 7@ IZA Topet Gpoto. €Adacous 
Tijs UmrEpoxis, H Urepéver TO EX to8 ABTA kvxdov- 
éTt dpa 70 Tepuyeypaptwevov evOvypappov Tob E 
corw éAacoov: Srrep atovov: €aTwv yap peilov, 
dre 4) pev NA ton éort tH Kabérw Tob Tprywvov, 
4 Sé mepiuetpos peilwy earl ris Bacews Tob 
tptywvov. taos dpa 6 KdKAos TO E tprywve. 

, 
Y 

Tlavros KvKAov 7 Trepipetpos Ths Siaperpov 
TpiTAagiov éorl Kal é€re bmepexyer eAdccom pev 
9 €Bddpw péper THs Siapérpov, petforr b¢ 7 b€Ka 
éBdopnKooropovoss. 


2 i.e., the space between the arc ZA of the circle and the 
sides AII, ILA of the eseribed polygon. The name given to 
this figure, ropes, is more properly used of a sector of a 
cirele, and Heiberg notes: ‘ zoue? Archimedes non scripsit 
pro drorprpatt.” The process, it is not quite clearly stated 
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Let N be the centre, and NE perpendicular [to 
ZA]; NZ is then less than the side of the triangle. 
But the perimeter of the rectilineal figure is also less 
than the other side, since it is less than the perimeter 
of the circle. The rectilineal figure is therefore less 
than the triangle E ; which is absurd. 

Let the circle be, if possible, less than the triangle 
EK, and let the square be circumscribed, and let the 
ares be divided into equal parts, and through the 
points [of division] let tangents be drawn ; the angle 
OAP is therefore right. Therefore OP is greater 
than MP; for PM is equal to PA; and the triangle 
POI! is greater than half the figure OZAM. Let 
the spaces left between the circle and the circum- 
scribed polygon, such as the figure? IIZA, be 
less than the excess by which E exceeds the circle 
ABYPA. Therefore the circumscribed rectilineal 
figure is now less than E; which is absurd ; for it is 
greater, because NA is equal to the perpendicular of 
the triangle, while the perimeter is greater than the 
base of the triangle. The circle is therefore equal to 
the triangle E. 


Prop. 3° 


The circumference of any circle is greater than three 
times the diameter and exceeds it by a quantity less than 
the seventh part of the diameter but greater than ten 
seventy-first parts. 


in the Greek, is to be continued until the escribed polygon 
is such that the spaces left between it and the circle are less 
than the excess of FE over the circle. That this can be 
done follows from the ‘* Axiom of Archimedes,” Eucl. Elem. 
x. 1. 

> The order of the propositions in the manuscripts is 
manifestly wrong. Props. 2 and 3 must be interchanged. 
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“Eorw KvKAos Kal dudpetpos 7 AT kat KevTpov 
vo KE Kal DAZ épamropevn Kal 7 v0 ZED 
tpitov opbis: 7 EZ dpa mpos ZI’ dAdyov exe, dv 


Z a 
H 
cS) 
K 
A 
r 
M f A 


1 mpos pry, a S¢ ED’ zpos [rH] VZ Adyor & exes, 
év ake mpos pry. Tet HCO oby 4% ord ZET dixa 
7) EH: éorw dpa, os 94 ZE mpos EP, y ZH zpos 
Hr [Kai evadnag Kal ouvbevre). ws dpa ouvap.- 
porepos 1) ZE, EP mpos ZV, » EV Tos TH: 
WOTE 4 TE mpos Tu petlova eae exer n7TEp 
doa mpos pry. 7 EW apg apos HT duvdpyer Adyov 


éxet, ov M jOvv mpos M \yul: pujces dpa, dv 


2 As Eutocius explains in his commentary on this passage 
(Archim. ed. Heiberg iii. 234), if EZ is represented by 
306 and TZ by 153, then by Pythagoras's theorem ET? = 
3067-153? =70227. Since 265*=70225, ET is therefore 265 
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Let there be a circle with diameter AI and centre 
FE, and let AZ be a tangent and the angle ZET one- 
third of a right angle. Then 


EY : TZ [=4/3 : 1)>265:1539. . (1) 


and EZ:Z0 [=2:1) =306:153 . . (2) 
Now let ZZEI' be bisected by EH. It follows that 
ZE:ED =ZH: HP (Eucl. vi. 3 
so that (ZE+ED: EP =Z7ZH+HT: HT 
=Z0: HI, or] 
ZE+EC: ZC =kT: HP. 
Therefore TE:TH [=EI4+ZE:ZP 


> 265 + 306 : 153, 
by (1) and (2)] 
>571:1538 . . (8) 
Hence EH?: HI? (=h1?2+TH? : Hl? 
> 571241582 : 1532] 
> 349450 : 23409, 


and a “minute and imperceptible fraction ”’ (udpiov eAaxeorov 
kal dveraio(yrov), As the sides of the triangle are in the 
ratio 1, V3, 2, this is equivalent to saying that V3> ees, 
In the second part of the proof Archimedes assumes that 

8<153. The way in which he makes these assumptions, 
without explanation of any kind, shows that they were 
common in his day, and much ingenuity has been spent in 
devising processes by which they may have been reached. 
v. Heath, The Works of Archimedes, 1xxx-]xxxiv, xe-xcix. 

Eutocius fully explains the arithmetical working, where 
Archimedes merely sets down the results. In the translation 
the necessary working, where not given by Archimedes, is 
shown in square brackets. In the Greek text as we have it 
a few equalities are given where the argument requires 
inequalities. The translation reproduces what Archimedes 
must have written. 
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ASa 7’ mpos pry. mddw diya % dvd HET 79 EO: Sid 
ta avra apa 7) EV xpos TO peilova Adyov yer 
} Ov ,apEB 7° mpos pvy: 7) OF dpa zpos OT petlova 
Adyov exer 7) dv apoB n° mpos pvy. ere Sixa %} 
b7o OED rH EK: EP dpa apos TK petlova 


Adyov Eyer 7) Sv BrAS 8’ zpds pvy- 4 EK dpa mpos 
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sothat EH: HI >5914:153. . (4) 


Again, let ZHET be bisected by EO; then by the 
same reasoning 


(HE : EP =HO: OF [Eucl. vi. 3 
so that HE+EP : EP =HO+0Pr: Or 
=HI':T@, 
or HE+EDr: Hl =ET:T¢0. 
Therefore] ET : TO [=TE+EH: HT 


> 57145911 : 153, 
by (3) and (4),] 
> 1162} :153 . (5) 
[Hence OE? : Te? =ET?+Te? : Te? 
> 116242 + 153? : 153? 
> 135053423 + 23409 : 


234.09 

> 137394322 : 23409, ] 

so that CE: OF >1172$:153 . (6) 
Again, let OEI’ be bisected by EK. 

Then (OE : EL =OK : KI. [Euel. vi.3 


so that OE+Er:EF =0K+KE: KP 
=OL : TK, or] 
EV : TK [=EP+0E:0r 
> 11624411721 : 153, 
by (5) and (6),] 
> 233442153 . . (1) 
[Hence EK? ; ['K2 =KT?+TK? ; TK? 
> 23344? + 153? : 153? 
> 51472132 J, : 23409,] 
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PR peiCova 4 Gv iBrX0 5’ ™pos pry. ere diya 7) 7d 
KEV 79 AL: 4 ED dpa mpos AT peilova [penecec] 
ACvoi EXEL Prep Ta OXY Za mpos pry. émet obv 
4 dao ZEL zpizov obca dpbis térHTaAL TeTpAKLS 
Siya, 4 bro AET dpOis éote pn’. Kelobw odv 
abt tan mpos TO Ey two TEM: 7 dpa tro AEM 
épOis ears Kd Kal » AM dpa evita tod zepi 
rov KUKAov éotl moAvyuivou mAevpa mAevpas €xov- 
ros Se. eel ofv % ED apds riv TA éSelyOn 
peilova Adyov eyovca Arep xoy <’ mpds pry, 
adva tis pev ET bi7A7 7 AT, rijs b€ TA dimAaciwv 
7 AM, wat 7 AT dpa mpés tiv rod Ss-ydvou 
Tepivetpov petlova Adyov exer Hep ,Syoy LZ’ mpos 


a — 
> 

M ,8y77n. Kai éorw tpimAdoa, Kal drepéyovaw 
xl LZ’, amep trav ,dxoy LZ’ eAdtrova eatw 7H TO 
eBdopov: wate TO ToAvywvov Td Tept TOV KUKAOV 
THs Stayetpov eoti tpiwAdatov Kal eAatrrou 7 TH 
ePdopw péper petlov ToD KUKAOU apa TrepipeTpos 

A a” 5 , bd 4 nn , A 
moAD pGAdov eAdcowy e€otiv 7 TpitAaciwy Kal 
2 ‘ s é 
EBdopm péper peilwr. 

"Eotw KuKdos kat diauetpos 7 AT, 7 8€ dao 
BAT zpizovu dpéijs: 47 AB dpa mpos BI éeAacoova 
Aoyov exer 7) Sv ,atva mpos da [7H 5é AT zpos TB, 
ov ,ad& mpos yz]. dixa y vd BAT 7H AH. 
evel ovv ton eoTw 4 bd BAH 7H two HVB, adda 
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so that EK : TK > 23394 :153 2 . (8) 
Again, let ZKET be bisected by AN. 
Then [KE : EP =KA: AD (Buel. vi. 3 


so that KE+EV:;EP =KA4+AL0:; AL 
=KI': AP, or} 
Er: AT {=EC+KE:; Kr 
> 23344 + 2339} : 153, 
by (7) and (8).] 
> 4673} : 153. 


Now since ZZET, which is the third part of a right 
angle, has been bisected four times, ZAEI’ is one 
forty-eighth of a right angle. Let ZI'EM be placed 
at E equal to it. ZAEM is therefore one twenty- 
fourth of a right angle. And M is therefore the 
side of a polygon escribed to the circle and having 
ninety-six sides. Since E[.: TA was proved to be 
greater than 4673} : 153 and AI'=@EI', AM=@TA, 
the ratio of AT’ to the perimeter of the 96-sided poly- 
gon is greater than [46733 : 96. 153, or] 46733 : 14688. 
And the ratio [14688 : 46733] is greater than 3, being 
in excess by 667}, which is less than the seventh 
part of 46733 ; so that the [perimeter of the] escribed 
polygon is greater than three times the diameter 
by less than the seventh part; a fortiori therefore 
the circumference of the circle is less than 3} times 
the diameter. 

Let there be a circle with diameter AT’ and ZBAT' 
one-third of aright angle. Then AB : BP [=4/3 : 1] 
<1351:780.2 Let BAI be bisected by AH. Now 
since ZBAH=ZHI'B and ZBAH=ZHAT, there- 


@ See supra, p. 322 n. a. 
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kat 7H two HAT, cal 4 b7d HTB 79 dao HAT 
€or ton. Kat kour 7 td AHT 6p6y: Kat rpirn 





T E A 


dpa 7 b7d HZ tpirn rH bad ATH ton. too- 
ydéuov dpa to AHT 7Q@ THZ cpiydvw: éorw 
dpa, ws 7 AH zpos HY, y TH zpos HZ kat 4 
AT zpos TZ. Gav ws 4 AT zpos TZ, [kat] 
ovvaupdtepos 7 TAB mpos BI kat ws ovvap- 
fotepos dpa 7» BAL zpos BY, 4 AH apos HY. 
Sua totro otv 4 AH apos [rv] HI eAdocova 
Abyov exer rep PALA mpds Yr, 7 S€ AT apds Thy 
TH éAdcoova } bv ;yey 2’ 8! zpos br. Sixa 7 bad 
TAH 7H AO: 4 AO dpa da ra atta mpds TH 
OF eAdcoova Adyov exer } Sv ;eAKS L’ 8 apds dar 


~ oa sy Sa ie , ‘ € , § ’ 
7] OV ,aWkKY TpOS OpL" eKaTEpa yap EKAaTEpas ty °* 





Sore 4 AL xpos tiv TO 7 dv jawdn 8 ta’ mpds 
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fore ZHTB=ZHAT. And the right angle AHT is 
common. Therefore the third angle HZT is equal to 
the third angle ATH. The triangle AHT is therefore 
equiangular with the triangle [HZ ; therefore 


AH: Hl=TH : HZ=AT : TZ, 


But AT :TZ=TA+AB: BI, 
Therefore BA+AI:Br=AH: HI. 
[But BA:BI <1351 : 780, as stated above, 
while AT;Br =2:1 
= 1560 : 780.] 


Therefore AH : HI’ [=1351 +1560 : 780] 
<2911:780 . . . « (la) 
Hence AT? : TH? =AH?+ HI? : TH? 
<2911? +780? : 7802 
<9082321 : 608400,] 
so that AY :TH <30133:780. . . . (@a) 
Let ZITAH be bisected by AO. By the same 
reasoning 
AQ:Or [=AT+AH:TH 
<30133 +2911 : 780, by (1a) 
and (2a),] 
<59243 : 780 
<j, * 59243 : 4 + 780 
<1823:240 . . . . (8a) 
[Hence AT? ; T@2 =A0?+ TO? : Te? 
<1823? 4 240? : 24.02 
<3380929 : 57600.] 
Therefore AT :TOQ <183834:240 . . . (4a) 
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op. ere Biya 7 b7d OAT 7H KA? wat y AK xpos 
riv KU eAdaoova [dpa] Adyov éyer dv jal mpos 
E=* éxatépa yap éxarépas va ps 4 AT dpa mpds 
[riv] KP 4 dv a0’ mpos Es. ere Biya F bd 
KAT’ 7H AA: AA dpa zpos [rv] AV eAdoaova 
Adyov eyes 3) Sv ta Bis s’ pds Es, 7) 8é AT mpds 
TA €Adooova 7} ta jBil 8’ apos Es. dvdaadw 
apa 7 Tmepietpos Tod moAvywvou mpos THY d.a- 
petpov preiLova Adyov ever Wrep ,oTAS mpos ,Brl 
5’, dzep tov Bil 8’ petlova eorw 7 tpimAaciova 
kat Séka oa’: Kal 4 mEpiuetpos dpa tod Ss-yevou 
Tod ev TH KUKAW THs StapleTpou TpiTrAaciwy éoTi 
Kal petlwv 7 t oa’ Wate Kal 6 KUKXos ETL pLaAAov 
tpimAaciov eart Kat peilwr 7) ¢ oa’. 


‘Hl apa rot KvKAou mepietpos THs Stapétpov 
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Further, let ZOAT be bisected by KA. 
Then AK :KI [=AP+A0:TO 
<1838,%, +1823 ; 24, 
by (Sa) and (4a), 
<5661,4 : 240] 
<!}-3661,%,: 11+ 240 
SOOT SEB. xe %, 16a) 
[Hence AQV?2;: KT? =AK24+KT? : KT? 
<10072 + 662 : 662 
<1018405 : 4356.] 
Therefore AM: KP <10093:66. . . . (6a) 
Further, let ZKAT’ be bisected by AA. 
Then AA; AD [=PA+AK :TK 
<1009} + 1007 : 66, by (5a) 
and (6a),| 
<2016! : 66. 
{Hence AT? :TA2 =AA24 ALD2:7TA2 
<2016}? + 66? : 66? 
<4069284,), : 4356.] 
Therefore AI: TA <2017} : 66, 
and invertendo [A : AI > 66 : 2017}. 
But TA is the side of a polygon of 96 sides; and 
accordingly] the perimeter of the polygon bears to 
the diameter a ratio greater than [96. 66 : 20174, or] 
6336 : 20174, which is greater than 312. Thercfore 
the perimeter of the 96-sided polygon is greater than 
31° times the diameter, so that @ fortiori the circle 
is greater than 312 times the diameter. 
The perimeter of the circle is therefore more than 
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, % % ‘ > £ A al * ¥ , 
tpi7Aaciwy eat Kai eAdooove pev 7 €Pdduw pépet, 
precCore dé 7) t 0a’ pcilwr. 


B’ 


‘O. KdKdos mpos TO amo Tijs Suaperpov TeTpd~ 
yeovov Adyov exer, ov ta mpos 0. 

*EoTrw KUKAos, ot SidqeTpos 7 AB, Kal mepi- 
yeypagbes TeTpayuvov 7o TH, Kau Tis PA Sura} 
7 AL, €Bdopov S€ 4 EZ ris TA. emel odv ro 





ATE 7 pos TO ATA Adyov exet, év ka mpos g, 
Tpos dé 76 AEZ to AT ne Adyov € Exel, év énra, mpos 
év, TO AVZ zpos 76 AVA éorw, os KB TpOs g. 
adda roo ATA retpamAdadv éate t6 TH retpa- 
yevov, To d€ AVAZ tpiywrov 7 AB KdKdw ioov 
eotiv [emet » prev AL’ Kaberos ton éeott TH eK Tot 
Kévtpov, 7) Se Bdows ths Svapetpou TpiAaciov 
Kai TH C' éyprora dmepéyovoa SerxPrjoerat]* 6 KU- 
dos obv mpos 76 TH retpdywvov Adyov exer, va 
mpos 0. 
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three times the diameter, exceeding by a quantity 
less than the seventh part but greater than ten 
seventy-first parts.¢ 


Prop. 2 


The circle bears to the square on the diameter the ratio 
11:14. 

Let there be a circle with diameter AB, and let the 
square ['H be circumscribed, and let AE =2PA, 
EZ=1TA. Then, since AVE: ATA=21:7, while 
ATA: AEZ=7:1 [Euclid vi. 1], it follows that 
ATZ : ATA=22:7.% But the square [H=4 ATA, 
while the triangle AT'AZ is equal to the circle AB; 
therefore the circle bears to the square l'H the ratio 
11:14 


@ We know from Heron, Metrica i. 26 (ed. Schine 66. 
13-17), that Archimedes made a still closer approximation 
to m. The figures in the Greek text are unfortunately 
corrupt, but a plausible correction by Heiben (Nordisk 
Tiddskrift for Filologi, 3° Sér. xx, Fase. 1-2) would give 
the approximation 


3141697 ... > wm > 3141495... 
Ptolemy, Syntaxis vi. 7 (ed. Heiberg 513. 1-5), gives the 


0 
> For dvdmakw AEZ: ATA=1:7, and ATE: ATA= 
21:7, and therefore ow@éere ATZ: ATA=(AEZ+ ATE): 
ATA=22:7. But the same result could be obtained 
immediately from Eucl. vi. 1. 


value of win sexagesimal fractions as 3+ ad 602 OF 31416, 





1 “ Hic locus evel... deuxOyoerar mire confusus transcrip- 
tori tribuendus, qui eum addidit, postquam prop. 2 et 3 
permutavit; neque enim Archimedes hance propositionem 
ante prop. 3, qua nititur, posuit ” (Heiberg). 
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(ce) Sotutrions By Higuer Curves 
(i.) General 
Simpl. in Cat, 7, ed. Kalbfleisch 192, 15-25 


"Eotw 8€ tetpaywriopos KiKkAov, Gtav T@ B0- 
Oévre KUKAW icov TeTpdywvov cvaeTyawpeBa. TobTO 
be 2A DN é x ” mu ? a 
ptotoTeAns pév, Ws €orkev, ovTw eyvaoKet, 
mapa d€ Tots IlvOayopeios nipicbat dnow “Tap- 
Bartyos, “ws diAdv eorw amd tav LéErou rob 
TuOayopeiov amodelEewr, ds dvwiev kata duadoyyy 
mapéAaBev thy pé0odov ris amodei~ews. Kal 
Botepov Sé, dnatv, “Apyynrjdys dca THs Avkopydous* 
ypaypas Kal Nixopidys da tis idiws retpa- 
ywvilovons Kadoupevns Kat "AmoAAdrios bud Tevos 
ypappis, hv adros pev KoyAvcoedods adeAdiyy mpoc- 
, ¢ oN a > a af 4 ‘ 
ayopever, 9 adr? S€ éorw rH Nixoprdous, Kat 
Kapzos dé dia twos ypaypis, 1) amAGs ex di7Ajs 
Kuwoews Kael, dAdo. Te moAXOl TrotKiAws TO Tpd- 

BAnya Kateckevacay,” ws “TauPrAryos toropel. 
1 No meaning can be extracted from Avxopydous, which 


is an otherwise unknown word. The correct reading is 
probably éAccoeiSods, ‘* spiral-shaped.”” 
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(c) Sotutions By Higuer Curves 


(i.) General 


Simplicius, Commentary on Aristotle's Categories 7, 
ed. Kalbfleisch 192. 15-25 


The circle is squared when we construct a square 
equal to the given circle. Aristotle, it would 
appear, did not know how to do this, but Iam- 
blichus says it was discovered by the Pythagoreans, 
“as is plain from the proofs of Sextus the Pytha- 
gorean,* who received the method of the proof from 
early tradition. And later (he says), Archimedes 
effected it by means of the spiral-shaped curve,? 
Nicomedes by means of the curve known by the 
special name quadratriz, Apollonius by means of a 
certain curve which he himself calls sister of the 
cochloid, but which is the same as Nicomedes’ curve,° 
Carpus by means of a certain curve which he simply 
calls that arising from a double motion? and many 
others constructed a solution of this problem in 
divers ways,” as Iamblichus relates. 

2 Sextus (more properly Sextius) lived in the reign of 
Augustus (or Tiberius) and there is no valid reason for 
believing the early Pythagoreans solved the problem. 

> Archimedes himself in his book On Spirals, which will 
be noticed when we come to him, merely uses the spiral to 
rectify the circle (Prop. 19). But the quadrature follows 
from Measurement of a Circle, Prop. 1. 

¢ Nothing further is known of Apollonius’s “ sister of the 
cochloid,” but Heath (//.G.M. i. 232) points out that 
Apollonius wrote a treatise on the cochlias, or cylindrical 
helix, that the subtangent to this curve can be used to square 
the circular section of the cylinder, and that the name is 
sufficiently akin to justify Apollonius in speaking of it as 
the “‘ sister of the cochloid.” 

4 Tannery thought this was the cycloid, but there is no 
evidence. 
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ii.) The Quadratria 
Papp. Coll, iv. 30. 45-32. 50, ed. Hultsch 250. 338-958. 19 
Construction of the Curve 


t AY \ ‘ ~ ‘ Ca 

Pan is TOV TeTpAywrtapLoY TOU KUKAov TrapeAndOn 
Tes: imo Aewootpdtov Kal Nuxop7dous yeapyen 
Kal Tw dAdwy vewTepuy amo Tot mepi aoray 
ovpm7T@patos AaBotcoa Tovvopa: Kadeitar yap bm’ 
abtay tetpaywritovea Kal yéveow exer TovavTyy. 
aD ‘, 6 , ; ‘ ABTA ‘ A 
ixketodw TeTpaywvov Td kal epi 
Kévtpov TO A mrepipépera yeypadOw 7 BEA, kai 


B r 


A 8 H A 


¢€ ‘ 


Kwvelobw 4 pev AB odtws ware 76 pev A onpetov 
pevew TO de B dépecba kara. Thy BEA zepi- 
pépevav, 7 be Br mapaAAnAos dei Sapevovoa Th 
AA 76 B onpelyy depoperey" Kara vis BA ouva- 
Kodovbelrw, Kal ev iow xporw 4 Te AB Kivoupéervn 
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(ii.) The Quadratriz 


Pappus, Collection iv. 30. 45-32. 50, ed. Hultsch 
250. 33-258. 19 


Construction of the Curve 

30. For the squaring of the circle a certain line was 
used by Dinostratus and Nicomedes and certain other 
more recent geometers, and it takes its name from 
its special property ; for it is called by them the 
quadratrix,? and it is generated in this way. 

Let ABIA be a square, and with centre A let the 
arc BEA be described, and let AB be so moved that 
the point A remains fixed while B is carried along the 
arc BEA; furthermore let BI’, while always remain- 
ing parallel to AA, follow the point B in its motion 


along BA, and in equal times let AB, moving uni- 


® Heath (77.G.M. 3. 225-226) shows that the quadratrix 
was discovered by Hippias and that he may himself have 
used it (though this is not absolutely certain) to rectify, and 
so to square, the circle. 


1 onpetov dépov ev & in the mss. was corrected by Torelli, 
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opaadds tiv bd BAA ywriav, rovréoTw 76 B 
onpeiov tiv BEA zepidéperay, diavuerw, Kal 7 
BY rv BA edOetay mapodevérw, tovtéotw To B 
oneiov Kata THs BA depécOw. cvpBrjcerar diAov 
7h AA edtfeia dua edappdlew éxatépay tiv Te 
AB kal ray BP. rtovadrns 8% ywwopéevns Kuijocws 
Tepobaw aAArjAas ev TH dopa ai BI, BA edfetar 
KaTa TL ONpetov alel GuupeOtatapevov attais, bd” 
ob onpeiou ypdderal ms ev TH peTakd Témm TaV 
te BAA edferdv nai ts BEA mepidepelas ypaypey 
emi 7a adta KotAy, ola éotiv 7 BZH, 7} Kai ypeww- 
Sys elvar Soxet mpds 76 TH SobevTe KUKAwW TETPA- 
ywvov icov edpeiv. 7d b€é dpyexov adris olpmTwpa 
Towoirov €otw. Wri yap av biax0H tTuyotca 
(mpos tHv Trepidepecav, ws 7 AZE, gota. ws An 
a)’ mepid€peca mpds THY EA, BA ed€eta mpds 
tiv ZO: roiTo yap ek THs yevécews Tis ypayptis 


pavepov enti, 


Sporus’s Criticisms 

Vr P A a be % ~ ey , DAG 
a’, Avoapeoteirar b€ abt 6 Lmdpos edrAdyws 
dua Taita. mp@tov pev yap mpos 6 dokel ypewwodys 
t ~ ay > € A 7. ~ 
erat mpdaypa, totr’ ev drobécer rAapBaver. mds 
\ 5 Fa , ¢ > a 2! A ~ B 

yap UvVaTOrV, duo G1) [LELwWY ap&apévwy avo TOU 


1 apos tiv... 6An H add, Hultsch, 
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formly, pass through the angle BAA (that is, the 
point B pass along the arc BA), and BI pass by the 
straight line BA (that is, let the point B traverse 
the length of BA). Plainly then both AB and BL 
will coincide simultaneously with the straight line 
AA, While the motion is in progress the straight 
lines BI’, BA will cut one another in their movement 
at a certain point which continually changes place 
with them, and by this point there is described in 
the space between the straight lines BA, AA and the 
are BEA a concave curve, such as BZH, which appears 
to be serviceable for the discovery of a square equal 
to the given circle. Its principal property is this. 
If any straight line, such as AZE, be drawn to the 
circumference, the ratio of the whole are to EA will 
be the same as the ratio of the straight line BA to 
ZO; for this is clear from the manner in which the 
line Was generated.¢ 


Sporus’s Criticisms ° 
81. With this Sporus is rightly displeased for these 
reasons. In the first place, the end for which the 
construction seems to be useful is assumed in the 
hypothesis. For how is it possible, with two points 


2 If AZ=p, LZAA=¢, AB=a, then the equation of the 


curve is 

tr_ a 

¢ psing 
or mp sin ¢ =2ad¢. 


> These acute criticisms of the quadratrix as a practical 
method of squaring the circle appear to be well founded. 
Sporus, who was not much older than Pappus himself, 
lived towards the end of the third century a.p. _He compiled 
a work called Kypia giving extracts on the quadrature of the 
circle and duplication of the cube. 
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Kwetoba, TO pev Kat edfeias emt to A, 7d be 
Kata mepidepeias emt to A ev tow xpdvm ovv- 
amokatracThoa pi) mpdoTepov Tov Adyov THs AB 
ev0eias mpos THY BEA cepipdperav éemvotdpevov; 
év yap ToUTwW TA Adyw Kal Ta Tay TOV KuUn}oEwWV 
avaykn elvar. emel m@s oldv TE GUVATOKAaTAGTHVAL 
Tdyeow axpiTos ypwpeva, wAnv ef pt) av KaTa 
Tuynv ToTé avpPi; Toito dé mHs obK adoyov; 


e 


éreita, 8€ 76 mépas adtis & xp@vrat mpos Tov 
TeTpaywriopov Too KUKAov, TouTéoTw Kal? 6 
téuver onueiov tiv AA edfeiav, ody edpioxerat. 
voeicbw dé emi ris mpoxeuéerns Ta Acydopeve 
Kataypagis: ondray yap at TB, BA depopevar 
ovvaToxatacTaba@aw, efappdcovow 7H AA kat 
Tou ovKEeTL Toijcovow ev aAANAatS: TaveTaL 
yap % Tour mpo Ths emi thy AA éedappoyhs rep 
TOM mépas ad eyéveTo THs YPaHpAs, Ka?’ 6 7H 
AA dela ovvémarer. adj et pt} A€you Tes 
emwoeicbat mpooerBadopevgy TH YPALLpT}Y, ws 
taoribéueba tas edbelas, €ws tis AA. tobTo & 
ob~y emerat Tals dmoKeipévars dpyais, dN’ ws av 
Andbein to H onpeiov zpoeAnupéevov tot ris 
mepipepetas mpos THY edfetay Adyov. ywpis dé Tod 
So ivat tov Adyov Tobrov ob xpn TH TOV edpdvrwv 
avipav Sdn morevovtas mapadéxeobar THY ypap- 
py pnxavikwrépav twas ovtoav [Kal els moAAd 
mpoPAnpaTa xpnoievovoay tots pyyavixots].* 
aAAa mpdotepoy mapadextéoy dori TO dv adtis 
SerxvUpevov m7pdoPAnpa. 


1 Guvatoxatacr#vat coniecit Hultsch. 
2 nal... wnxavxois interpolatori tribuit Hultsch. 
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beginning to move from B, to make one of them move 
along a straight line to A and the other along a 
circumference to A in equal time unless first the ratio 
of the straight line AB to the circumference BEA is 
known? For it is necessary that the speeds of the 
moving points should be in this ratio. And how then 
could one, using unadjusted speeds, make the motions 
end together, unless this should sometimes happen by 
chance ? But how could this fail to be irrational ? 
Again, the extremity of the curve which they use for 
the squaring of the circle, that is, the point in which 
the curve cuts the straight line AA, is not found. 
Let the construction be conceived as aforesaid. 
When the straight lines TB, BA move so as to end 
their motion together, they will coincide with AA 
and will no longer cut each other. In fact, the inter- 
section ceases before the coincidence with AA, yet it 
was this intersection which was the extremity of the 
curve where it met the straight line AA. Unless, 
indeed, anyone should say the curve is conceived as 
produced, in the same way that we produce straight 
lines, as far as AA. But this does not follow from the 
assumptions made ; the point H can be found only by 
assuming the ratio of the circumference to the straight 
line. So unless this ratio is given, we must beware 
lest, in following the authority of those men who 
discovered the line, we admit its construction, which 
is more a matter of mechanics. But first let us deal 
with that problem which we have said can be proved 
by means of it. 
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Application af Quadratrix to Squaring of Circle 


Terpayavou yap. évros Tob ABTA kat ris pev 
mept TO KEVTpOV ro Trepupepetas ths BEA, rijs 


B A 


r 8 4 


se BHO tetpaywrilovons ywoperns, ws mpoeipy- 
Ta, deikvuTat, ws 7 AEB mepupepera m™pos THY 
Br eddetav, ovTws 7 Br 7pos Ty TO edOeiav. 
«t yap pel) €otw, Hrow mpds peilova éorat rijs TO 
7 ™pos eAdooova. 

"Kote mporepoy, ed Suvaror, mpos petlova THY 
TK, «at rept KevTpov 70 r mrepupepera 7 ZHK 
yeypaipoen Tépvovga Ty ypappnv Kata TO H, 
Kal xdberos 7 HA, Kal emileuxGeioa 7 TH éx- 
PePrAjcbw eri ro E. enet ob» eorw ds 1, AEB 
nepipépera mpos THY BY eddeiav, ovrws 4 BI, 
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Application of Quadratrix to Squaring of Circle 


If ABTA is a square and BEA the arc of a circle 
with centre I, while BHO is a quadratrix generated 
in the aforesaid manner, it is proved that the ratio of 
the are AEB towards the straight line BI’ is the same 
as that of BI’ towards the straight line TO. For if it 
is not, the ratio of the arc AEB towards the straight 
line BI’ will be the same as that of BI’ towards either 
a straight line greater than TO or a straight line less 
than TO. 

Let it be the former, if possible, towards a greater 
straight line 'K, and with centre I’ let the are ZHK 
be drawn cutting the curve at H, and let the perpen- 
dicular HA be drawn, and let 'H be joined and pro- 


B A 
E 

Z 

Tr A 8K A 


duced to E. Since therefore the ratio of the are 
AEB towards the straight line BI is the same as the 
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TouTeoTw 94 TA, apos 7Hv DK, ws be TA zpos 
av TK, 7 BEA mrepipepeva mpos THY ZHK Tepe 
déeperav (ws yap 2% Sudpetpos Tod KUKAOU mpos Ty 
SuapeTpov, 7 mepipepera 708 KUKAov mpos THY 
Tepupéperay), pavepov ort ton eoTly 7 ZHK Trept- 
hépera TH Br ev0eia. Kal émret57) dia TO oUp- 
Trop Tis Ypappeys éorw ws a BEA mepupepera 
mpos Ty EA, ovTws 7 BI’ zpos tHv HA, Kal ws 
dpa 7 ZK mpos THY HK mepipeperay, ovrws 

4 BI ed6eia mpds Ty HA. kal eben ton 7 
ZHK Trepipepea Th Br evdetg- ton dpa Kal n 
HK mepipépera Th HA ev6eia, omep dromov. ovdK 
dpa é€otiv wes 7 BEA Tepipepera mpos amv Br 
ev0etav, odTws UB BI’ xpos peilova ras TO. 

AB’. Adyw 8€ dru odd€ mpds eAdacova, ef yap 


B A 


\ 


¥: y ‘ \ rg ‘ ‘ t \ 
duvarov, €orw mpos Thy KI, kat wept Kévrpov To 
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ratio of BI, that is PA, towards ['K, and the ratio of 
TA towards I'K is the same as that of the arc BEA 
towards the are ZHK (for the arcs of circles are in the 
same ratio as their diameters), it is clear that the are 
ZHK is equal to the straight line BI’. And since by 
the property of the curve the ratio of the arc BEA 
towards EA is the same as the ratio of BI’ towards 
HA, therefore the ratio of ZHK towards the are HK 
is the same as the ratio of the straight line BI 
towards HA. And the are ZHK was proved equal 
to the straight line BI; therefore the are HK is 
also equal to the straight line HA, which is absurd. 
Therefore the ratio of the are BEA towards the 
straight line BI’ is not the same as the ratio of BI’ 
towards a straight line greater than IO. 

82. I say that neither is it equal to the ratio of BI 
towards a straight line less than TO. For, if it is 
possible, let the ratio be towards KT’, and with centre 
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Yr mepupepera yeypadbw 7 ZMK, Kal pos dpbas 
7 VA 4» KH réuvovca 77 TeTpaywrilovaay 
kava 70 II, Kai émlevybetoa 4 TH éxBeBrAjodw 
emt 70 E. opotws 67) Tots mpoyeypapypevors Set- 
£ojev Kai ay ZMK wzepipépecay 77 Br edieia 
tonv, Kal as 77HY BEA Tepupepevav pos my EA, 
routéaotw ws THY ZMK apos tiv MK, odtws thy 
BI etvfetav mpds tiv HK. && dv habepey 67 ton 
éeoraa 7) MK wepidpepeca tH KH ed0eta, daep 
dtovov. odK dpa é€atat ws % BEA zepiddpea 
mpos tTHYv BI edvOetav, odrws BI mpds eAdcoova 
mAs VO. delyOn 5é dre odd€ mpds pei{ova: zpos 
adriy apa thy TO. 

"Eott 5€ kal todro davepov re 4 THv OL, TB 
eW0e@v tpizn avadoyov AapBavouevyn edOeta ton 
éorat 7H BEA wepidepeia, kal  rerpatAaciwv 
avTns TH TOD OAov KUKAOU TeEpidepela. EvpHLEVNS 
5€ 77 TO KUKAOV mEpibepela Lons evOelas mpddyAov 
ws 67 Kat adT@ TH K¥KAwW pab.ov loov TeTpdywrov 
ovotioacbar: TO yap vo THs mepyrétpov Tov 
KUKAoU Kal THs eK TOD KévTpoV SimAdoLdV eoTL TOD 
KUKAov, ws ’Apxyindns aaédeckev. 


83. TRISECTION OF AN ANGLE 
(a) Tyres or Geometrical Propiems 
Papp. Coll. iv. 36. 57-59, ed. Hultsch 270. 1-272. 14 
AS ‘ - Thy dobeioay yorlay ev0dypapipov €ts Tpla 
toa TEpLElV of TaAatot > Vemper pat Dehrjoavres 0 


pyoav 8 airiay TovavTyy. Ttpia yévn hapev elvas 
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T let the are ZMK be described, and let KH at right 
angles to PA cut the quadratrix at H, and let TH be 
joined and produced to E. In similar manner to what 
has been written above, we shall prove also that the 
are ZMK is equal to the straight line BI’, and that the 
ratio of the are BEA towards EA, that is, the ratio of 
ZMK towards MK, is the same as that of the straight 
line BI’ towards HK. From this it is clear that the 
are MK is equal to the straight line KH, which is 
absurd. The ratio of the arc BEA towards the 
straight line BI is therefore not the same as the ratio 
of BI towards a straight line less than TO. More- 
over it was proved not the same as the ratio of BP 
towards a straight line greater than TO ; therefore it 
is the same as the ratio of BE’ towards [6 itself. 

This also is clear, that if a straight line is taken as 
a third proportional to the straight lines OF, PB it 
will be equal to the arc BEA, and four times this 
straight line will be equal to the circumference of the 
whole circle. A straight line equal to the circum- 
ference of the circle having been found, a square can 
easily be constructed equal to the circle itself. For 
the rectangle contained by the perimeter of the circle 
and the radius is double of the circle, as Archimedes 
demonstrated.@ 


8. TRISECTION OF AN ANGLE 
(a) Types or GeometricaL Propiems 
Pappus, Collection iv. 26. 57-59, ed. Hultsch 270, 1-272. 14 


86. When the ancient geometers sought to divide 

a given rectilineal angle into three equal parts they 

were at a loss for this reason. We say that there 
° See supra, pp. 316-321. 
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Ta&V ev yewpeTpia mpoBAnuatwr, Kal Ta pev adTav 
éninzeda Kadcicbat, Ta S€ aTeped, Ta S€ ypapptKd. 
7a pev odv 0 edbelas Kal KUKAou Trepipepetas 
Suvdjeeva AveoBat Aéyour” ay etkdTws erimeda Kal 
yap at ypoppeat 80 ay evploKerar Ta Towabra mpo- 

juata tiv yéveow Eyovow ev emimedy. doa 
be Averat mpoBAjpara mrapadapBavopevns: els THY 
eUpeow juds TOv Tod Kvou Today 7 Kal mAcovev, 
oreped Taira Kéxhnrat: ™pos yap THY KaTaO- 
oKeuny xptjoacPar orepedv oxnparov emipavetats, 
Aéeyw 8€ rails Kwrikais, dvayKatov. Titov bé re 
mpoBAnudrev bmoAcimerat _ yevos 70 _Kadovpevoy 
Ypapepiecov: ypopepad yap érepar mapa Tas «ipy- 
pevas els THY KaTaoKeuny AapBavovras TouKktAw- 
Tépav exovgat Thy yéveow Kal BeBracpevgy paMov, 
e€ draKxtoTépwv emupaverdv Kal Kumoewy emt 
meTAcypevav yervapevar. Toradrat Sé elow ai re 
ev Tots ™mpos emupavetars Karoupévous TOTIOLS 
edproxdpevat ypappat erepat TE tourwy TouKtAw= 
TEpat kal moat 70 TARGos bd Anpntpiou Tob 
“Adefavdpews év tats Tpappuxats emoracect kai 
PDidrwvos Tob Tvavéws ef émtimAoKis TmAcKTOELOaV 
Te Kal éTEpwv mavToiwy emupaverdv eb pioxdpevat 
moAAd Kal Bavpaora oupnrdpara mept atras 
€yovoa. Kat twes adtav vmo TaV vewTépwr 
ngubOyoav Adyou metovos, pia dé tus €& abtav 
eoTw 1 Kal mrapabofos v v70 TOO MeveAdou KAnbeioa 
ypappn. tod dé adtob yevous erepar EAtKés eiow 





OW ‘hether Torol mpos éempavetas are “loci which are sur- 
faces ” or “ loci which lie on surfaces " (¢.g., the cylindrical 
helix) is a moot point. Euclid wrote two books under the 
title. 
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are three kinds of problems in geometry, some being 
called plane, some solid, some linear. Those which 
can be solved by means of a straight line and a cir- 
cumference of a circle are properly called plane ; for 
the lines by which such problems are solved have 
their origin in a plane. Such problems, however, as 
are solved by using for their discovery one or more of 
the sections of the cone are called solid; for in the 
construction it is necessary to use surfaces of solid 
figures, I mean the conic surfaces. There remains a 
third kind of problem called linear ; for other lines 
besides those mentioned are used for their construc- 
tion, having a more complicated and less natural 
origin as they are generated from more irregular 
surfaces and intricate movements. Among such 
lines are those found in the so-called surface-loci,? and 
many others more complicated than these were dis- 
eovered by Demetrius of Alexandria in his Linear 
Considerations and Philon of Tyana?® as a result of 
interweaving plektoids and other surfaces of all 
kinds, and they exhibit many wonderful properties. 
Some of these curves were investigated more fully by 
more recent geometers, and among them in the line 
called paradoxical by Menelaus.¢ Other lines of 


* Nothing further is known of these writers, unless 
Demetrius be the Cynic, mentioned by Diogenes Laertius, 
who lived about 300 B.c., or the philosopher who flourished 
in the time of Seneca. 

* Menelaus flourished ¢c. a.p. 100 and his name is pre- 
served in a famous theorem in spherical trigonometry. 
Tannery (Mémoires scientifiques ii. p. 17) has suggested that 
the curve called paradovical was Viviani’s curve of double 
curvature, defined as the intersection of a sphere with a 
cylinder touching it internally and having for its diameter 
the radius of the sphere. It is a particular case of Eudoxus’s 
hippopede (see infra, p. 414), and the portion lying outside 


349 


GREEK MATHEMATICS 


, , ‘ a A a 
Tetpaywvrilovoal Te Kal KoyAoELdets Kal KLaaoELOEts. 
Soxet 5€ ws dpdprnia Td ToLodroy od puKpov 
F a 4 ae hs , 8 , r 
elvat Tots yewpeétpais, dtav erimedov mpdBAnpa 
da TOY KwiiKdy 7 TOV ypappiKdy vad Twos 

€ , \ ‘ rd e > 2 t 
evptoxntat, Kal 7d avvodov étav &€& avorKketov 
> > ~ ~ 
AUynTat yévous, oldv éoTw 76 ev TH TéunTw TaV 
> ~ a ~ 
AzodAwviov Kwvikadv ent ris mapaBodjs mpd- 

%A8 > ~ a ~ oe € ee a 

BAnpa Kal 4 ev T@ TreEpt THs Educos B70 "Apxiprdous 
~ ~ - A 
AapBavonervn arepeod vetors emt Kdcdov- pndevi 


the curve of the surface of the hemisphere on which it lies 
is equal to the square on the diameter of the sphere; the 
fact that this area can be squared is thought to justify the 
name peradowical, An Arabian tradition that Menelaus 
reproduced in his Elements of Geometry Archytas’s solution 
of the problem of duplicating the cube (involving the inter- 
section of a tore, cylinder and cone) lends a certain plausi- 
bility to the suggestion (v. Heath, .G.M. ii. 261, Loria, 
Le scienze esatte, pp. 518-520). 

9 Hfeath identifies this (Apollonius of Perga exxvii-exxix) 
as Conics v. 58, where Apollonius finds the feet of the 
normals to a parabola passing through a given point by 
constructing a rectangular hyperbola whose intersections 
with the parabola give the required points. The feet of the 
normals could be found in the case of the parabola (though 
not of the ellipse or hyperbola) by the intersection of the 
parabola with a certain circle. 

The assumption made by Archimedes (Ilept éAikwv 
8, 9) is to the following effect, the relevant portion of his 
figure being detached : 

If EA, KM are two chords of a circle, meeting at right 
angles at I’, so that EPD>TA, then it is possible to draw 
another chord KN meeting ZA in I such that IN=MI 
(or, as Archimedes expresses the matter, it is possible to 
place the straight line \N equal to MI’ and verging towards K). 
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this kind are spirals and quadratices and cochloids 
and cissoids. It appears to be no small error for 
geometers when a plane problem is solved by conics 
or other curved lines, and in general when any pro- 
blem is solved by an inappropriate kind, as in the 
problem concerning the parabola in the fifth book of 
the Conics of Apollonius * and the verging of a solid 
character with respect to a circle assumed by Archi- 
medes in his book on the spiral ®; for it is possible 


In general, the line KN is determined by the intersection 
of a hyperbola and a parabola, as Pappus himself shows in 





another place (iv. 52-53, ed. Hultsch 298-302). The particular 
case where ZA is a diameter bisecting the chord KM in [ 
can be solyed by plane methods, namely, by the ‘‘ application 
of areas”’; the solution for the case where IN is to be made 
equal to +/$ (radius of the circle) is assumed by Hippocrates 
in the fragment from Eudemus preserved by Simplicius 
(see supra, p.244 n. a). 

Archimedes gives no indication of the solution he had in 
mind, but all he requires for his purpose is its possibility ; 
and its possibility can be demonstrated without any use of 
conics. For this reason Heath (The Works of Archimedes 
civ) thinks that Archimedes is to be excused from Pappus’s 
censure that he had solved a plane problem by solid methods. 
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yap Tpoaxpufievov atepe@ Suvatov evdpeiv Td bn’ 
adbrtob ypapopevov Decspnya, Réyw 87) 7d THY TE p- 
épecav Tod ev Th TpwoTy mrepupopd KUKAOV tony 
dmrodetE at Th mpos opbas ayonérn ebOeia TH &k 
THs yevéoews ews THs eparrropevys Ths €AtKos. 
tovavTns 62) Tis duahopas Tay mpoBAnpdrey 
Urapxovons ot mporepot yewperpat TO mpoetpy- 
Hévov emt THs yevias a7poBAnpa TH poe oTepeoy 
Umdpxov Sud Tov emumediov Cntobvres ovx olot 7 
qoav etploxeww ovdérrw yap at Tod Kebvou Topal 
ouv7bes joav avrois, Kal dua TobTo 7yTopnoav: 
UoTepov prevTor Oia TOV KwWrIK@Y éTpLyoTOUNGAY 
Thy ywvriav eis Thy edpecw xpnodpevor TH v70- 
yeypappern vevoer. 
(b) Sotution sy Means or a VERGING 
Thid, iv. 36. 60, ed. Hultsch 272, 15-274, 2 

TlapaAAnAoypappov So0évt0s dpboywriov too 
ABTA kai éxBAnbeions tis BI, déov eorw &- 
ayayévra tiv AE moely thv EZ edOeiav tony TH 
obeion. 


B r Z 
H 
A 4 


Teyorérw, kal tats EZ, EA tapdAdnAot 77xPwoav 
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without using anything solid to find the theorem 
stated by him, I mean the theorem proving that the 
circumference of the circle in the first turn is equal to 
the straight line drawn at right angles to the initial 
line to meet the tangent to the spiral? Since 
problems differ in this way, the earlier geometers 
were not able to solve the aforementioned problem 
about the angle, when they sought to do so by means 
of planes, because it is by nature solid; for they 
were not yet familiar with the sections of the cone, 
and for this reason were at a loss. Later, however, 
they trisected the angle by means of the conics, 
using in the solution the verging described below. 


(6) Sotution By Means or a VERGING 
Ibid. iv. 36. 60, ed. Hultsch 272, 15-274. 2 


Given a right-angled ® parallelogram ABI'A, with 
BI’ produced, let it be required to draw AE so as to 
make the straight line EZ equal to the given straight 
line. 

Suppose it done, and let AH, HZ be drawn parallel 


a Archimedes’ enunciation (Ilepi éAtcwv 18) is: El xa Tas 
EXtKos Tas ev TE 7 ara, mepipopg yeypapevas eb0eia ypapjed 
enupain KaTa TO mépas Tas éXKos, a6 d€ t08 capeiov, 6 €otw 
dpxa tas éAtKxos, mor’ dpAds dxOi tus 74 Spx Tas mrepupopas, a 
axGetaa oupmecetrat Te _emufavoveg, kal & peragy ev0eta tas 
erupavovoas Kal Tas dpxds ras eAcxos toa eooeira: TG Too mpwrov 
dxdov mrepipepelg. 

>It is not, in fact, necessary that the parallelogram 
should be right-angled. 
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ai AH, HZ. eet odv d00cicd eotw % ZE kal 
éorw ton TH AH, d0fetca dpa cal 7 AH. kal 
do8év ro A+ ro H dpa mpos Béoew KvKAov Tept- 
, \ > \ \ € ‘ q ‘ ‘ ue 
depela. Kat evel to dd BIA dofev Kat eorw 
iaov TO UTO BZ, EA, d00ev dpa Kal 76 b7o BZ 
KA, tovréotw 16 trod BZH- 76 H dpa apos 
€ = > ‘ ‘ ‘ ’ , 
bmepBoAnj. adda Kai mpds Oécer KvKAOU TeEpt- 
depeta* Sobév dpa vo Ii, 
Ibid. iv. 38. 62, ed. Hultsch 274, 18-276. 14 

An’. Acdevypevov 87 todrov tpixa téuverar H 
do0eica ywria ebOvypappos ovTws. 

uw bs] > a re £ e \ 3 , 

Eorw yap d&eta mpdrepov 4 bad ABT, kat ad 
Twos aonpetov Kaberos 7 AI’, kat ovperAnpwbévros 


706 TZ mapadAnroypappov 7» ZA exBeBAjobw éni 


Z A E 


pee 


B r 

70 KE, Kat mapaddAnroypappov dvtos dpboywriov 
rod VZ xeiobw petagd trav EAL edécia 7 EA 
vevovoa ent 70 B ton TH dirAacia THs AB (rodro 
yap ws duvarov yevéabar mpoyéypamrat)* Aéyw 87) 
Ort THS Sodetons ywrias tis bro ABI tpirov 
jeepos eotiv 7 bd EBD. 
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to EZ, FA, Since ZE is given and is equal to AH, 
therefore AH is also given. And A is given ; 
therefore H is on the circumference of a circle given 
in position. And since the rectangle contained by 
BI’, TA is given and is equal to the rectangle con- 
tained by BZ, EA [Eucl. i. 43], therefore the rectangle 
contained by BZ, EA is given, that is, the rectangle 
contained by BZ, ZH is given; therefore H lies on a 
hyperbola. But it is also on the circumference of a 


circle given in position ; therefore H is given.* 


Ibid, iv. 38. 62, ed. Hultsch. 274, 18-276. 14 


88. With this proved, the given rectilineal angle is 
trisected in the following manner. 

Yirst let ABI’ be an acute angle, and from any 
point [of the straight line AB] let the perpendicular 
APL be drawn, and let the parallelogram ['Z be com- 
pleted, and let ZA be produced to E, and inasmuch as 
TZ is a right-angled parallelogram let the straight 
line EA be placed between EA, AI’ so as to verge 
towards B and be equal to twice AB—that this is 
possible has been proved above ; I say that EBT is a 
third part of the given angle ABI’, 


@ The formal synthesis then follows as Pappus Iv. 37, 
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Terpjodw yap 4 EA &iya 7 H, Kal éreledy Ow 
4 AH: at zpets dpa af AH, HA, HE iar cioty- 
SitAH apa 4 AE ris AH. dAda Kai ris AB denAq: 
ion dpa early ) BA 7H AH, Kal 4 dad ABA ywvia 
TH t7o AHA. 7 dé dad AHA &irAacia ris bao 
AEA, rovréotw tis t7d ABI: xal 7 b7d ABA 
dpa Sindq éorw ths tad ABT. kai dav rHv dbo 
ABA Siva téuwpev, ora 7 d7d ABY ywvia 
Tpixa TeTENLEVY. 


(c) Direcr Sotutions By Means or Contcs 
Ibid. iy. 48. 67-44. 6S, ed. Hultsch 280. 20-284. 20 


py’. Kat ad\Aws ris Soletons mepipepelas ro 








@ We may easily show with Heath (/7.@..M. i. 237-238) how 
the solution of the vedou is equivalent to the solution of a 
cubic equation. If in the accompanying figure ZE, ZB are 
the axes of 2, y respectively, and ZA =a, ZB=6, the point © 
giving E is determined as the intersection of the circle 


(a- a)? + (y— 6)? =4(a? + b*) 
and the hyperbola ay =ab. 
By eliminating x from these equations we may obtain 

(y + b)(y8 - 3by* - 8a?y + a%b) =O. 
One of the points of intersection of the circle and hyperbola 
is therefore given by y= - b, e=- a. 
The other three are determined by the equation 

y- 3by? - 3a*y + a*b =O. 
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For let EA be bisected at H, and let AH be joined; 
the three straight lines AH, HA, HE are therefore 
equal ; therefore AE is double of AH. But it is also 
double of AB; therefore BA is equal to AH, and the 
angle ABA is equal to AHA. Now AHA is double 
of AEA, that is, of ABI’; and therefore ABA is 
double of ABI. And if we bisect ABA, the angle 
ABP will be trisected.2 


(c) Direcr SoLutioys By Means or Contcs 
Thid, iv. 43. 67-44. 68, ed. Hultsch 280, 20-284. 20 
43. Another way of cutting off the third part of a 


If LABI' =9, so that tan 0=%, 
and 7=tan ABI, so that y=ar, 
then a®z3 — 3ba273 — Sa5z + a?2b =O 


N 
> 
ise] 


BI 
£4, at’ — 3hr?- 8ar+b=O0 
whence b(1 - 37?) =a(37 - 7°) 
6_3r-7? 
and tan = a = T- 37" 


Accordingly, by a well-known theorem in trigonometry, 
7=tan 46, 
and ZABT is trisected by EB. 
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Tpitov adatpetrae [LEpos, xwpis THs vevoews, dua. 
oTEpeou TOTOU TOLOVTOU. 


B 


A Zz E A A Tr 


Odoe Sia tov A, T, Kat dad S00évtwy én” 
aitis Tov A, IT xexAdcOw %» ABT 8irAaclav 
nowbdca Hv bro ATB ywviav tis tad TAB: 
6tt 70 B apds trrepBodj. 

"Hydw xabéros BA, cal 7H TA ton amerjndbw 
9 AK: emevybetca dpa 4 Bi! ton éorar rH AE. 
xeto0w Kal TH AE ion 4 EZ: tpumAacia dpa 7 
VZ vys TA. éorw Kal AP Tis PH Tpitracia: 
éarat 67) dobev To H, Kal Aoumn 9 AZ Tis HA 
tpimAagia. Kal érret TOV dao BE, EZ Siepoxy} 
eo7w 76 amo BA, éorw 8€ kat 76 bd AA, AZ trav 
abrav dvrepoyy, rene dpa to U7o AAZ, ouacori: 
70 tpis to AAT, tcov 7@ ao BA: mpds drepBoAj 
apa 70 B, Hs mAayla prev Tod mpds aéove eidous 4 





* For by the equality of the triangles BEA, BTA, we have 
-BED =c BPE =2cTAB (ex hypothesi). But BE =LTAB 
+ZABF. 

Therefore .TAB=2ABE, and so BE=AE. 

> ie. since PH =2AT and TA =31Z, by subtraction, 

TH- TA=4(AT- 1'2Z), or HA =3AZ. 
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given arc is furnished, without the use of a verging, 
by this solid locus. 

Let the straight line through A, LP be given in 
position, and from the given points "A, T upon it let 
ABI be inflected, making the angle AT'B double of 
TAB; I say that B lies on a hy perbola. 

For let BA be drawn perpendicular [to AI] and let 
AE be cut off equal to TA; when BE is joined it will 
therefore be equal to AE. And let EZ be placed 
equal to AE; therefore [Z=30A. Now let PH be 
placed equal to AT’; therefore the point H will be 
given, and the remainder ® AZ will equal 3HA. 


Now since ¢ BE? — EZ? = BA?, 

and BR2-EHZ2=AA . AZ, 
therefore AA. AZ =BA?, 
that is 8AA.AH=BA?; 


therefore B lies on a hyperbola with transverse axis 


* The reasoning here is much abbreviated, and in full 
may be written as follows: 


BE?-~ EZ? = BE? - EA? (since EZ=EA ex hypothesi) 


= BA? (Eucl. i. 47) 
Now BE?- EZ?=A®?- EZ? (since BE was proved equal 
to AF) 
=AA.AZ (Eucl. ii. 6) 
.e 4A. AZ =BA? 


“. 3AA . AH =BA? (since AZ was proved equal to 3HA) 
” BA?; AA .AH=3: 1 
_ 3AH? 
AH 
.. B lies on a hyperbola with transverse axis AH and 
conjugate axis +/3AH. 
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AH, 7% 8€ ép0la tpimdacia ris AH. Kal davepov 
4 ‘ a > 2 ‘ ~ ~ 
67t 76 I’ onpetiov droAapBaver mpos TH H Kopudij 
THs Topas thy TH wpicevavy ris mAayias tod 
eldovs mAeupas 7Hs AH. 

Kat 4 otvOeots davepa: Sejoe yap tiv AT 
tepeiv Mote Simdaciav eivar tiv AH ras HT, Kat 
mept afova tov AH ypdisar dia tod H brrepBodry, 

> / a mw ‘3 ‘a ~ 
js dpbia tod eiSous mAcvpa tpirAacia THs AH, 
Kal Secxvdvat rovodcavy adriy tov eipnevov 
SumAdavov Adyov THY yeovedsy. Kal ot is Soetons 
KUKAov mepidepelas 70 y’ amoTépvet pépos 7 TooTOV 
ypagpopevn Tov {Tpomov bmepBory ouvidely paStov 
trav A, T onpelwy mepdtwy tis mrepupepetas db70- 
Ketevwr. 

, € > a t ~ 

pe. Erépws S€ rv avdAvow rod Tpixa Tepelv 

THY yoviav 4 mepipeperay e€€fevtd tives dvev rhs 
vevoews. €oTw dé emi mepupepetas 6 Adyos: 
ovder yap Siadeper ywriay 7 mepipeperay Tepelv. 

Teyovérw 81, kat ris ABI’ wepipepeias tpitov 


B 
ae 
A E Z T 


ameAndbw pépos 4 BY, nal ezeledyOwoar af 
AB, BY, TA: demAaciwv dpa 4 bad AUB tis bad 
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AH and conjugate axis,/3AH. And it is clear that 
the point TP cuts off at the vertex H of the [conic] 
section a straight line TH which is one-half of the 
transverse axis AH. 

And the synthesis is clear ; for it will be required 
so to cut AI that AH is double of HT, and about AH 
as axis to describe through H a hyperbola with con- 
jugate axis 4/3AH, and to prove that it makes the 
aforementioned double ratio of the angles. And that 
the hyperbola described in this manner cuts off the 
third part of the arc of the given circle is easily 
understood if the points A, I’ are the end points of 
the arc.? 

44. Some set out differently the analysis of the 
problem of trisecting an angle or are without a 
verging. Let the ratio be upon an arc; it makes no 
difference whether an angle or an arc is to be divided. 

Let it be done, and let BI, the third part of the are 
ABI, be cut off, and let AB, BI’, I'A be joined ; then 


© For let O be the centre of a circle of which AT is an 
are. Let AT be di- 
B vided at H so that AH 
=2HT. Letthehyper- 
bola be constructed 
which has AH for 
transverse axis and 
T V2 AH for conjugate 
A axis, and let this hyper- 
bola cut the arc of the 
circle in B. Then by 
oO Pappus’s proposition, 
ZBITA=2c-BAT. 
Therefore their doubles are equal, 
or ZBOA=2-BOPr, 
and so OB trisects the angle AOT and the arc AB. 
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BALD. terprjobe diya 4 bro ATB 7H VA, kat 
Kd0eror at Alt, ZB: ton apa 7 AA 77 AT, wore 
kal 4 AE 77 ED: d0fév dpa 7d Ih. evel ody eorw 
ws 7 AD zpos PB, otrws 4 AA mpds AB, rov- 
réatw 4 ATS mpos EZ, Kat évadAdé dpa eoriv as 
4 TA apos AE, 4 BY apos EZ. dendq 5€ 4 PA 
7h AE: deAj dpa kal 4 BY ris EZ- retpamAdowov 
dpa 70 ano BI’, rouréorw ta and trav BAT, rod 
azo THs EZ. émel odv Svo dS00evta éoriv ra E, T, 
Kai 6p67 4 BZ, Kat Adyos eotiv tod awd EZ mpos 
ra amd TOv BZT, 70 B dpa wpos brepBoAj. adda 
Kat mpos Oécer mrepipepeta: S00ev dpa 7d B. Kal 
n avr beats davepd. 


® The relation BP =2EZ tells us that B lies on a hyperbola 
with foci A, IT, directrix BZ and eccentricity 2... Pappus 
proceeds to turn this into the axial form EZ?: BZ?+ ZI? 
=1:4 which was more commonly used by the Greeks. In 
fact, there are only two other extant passages in which the 
focus-directrix property is used. One of them is also given 
by Pappus (vii, ed. Hultsch 1004-1014), who there proved 
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ZATB=2ZBAT. Let ZATB be bisected by TA, 
and let AE, ZB be drawn perpendicular ; therefore 
AA is equal to AI’, so that AF is also equal to ET; 
therefore KE is given. 
Now because AD: PB=AA : AB {Eucl. vi. 5 
=AE: EZ, 
therefore alternately TA : AE=BI' : EZ. 
But TA=2AE; and therefore BI =2EZ; there- 
fore BE?=4EZ?, that is, BZ?+Z02%=4EZ2. Now, 
since the two points E, I’ are given, and BZ is 
drawn at right angles, and the ratio EZ? : BZ? 4712 
is given, B lies on a hyperbola. But it also lies on an 
are given in position ; therefore Bis given. And the 
synthesis is clear.? 


generally that ‘‘ if the distance of a point from a fixed point 
is in a given ratio to its distance from a fixed line, the eens 
of the point is a conic section which is an ellipse, a parabola 
or a hyperbola according as the given ratio is less than, 
equal to, or greater than, unity.’ The proof is among a 
number of lemmas to the Surface Loci of Euclid, so pre- 
sumably the focus-directrix property was already well 
known when Euclid wrote. 
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X. ZENO OF ELEA 
Aristot. Phys. Z 9, 239 b 5-240 a 18 


Zayveov dé mapahoyiler at: et yap det, gnaty, 
Tpepet nav 7 Kuetrau" oTav a Kara TO tov, éotlv 
& ael 70 pepdpevov ev TO viv, axiyrov THY pepo- 
peevnv elvas diotov. tobro 8 ott eddos: od yap 
ovyKerTat 6 xpovos ek Tay viv Ta&v dd.apérwr, 
wamep ovd aAXo péyeBos ovdev. 

Térrapes & elow ot Adyor mept Kujoews Zy- 
vwvos of mapéyovtes Tas duvaKoAlas Tots Avovow, 
Tp@Tos Wey O TEpl TOD pur) KwWetcOax Sid TO mpdTEpov 
ets TO Hyuwov delv adixéabar Td hepdpevov 7 mpds 
76 TéAos, wept oF SuetAopev ev Tots mpdrepoy 
Adyous. 

1 Zeller would bracket # «wetrat, and he is followed by 
Ross, but not, it seems to me, with sufficient reason. Diels, 
followed by Lee, has the unnecessary addition of oddév $é 
xweirat after these words. ‘The passage as it stands is 
satisfactorily explained by Brochard (tudes de philosophie 


ancienne et de philosophie moderne, p. 6) and by Heath 
(I.G.M. i. 276). 





@ Zeno of Flea, who is represented by Plato (Parm. 127 s) 
as ‘about forty ’? when Socrates was a ‘‘ very young man” 
(say in 450 b.c.), was a disciple of Parmenides. The object 
of his four arguments on motion, here reproduced from 
Aristotle, was to show that the rejection of Parmenides’ 
doctrine of the unity of being led to self-contradictory results, 
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Aristotle, Physics Z 9, 239 b 5-240 a 18 


ZExXo’s argument is fallacious; for, he says, if 
everything is either at rest or in motion when it 
occupies a space equal to itself, while the object 
moved is always in the instant, the moving arrow is 
unmoved. But this is false; for time is not made up 
of indivisible instants, any more than is any other 
magnitude. 

Zeno has four arguments about motion which 

present difficulties to those who try to resolve them. 
The first is that which says there is no motion because 
the object moved must arrive at the middle before 
it arrives at the end,’ concerning which we have 
already treated. 
A vast literature has grown round these arguments, but the 
student will find most help in W. D. Ross, Aristotle's Physics, 
Pe ee H.D. P. Lee, Zeno of Elea, and Heath, H.G.M. 
1. 411-255. 

® Not only has it to pass through the half-way point, but 
through half of the remaining half, and so on to infinity. 
If a is the length of the course measured from the goal, 


then the moving object before it reaches its goal has to pass 
a 
o» 
series which cannot be enumerated. Aristotle’s answer is 
that the moving object has indeed to pass through an infinite 
number of positions, but in a finite time it has an infinite 
number of instants in which to do so. 


through the points g, 3 . .. and so on through an infinite 
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"Avo Kal 6 Zijrwvos Adyos Peddos AapBaver 7d 
py evddxecBar Ta dreipa bedOeiv 7} dibacbar tev 
dzeipwr Kal’ éxaorov ev memepacpévw xpdvw. 
divs ydp A€yerar Kal TO pAKos Kal 6 xpdvos 
dzepov, Kal ddws wav 7d ovvexés, arow Kata 
diaipeow 7) Tols écydtos. Tay pev odv Kata TO 
mooov ameipwr odk evdeyeTar disacbar év memepa- 
opevm xpdvw, Tdv b€ Kata Siaipeow evddyeTau' 
kal yap adtds 6 xpdvos otTws dmeipos. wore 
€v T@ deipw Kal obk ev TO merepacpdvw oup- 
Baiver Sudvar 76 dmeipov, Kat drrecbar Tar 
dmeipwv tois ametpots, od Tois memepacpévois.* 

Acvrepos 8 6 Kadovdpevos “AyidAevs: gor 8° 
odtos, dt. 76 Bpadvratov oddémore KatadnpOjoerat 
Béov tnd Tob taxlcTou: éumpoobev yap avayKaioy 
eNfetv 7d Sidkov, SOev Wpyynoe t6 fedyov, wor? 
del te mpocyew dvayxaioy td Bpadd’repov. gate 
5€ Kal otros 6 adbtds Adyos 7TH SiyoTopetv, Sia- 
dépe 8 ev r@ Srarpetv pr) Siya 76 mpooAapBave- 
pevov péyeBos. 7d pev odv pt KatraAapBdvecBar 
76 Bpadvrepov ovpBeBynkev ex Tod Adyou, ylyverat 
5€ mapa tadto 7H SixoToula (ev dydorépois yap 
avpBaiver pr adixvetobar mpds Td Tépas Sdiapou- 





° The passage between the asterisks, to which Aristotle 
refers the reader, is Phys. Z 2, 233 a 21-31 and is reproduced 
here for convenience. 

> Aristotle’s argument is correct. The Achilles is a more 
general form of the Dichotomy. If the speed of Achilles is 
nm times that of the tortoise (we learn from Themistius 
and Simplicius that the tortoise was the object pursued), 
and the tortoise starts a unit ahead, then when Achilles 
has reached the point where the tortoise started the 
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*Zeno’s argument makes a false assumption in 
not allowing the possibility of passing through or 
touching an infinite number of positions one by 
one in a limited time. For there are two senses 
in which length and time, and, generally, any con- 
tinuum, are said to be infinite, either in respect of 
division or of extension. So where the infinite is 
infinite in respect of quantity, it is not possible to 
make in a limited time an infinite number of contacts, 
but it is possible where the infinite is infinite in 
respect of division ; for the time also is infinite in this 
respect. And so it is possible to pass through an 
infinite number of positions in a time which is in this 
sense infinite, but not in a time which is finite, and 
to make an infinite number of contacts because its 
moments are infinite, not finite.*¢ 

The second argument is the so-called Achilles; this 
asserts that the slowest will never be overtaken by the 
quickest ; for that which is pursuing must first reach 
the point from which the fleeing object started, so 
that the slower must necessarily always be some 
distance ahead. This is the same reasoning as that 
of the Dichotomy, the only difference being that when 
the magnitude which is successively added is divided 
it is not necessarily bisected.» The argument leads 
to the conclusion that the slower will never be over- 
taken, and it is for the same reason as in the Dichotomy 
(for in both by dividing the distance in some way it is 


tortoise is ‘i ahead; when Achilles has reached this point 


2 
n=2 we get the special conditions of the Dichotomy. Both 


arguments emphasize that to traverse a finite distance means 
passing through an infinite number of positions. 
869 
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, ~ , > Xo - > 
pévou mws toi peyélous: adda mpdcKkerrar ev 
ToUTw OT. ode TO TayLoTOY TeTpaywdnpevoy év 
T& Side TO Bpadv’tatov), war’ avayKn Kal rh 
Avow elvar tiv abtnv. 708 dkvobv bri 7d mpo€xov 
od KaTadapBdverat, petSos: ote yap mpoéyet, ov 

v2 E] > ao , mw 
katadapBaverar: add’ Guws KatadapBaverat, «t- 

mep Swoe SreErevar tiv meTTEpacperyy. 
A A =. e ¥: , 3 > ¢ ~ 

OSrot prev odv ot So Adyou, Tpitos § 6 viv 
¢ U4 oe e¢ 9 A if e ie 
pnbeis, Ott 7) dvatos hepopervn eoTynkev. ovpPaiver 
dé mapa 76 AapBdvew tov xpdvov avyKetcOar ek 
Tov vive pn Sidouevouv yap TovTov ovK éaTat 6 
avAoy.iopss. 

Térapros 8 6 epi trav év 7H oTadio Kwwov- 
pévav e€ evavrias towv byKwv map’ toous, THY 

A ~ ~ 
bev did téAovs Tob oradlov tav 8 amd péoov, 
tow Tdyet, ev @ oupPaivew olerut taov elvar ypdvov 
T@ Simdaclw tov juwovv. €or 8 6 mapadoyropos 





@ Achilles overtakes the tortoise when he has travelled a 


distance Leo a ~.. adinf. 
nn 


This is a convergent series whose sum is pea r" The ancients 
did not know how to sum an infinite series, but they knew 
that Achilles would catch the tortoise and that the problem 
solvitur ambulando, 

> Lachelier (Revue de métaphysique et de morale, xviii., pp. 
346-347) and Ross explain that dd rod pésov means from 
the turning point in the double course or déavdos. The race 
was from the réAos to the pésov and back again to the rédos. 
On this interpretation it is possible to translate easily and 
naturally. Gaye, the Oxford translators and Lee, who do 
not accept this interpretation, but believe 76 pécov to refer 
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concluded that the goal will not be reached ; but in 
this a dramatic effect is produced by saying that not 
even the swiftest will be successful in its pursuit of 
the slowest) and so the solution must necessarily be 
the same. The claim that the one in front is not 
overtaken is false ; for when in front he is not indeed 
overtaken, but he will nevertheless be overtaken if he 
give his pursuer a finite distance to go through.? 

These are two of the arguments, and the third is 
the one just mentioned, that the flying arrow is at 
rest. This conclusion follows from the assumption 
that time is composed of instants ; for if this is not 

ranted the reasoning does not follow. 

The fourth is that about the two rows of equal bodies 
moving past each other in the stadium with equal 
velocities in opposite directions, the one row starting 
from the end of the stadium, the other from the 
middle.? This, he thinks, leads to the conclusion 
that half a given time is equal to its double. The 


to the middle of the As, are forced to paraphrase: ‘‘ The 


AAAAAA 









BBBBBB oe 


rrrrrr 


one row originally stretching from the goal to the middle- 
point of the stadium, the other from the middle-point to 
the starting-post.” Ross has to admit that 76 pécov is 
apparently not used elsewhere of the middle-point of the 
Siavdos, but he rightly emphasizes the unnaturalness of 
any other interpretation. 
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bd x ~ 
€v T@ TO pev Tapa Kivovpevoy Td S€é wrap” hpejody 
A ” ig > A ~~ w 4 a. Ww 
TO toov péyefos afvoty TH low tdayer Tov toov 
dépecbar xpdvov: toito 8 éart eidos. olov 
~ ¢ 
€orwoav of darares iaor dyxor éf’ dv ta AA, of 
& éf’ dv ra BB dpydpevor amd rob péaov, icot 
‘ > ‘ , ” a ‘ 4 e ? 
tov dpilusv tovrois ovtes Kal TO péyeBos, ot 8 
? ~ s > ‘ 
ep av ta TT dao 706 éaydrou, toor tov apiOuov 
dvtes TovTos Kal TO péyebos, Kat lootayeis Tots 
B.  cvpBaiver 8) 76 ap&tov B dpa ent TH eoxdtw 
~ / 
elvat Kal 76 mpdtov T', map’ addAnda Kwovpevwr. 
oupBatver dé 76 I’ mapa mdvra [ra BY]! dcefeAn- 
a 
Avbévar, 76 8€ B mapa 7a Hulon: dore wpscovv 
A , ” s cof , > > 
elvac tov xpdvov: iaov yap éxdtepdy eat map 


1 +4 B del. Ross. 





« There seems little doubt that initially the rows of bodies 
were symmetrically arranged in the following way (we will 
assume half a dozen of cach for convenience) : 


ms 
» (LITT — 
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fallacy lies in assuming that a body takes an equal 
time to pass with equal speed a body in motion and a 
body of equal size at rest; but this is untrue. For 
example, let AA be stationary bodies of equal size, 
let BB be the bodies equal in number and size that 
start from the middle, and let 'T' be the bodies equal 
in number and size that start from the end, having 
a speed equal to that of the Bs.2 In consequence, 
the first B and the first ! move past each other and 
come simultaneously to the end.® It follows that I 
has passed all the bodies it is moving past, though B 
has passed only half the bodies it is moving past,° 
so that B has taken half the time [taken by [']; for 


and that the final position they take up is: 


» Codd 
6 POCECo 


But there are great difficultics in the text. Ross’s inter~ 
pretation seems to me to do least violence to the Greek. 

> i.e. the first B is under the right-hand A at the same 
time that the first [is under the left-hand A. 

¢ Ross explains, to my mind judiciously, that the Bs are 
thought of primarily as moving past the As and only 
secondarily as moving past the I's, while the I's are thought 
of primarily as moving past the Bs and only secondarily 
past the As. Zeno wishes to point out that the first B has 
moved past only three As while the first I has moved past 
six Bs. On the ground that to move past six Bs requires 
twice the time needed to move past three As, coupled with 
the knowledge that the time taken is in fact the same in 
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Exaotov. dja S€ ovpPaiver TO mp@tov B* mapa 
mavra Ta 1 raped Avbevan dua yap éorat TO 
mp@rov TV xai to mparov B ent rots évarrious 
eoxdrows, [toov xpdvov map” éxaoTov yeyvopevov 
tav B dcov mep Tov A, as dnoww],” da 7d dpupd- 
Tepa. icov xpovov mapa 7a A ylyvecOa. 6 pev 
obv Adyos obTés é€o7w, ovpPaiver 8€ mapa TO 
eipnpevov weddos. 


both cases, he gets his paradox, that half a given time is 
equal to the whole. He neglects the fact that the relative 
motion of I to B is twice as great as the relative motion of 
Bto A. If this is borne in mind, the paradox disappears, 
In order to support his interpretation Ross omits ra B from 
the text: there is a rival reading ra A and Ross suggests, 
with reason, that they are both glosses. 
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each takes an equal time in passing each body. And 
it follows that at the same moment the first B has 
passed all the I's: for the first I and the first B will be 
simultaneously at opposite ends [of the As], since 
both take an equal time in passing the As. Such is 
his argument, and it comes about from the afore- 
mentioned fallacy. 





1 The vulgate has ra B, but it would be incorrect to say 
all the B s have passed all the T's. One manuscript has 76 
a 8, which would be a correct way of writing 76 apdéror B, 
and Ross accordingly adopts this. 

2 (cov... d¢now. These words will not stand interpretation 
and Ross omits them as a gloss in the margin on foov yap 
éxdrepov éarw map’ éxacrov which found its way into the 
text at the wrong place. 
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XI. THEAETETUS 
(a) GENERAL 
Suidas, s.v. Oceairnros 


Ocairnros, *“A@ynvatos, aorpoAdyos, giAdcodos, 
* vy / LIne > e ff 
pabyrys Lwxpdtovs, édidagev ev ‘Hpakdrela. 
mpa@tos S€ Ta mévre Kadovpeva oTeped éypaipe. 
yéeyove 5é€ peta ta IleAoTovvqotaka. 


(6) Tue Five Reevtar Sorrps 
Schol. i. in Eucl. Elem. xiii., Eucl. ed. Heiberg v. 654 


~ ~ , 

"Ev tovrw T@ BiBAiw, rouréate TH vy’, ypdderat 
7a Aeyopeva IAdtwvos € oxjpatra, a avtod ev 
ok eoTw, Tpia b€ THY mpoeipnuevwy € oxndTwv 

~ ‘ t A 
tav Ilvbayopetwy eariv, 6 te KUBos Kal  mupaptis 

\ + 4 fg A / ‘J ‘ 

Kat TO Owoexdedpov, MeaiTHTov S€ 76 TE OKTAESpOV 
Kal TO elxoodedpov. THY dé mpocwvupiay éAaBev 

, A A ~ 7. ¥ > ~ Eg 
Nn Adrwvos dia TO peuvpobar avtov ev TH Typaiw 
mept avTav. 


* Theaetetus lived about 415-369 3.c. He is the subject of 
a dissertation De Theaeteto Atheniensi by Eva Sachs (Berlin, 
1914), 
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(a) GENERAL 
Suidas, s.v. Theaetetus 


Tueaetretus, an Athenian, astronomer, philosopher, 
a pupil of Socrates, taught in Iferaclea. He was the 
first to describe ® the five solids so-called. He lived 
after the Peloponnesian wars. 


(6) Tue Five Recutar Soups 


Euclid, Elements xiii., Scholium i., Eucl. 
ed. Heiberg v. 654 


In this book, that is, the thirteenth, are described 
the five Platonic figures, which are however not his, 
three of the aforesaid five figures being due to the 
Pythagoreans,° namely, the cube, the pyramid and 
the dodecahedron, while the octahedron and icosa- 
hedron are due to Theaetetus. They received the 
name Platonic because he discourses in the Timaeus 
about them. 


» Possibly ‘‘ construct.” 
¢ For the relation of the Pythagoreans to the five regular 
solids, see supra, pp. 216-225. Theaetetus was probably the 
first to construct all five theoretically ; the Pythagoreans 
could not have done that. For a full discussion, see Eva 
Sachs, Die fiinf Platonischen IGrper. 
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(c) Tue InraTIoNaL 


Schol. Ixii. in Eucl. 2lem. x., Eucl. ed. Heiberg 
v. 450. 16-18 


Tod Gewpypa toizo Ocairiresdy eoTw evpnya, 
Kal pepvnrar adtod 6 [lAdtwr ev Ocaitri7w, a. 
> cal a 
kel pev pepixwtepor EyKettat, evTadda dé kabdrov. 


Plat. Theaet. 147 p-148 B 


@EAITHTOZ. Tlepi Suvdpewy Te uty O«ddwpos 
de éypade, Tis _Te Tpirrodos Tepe Kal mevré- 
7rodos [amopatven]? 6tt papicet ot oUppeT pot TH 
mrodtaia, Kal ovTw KaTa& pia éxdorny Tpoatpov- 
prevos préexpt THs émTaxaidexdmodos: ev Sé tavr7 
mws eveoxeTo. tiv obtv elonAGé Te ToLwoiTor, 
ered) Amretpot TO ARVs at Suvdpes edaivovro, 
mrevpabivat avddAaBetv eis ev, 6tw Tacas Tatras 
mpooayopevaopey Tas Suvdpets. 


1 drodaivwy sec]. Burnet. 





* The enunciation is: The squares on straight lines 
commensurable in length have to one another the ratio which a 
square number has to a square number ; and squares which 
have to one another the ratio which a square number has to a 
square number will also have their sides commensurable in 
length. But the squares on straight lines incommensurable 
in length have not to one another the ratio which a square 
number has to a square number ; and squares which have not 
toone another the ratio which a square number has to a square 
ra will not have their sides commensurable in length 
either. 

> Theodorus of Cyrene, claimed by Jamblichus (Vit. 
Pythag. 36) as a Pythagorean and said to have been Plato's 
teacher in mathematics (Diog. Laert. ii. 103). 

¢ Several conjectures have been put forward to explain 
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(c) THe IrraTIONAL 


Euclid, Elements x., Scholium Ixii., ed. Heiberg 
v. 450. 16-18 


This theorem [Eucl. Elem. x. 9]@ is the discovery of 
Theaetetus, and Plato recalls it in the Theuetetus, 
but there it arises in a particular case, here it is 
treated generally. 


Plato, Theaetetus 147 p-148 8 


Tueaetetus. Theodorus’ was proving to us a 
certain thing about square roots, I mean the square 
roots of three square feet and five square feet, namely, 
that these roots are not commensurable in length 
with the foot-length, and he proceeded in this way, 
taking each case in turn up to the root of seventeen 
square feet ; at this point for some reason he stopped.° 
Now it occurred to us, since the number of square 
roots appeared to be unlimited, to try to gather them 
into one class, by which we could henceforth describe 
all the roots. 


how Theodorus proved that 4/3, 1/5... W/17 are in- 
commensurable. They are summarized by Heath (1.G.M. 
i.204-208). Onetheory is that Theodorus adapted the tradi- 
tional proof (supra, p. 110) of the incommensurability of 4/2. 
Another, put forward by Zeuthen (‘‘ Sur la constitution des 
livres arithmétiques des Eléments d’Euclide et leur rapport 
a la question de l’irrationalité”’ in Oversigt over det kgl. 
Danske videnskabernes Selskabs Forhandlinger, 1915, pp. 422 
ff.), depends on the process of finding the greatest common 
measure as stated in Eucl. x. 2. If two magnitudes are such 
that the process of finding their G.C.M. never comes to an 
end, the two magnitudes are incommensurable. The method 
is simple in theory, but the geometrical application is fairly 
complicated, though douvtless not beyond the capabilities of 
Theodorus. 
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=QKPATHS. “H] Kat nuperé te Tovodrov; 

oFAL. "LE pouye Soxotpev' aoxdrTer S€ Kal av. 

za. Aédye. 

OEAL. Tov  apeOuov mavra diya dueAaBoprev 
TOV pLev Surdpevoy tcov ¢ todxts yéyveoOar T@ TeTpa~ 
yuovmw TO oxhpa dmetkdoarres TeTpaywvrov Te Kal 
todrAeupov mpoceizopev. 

xa. Kat 0 ye. 

oEal. Tov toivuy pretagd todtov, dy Kal Ta 
Tpla Kal Ta TéVTE Kal Tas ds ddvvaTos taos tadKts 
yeveoBar, ad’ 7) mAciwy edAaTTovaKes 7) eAdTTwY 
mAcovdKis ylyverat, peilwv dé Kal eAdTTwy det 
mAcupa adtov meptAauBdaver, TH mpopyKe ad 
oxypatt ameukdoavres tpopynKkn apiOuov éxadré- 
Oapev. 

xo. Kad\uora. adda ti 76 pera. TouTO; 

@EAI. “Ooar pev ypappal tov todaeupov Kat 
émimedov dpi Lov tetpaywvilovar, fH HiKos dpiod- 
peba, doar 8 TOV éTEPOPLHKN, Suvdyeets, ws HjKeEL 
peev od ouppetpous exetvais, Tots 6° émmédois a 
dvvavrat. Kat mepl 7a ateped dAXo ToLobTov. 





@ Tt is not poe to give the full force of the Greek as 
Suvdpers, which literally means ‘* powers,” has to be trans- 
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Socrares. And did you find such a class ? 

Tueaer. I think we did ; but see if you agree. 

Soc. Speak on. 

Tuearer. We divided all numbers into two classes. 
The one, consisting of numbers which can be repre- 
sented as the product of equal factors, we likened in 
shape to the square and called them square and equi- 
lateral numbers. 

Soc. And properly so. 

Tueaget. The numbers between these, among which 
are three and five and all that cannot be represented 
as the product of equal factors, but only as the product 
of a greater by a less or a less by a greater, and are 
therefore contained by greater and less sides, we 
likened to oblong shape and called oblong numbers. 

Soc. Excellent. And what after this ? 

Tueaer. Such lines as form the sides of equilateral 
plane numbers we called lengths, and such as form the 
oblong numbers we called roots, because they are not 
commensurable with the others in length, but only 
with the plane areas which they have the power to 
form.? And similarly in the case of solids. 


” 


lated ‘roots’ to conform with mathematical usage. 
Suvdpecs, it will be noticed, are here limited to the square 
roots of oblong numbers, and are therefore always in- 
commensurable, 
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(a) GENERAL 
Tzetzes, Chil. viii. 972-973 
IIpo r&v mpobipwv t&v abrod ypdaypas tripye 


TlAdtwv- 
““Mydels dyewpétpyntos eioirw pov thy otéyny.” 


Plut. Quaes. Conv. viii. 2. 1 


"Ex 8€ rovTouv yevopévys owas, waAw 6 Avo- 
ef > t4 ce iA g a t oo? ‘ ud 
yevtavos apEdpevos “ BovdAco®’,”” elzev, “‘ éarel Adyou 
mept edy yeydvacw, ev tots [Adtwvos yevebAious 
avrov [lAdrwra Kowwvov aapadaBwpev, ém- 
/ ao \ & > / > ES 
oKxepdpevo. tiva AaBav yruopunv damedyvar’ det 
yewpetpeivy Tov Oeov ; et ye 82) Beréov elvar riv 
> a os ‘4 a” > ~ 5 a3 
anépavow tavtyv IAatwros.”’ euot 8€ tat 
eimrévTos ws yéeypamTar pev ev ovdevi caddis TaV 
E 3 , UG wy X Ey <, 4! 4s lot 
éxeivov BiBAtwy, exer S€ TioTw tKkavy Kal Tod 
TlAarwrixod yaparrijpds éotw. 
Ed@ds brodaBay 6 Tuvddpns ‘ oter yap,” elrev, 
“& AMoyenave, trav mepittav te kat dvoPewpyTwv 
‘ 
aivirrecOar Tov Adyov, oby Sep adros eipnKE Kal 
~ , e > 
yéypade mroAAdKis, bur@v yewperpiav, ws arro- 





® For Proclus’s notice of Plato, see supra, p. 150, and for 
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(2) GENERAL 
Tzetzes, Book of Histories viii. 972-973 


Over his front doors Plato wrote: ‘‘ Let no one 
unyersed in geometry come under my roof.” > 


Plutarch, Convivial Questions viii. 2. 1 


Diogenianus broke the silence which followed this 
discussion by saying: ‘‘ Since our discourse is about 
the gods, shall we make Plato share init, especially as 
it is his birthday, and inquire what he meant when 
he said that God is for ever playing the geometer— 
if this saying is really Plato’s?’’ I said that this 
saying is not plainly written in any of his works, but 
it is a credible saying and is of a Platonic character. 

Thereupon Tyndares took up the discussion and 
said : “ Do you think, Diogenianus, that this saying 
implies some subtle and recondite speculations, and 
not what he has so often mentioned, when he praises 


the pseudo-Platonic instrument for finding two mean pro- 
portionals, supra, pp. 262-267. The mathematics in Plato is 
the subject of dissertations by C. Blass (De Platone mathe- 
matico, Bonn, 1861) and Seth Demel (Platons Verhdlinis 
zur Mathematik, Leipzig, 1929). 

> Johannes Tzetzes, the Byzantine pedant who lived in 
the twelfth century 4.p., is not the best of authorities, so this 
charming story must be accepted with caution. The doors 
are presumably those of the Academy. 
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oma@cav Wyuds Tpooraxopievous TH aloOijoe Kal 
dmoarpépovoay em Thy vonray Kal aiStov vow, 
Hs Oda TéAos € éori dirocodias olov émomreta Tederiis; 
60 Kal [Adve avros cuepparo Tovs mrepl 
E BSofor Kat “Apyvrav Kal Mévacxpov els opyavixas 
Kal eNxaviKcas KaTacKkevas Tov TOU orepeod dumAa- 
oLacpov amdyew emuxetpobvras, w@oTep Tetpor- 
pevous 5¢ dAdyov Svo péoas dvddoyov, H mapetko, 
AaBetv: dmoAvabae yap ovUTw Kal SiapBetpecbar 
TO ‘yewpeTpias dyaBov ables emt Ta aioOnrd 
TaAdwdpoxovens Kal 1) pepomerns dv pnd” dvre- 
AapBavowerns, Trav aidioy Kal dowparov elkovwr, 
mpos alomep dv 6 Beds det eds €or.’ 


Aristox. IZarm. ii. ad. init., ed. Macran 122. 3-16 


BaArvoy tows: €o7t To mpodeABeiv TOV TpdTrOY THs 
Tpayparetas tls mot éotiv, va mpoytyvioKovTes 
womTep 65ov 7h Ha Badiaréov pgdtov TopevespieBa ElodTes 
TE KaTU rt pépos eopey adrijs wal a) Adbwpev 
mpas avrovs mapuToAapBavovres TO mpayya. Kab- 
amep "ApiororeAns del Sinyetro Tovs TAetorous 
tev axovodyTwy Tapa T]\drwvos THY mept tayabod 
dxpdacw mabeiv: mpoorevar pev yap Exactov bo- 
AapBavovra Arjibcobal 7 TeV vopicoperay Tovrwv 
dvépwmtveny ayalarv ofov mAotrov byleav loydv 
TO OAov eddauroviay Twa. Bavpacryy ote 8€ ga- 
vetnoav ot Adyou wept pabhpdtwr Kal apbuay Kat 
yewperpias Kal dotpodoyias Kal TO Tépas Ott 
ayabdv é€atw &v, mavtedds olpat mapddofov tt 





The play on the words dAdyou, dvadoyov cannot be repro- 
een in English, but we may compensate ourselves by 
playing on the words “ means,” ‘mean proportionals.” 
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geometry as a science that takes men away from 
sensible objects and turns them towards the intelli- 

ible and eternal, whose contemplation is the end of 
philosophy like the final grade of initiation into the 
mysteries? ... Therefore Plato himself censured 
Eudoxus and Archytas and Menaechmus for en- 
deavouring to solve the doubling of the cube by instru- 
ments and mechanical constructions, thus trying by 
irrational means to find two mean proportionals,? so 
far as that is allowable : for in this way what is good 
in geometry would be corrupted and destroyed, fall- 
ing back again into sensible objects and not rising 
upwards and laying hold of immaterial and eternal 
images, among which God has his being and remains 
for ever God.” 


Aristoxenus, Llements of Harmony ii. ad init., 
ed. Macran 122. 3-16 

It is perhaps well to go through in advance the 
nature of our inquiry, so that, knowing beforehand 
the road along which we have to travel, we may have 
an easier journey, because we will know at what 
stage we are in, nor shall we harbour to ourselves a 
false conception of our subject. Such was the con- 
dition, as Aristotle often used to tell, of most of the 
audience who attended Plato’s lecture on the Good. 
Every one went there expecting that he would be put 
in the way of getting one or other of the things 
accounted good in human life, such as riches or health 
or strength or, in fine, any extraordinary gift of 
fortune. But when they found that Plato’s arguments 
were of mathematics and numbers and geometry 
and astronomy and that in the end he declared the 
One to be the Good, they were altogether taken by 
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7 A > an > ¢ A e 4 ~ 
épaivero atrots: €f6” of pév daoKxaredpdvouv tod 
mpdypatos of b€ Kateueudorto. 


(6) Puttosopny or MatTHematics 
Plat. Rep. vi. 510 c-e 


Olpat ydp ce <idévau 6 om of mrept Tas yewpetpias 
Te Kal Aoytopods kal Ta Towadra Tpayparevdpevor, 
d7oBepevou 76 TE meperTov Kal TO dprvo Kat 7a 
oxnpata Kal ywwdy tpirra eldn Kal dAAa TovTwr 
> A > e , / a A e 
adedda Kal éxdorny pébodov, taira pev ws 

3 / / hs ¥ > 4 7 a re 
elddTES, TOLNGdpevor UTOOecEs adTA, Ovdéva Adyor 
ovte adtots otre dAdows ett abtotor epi adrav 
biddvat ws mavri davepOv, ex tovtwy 8 apxdpuevor 
Ta Aouad dn SreEivres TeAevTBow dpodoyou- 
pevws emt tobTo ob av emi oxebw dpyjowor. 

Havu peév oby, fon Tobrd ye olda. 

Odxoiv Kat or Tots Spwpévors eldeor mpoo- 
xp@vrar Kal tods Adyous wept adr&v mo.obyrar, 
od mrepl TovTwy Sravoovpevor, GAd’ exetvw mepi ols 
Tadra €o.xe, Too TeTpaywrov adTod évexa Tovs 

aA > 
Adyous TOLovLEvoL Kal Suaperpov airis, GAA ob 
Tavrns ay ypadovow, Kat taMa ouTws, avrd pev 
Taira a mAdrrovoly Te Kal “ypadovow, ov Kal 
oxial Kal év vdaow elxdves eloiv, ToUTOLS fev WS 
~. A > ~ 

etxdow ad xpwpevor, Cytodvtes 5é adta exetva 
’ ~ a > nw ” wi * ~ , 

idety & ovdK av aAAws idSou Tis 7) TH Stavoia. 


Plat. Ep. vii. 342 a-343 B 


“Eorw tay dvrwy exdoTw, bv dy THY emornpny 
avayKn Tapaylyvecbat, tpia, téraptov 8 adryi— 
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surprise. The result was that some of them scoffed 
at the thing, while others found great fault with it. 


(6) Pumosopny or MATHEMATICS 
Plato, Republic vi. 510 c-e 


I think you know that those who deal with geo- 
metrics and calculations and such matters take for 
granted the odd and the even, figures, three kinds of 
angles and other things cognate to these in each field 
of inquiry ; assuming these things to be known, they 
make them hypotheses, and henceforth regard it as 
unnecessary to give any explanation of them either 
to themselves or to others, treating them as if they 
were manifest to all; setting out from these hypo- 
theses, they go at once through the remainder of the 
argument until they arrive with perfect consistency 
at the goal to which their inquiry was directed. 

Yes, he said, I am aware of that. 

Therefore I think you also know that although 
they use visible figures and argue about them, they 
are not thinking about these figures but of those 
things which the figures represent; thus it is the 
square in itself and the diameter in itself which are 
the matter of their arguments, not that which they 
draw ; similarly, when they model or draw objects, 
which may themselves have images in shadows or in 
water, they use them in turn as images, endeavouring 
to see those absolute objects which cannot be seen 
otherwise than by thought. 


Plato, Epistle vii. 342 a-343 B 


For everything that exists there are three things 
through which knowledge about it must come ; the 
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, ? 9 ‘ , a a A J 
méprrov & atro rBévar Set 6 81) yowordv te Kal 
> ~ > my a \ ” , \ L4 
aAnbas eorw dv—ev pev dvopa, SevTepov S€ Adyos, 

\ 

70 S€ Tpitov elSwror, réraprov Sé emuarHpn. Tept 

a Es A / cal A ~ fa 

év obv AaBé BovAdpevos palety 7o viv Aeyopevov, 
e La 

Kal TdvTwY OUTwW TeEpt Voyoov. KUKAOS éoTiv TL 

~ ~ > 

Aeyopevov, @ Tobr’ ab7d éeorw broya 6 viv eé- 
~ ¥: 

Pbeypeba. Adyos 8 adbrod 16 Sevrepov, €& dvopdTwv 
~ lh 

Kal pnyaTwy ovyKeiuevos’ TO yap eK THI éoxydTwr 

? we 

emt TO pecov taov améxyov mdvtn, Adyos av etn 
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knowledge itself is a fourth ; and as a fifth we must 
posit the actual object of knowledge which is the true 
reality. We have, then :—first, a name; second, a 
description ; third, an image ; fourth, knowledge of 
the object. Take a particular case if you want to 
understand what I have just said, and then apply the 
theory to all objects in the same way. There is, for 
example, something called a circle, whose name is the 
yery word I just now uttered. In the second place 
there is a description of it, made up of nouns and 
verbs. The description of the object whose name is 
round and circumference and circle would be: that 
which has everywhere the same distance between the 
extremities and the middle. In the third place there 
is the object which is drawn and erased and turned 
on the lathe and destroyed—processes which the real 
circle, in relation to which these other circles exist, 
can in no wise suffer, being different from them. In 
the fourth place there are knowledge and under- 
standing and correct opinion about them—all of 
which must be posited as one thing more, inasmuch 
as it is found not in sounds nor in the shapes of bodies 
but in souls, whereby it manifestly differs in nature 
both from the real circle and from the aforesaid three. 
Of these understanding approaches nearest to the 
fifth in kinship and likeness, while the others are 
more distant. ... Every circle drawn or turned on 
a lathe in practice abounds in the opposite to the 
fifth—for it everywhere touches the straight, while 
the real circle, we maintain, contains in itself neither 
more nor less of the opposite nature. The name, we 
maintain, is in no case stable; there is nothing to 
prevent the things now called round from being 
called straight, and the straight round ; and those 
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ovdev rrov BeBaiws efew Trois perabeuevors Kat 


éevavtiws Kadovaw. 


Aristot. Met. A 5, 987 b 14-18 
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(c) Tue ‘ Drorismos ” inv THE “ Meno” 


Plat. Meno 86 2-87 B 
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who transpose them and use them in the opposite 
way will find them no less stable than they are now. 


Aristotle, Metaphysics A 5, 987 b 14-18 


Again, he [Plato] said that besides perceptible 
objects and forms there are the objects of mathe- 
matics, which occupy an intermediate position ; they 
differ from perceptible objects in being eternal and 
unchangeable, and from forms in that there are many 
alike, while the form itself is in each case unique. 


’ 


(c) Tue “ Diorismos ” in THE “ Meno ” 


Plato, Afeno 86 =-87 8 


I mean “ by way of hypothesis ” what the geo- 
meters often envisage when they are asked, for 
example, as regards a given area, whether this area 
can be inscribed in the form of a triangle in a given 
circle. The answer might be, “I do not know 
whether this is so, but I think I have, if I may so put 
it, a useful hypothesis. If this area is such that 
when applied [as a rectangle] to the given straight 
line ¢ in the circle it is deficient by a figure [rectangle] 
similar to that which is applied, then one result seems 
to me to follow, while another result follows if what 
I have described is not possible. Accordingly, by 
laying down a hypothesis I am willing to tell you 

«“ The given straight line”? can only be the diameter, 


The “ application” of areas so as to be “‘ deficient’ in a given 
way is explained above, pp. 186-187. 
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2 If AB is the diameter of a circle of centre O, and E is 
a point on the circumference, and the rectangles ACEF, 





G 


FBDE are completed, and the chords EFG, AG are drawn, 
then the rectangle ACEF is ‘‘ applied ” to the straight line 
AB and ‘falls short”? by the rectangle FBDE which is 
similar to the “‘ applied ” rectangle, for AF: FE=EF: FB. 
Moreover AEG is an isosceles triangle equal in area to the 
rectangle ACEF, 

In order, therefore, to inscribe in the circle an isosceles 
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what is the conclusion about the inscribing of the area 


in the circle, whether it is impossible or not.”’ 4 


triangle equal to a given area X we have to find a point E 
on the circumference of the circle such that if EF be dropped 
perpendicular to AB 


the rectangle AF. FE =the given area X. 


Clearly E lies on a rectangular hyperbola of which AB, AC 
areasymptotes. If? is equal to the given area, the equation 
of the hyperbola referred to its asymptotes as axes is ry =b*. 
For a real solution it is necessary that 6? should not be greater 
than the equilateral triangle inscribed in the circle, é.e., not 


ae 2 
greater than 37/3 . _ where a is the radius of the circle. If 


b* is equal to this area, the hyperbola touches the circle and 
there is only one solution. If 8? is greater than this area, 
the hyperbola does not touch, and there is no solution. If 
U? is less than this area, the hyperbola cuts the circle in two 
points E, E’, giving two solutions. It is to these facts that 
Plato refers. 

The passage is an example of a S:opiouds giving the con- 
ditions for the possibility of the solution of a problem. 
Proclus is therefore in error when he says that Leon, the 
pupil of Neoclides, who was younger than Plato, “ invented 
Scopiopot’’ (supra, p. 150). 

The above interpretation was first given by E. F. August 
in 1829. It was independently discovered by S. H. Butcher 
in Journal of Philology, xvii., pp. 219-225 and is accepted 
by Heath (H.G.M. i. 298-303), whose exposition I have 
closely followed. Many other explanations have been 
offered, the best known being that of Adolph Benecke 
(Ueber die geometrische Hypothesis in Platons Menon). 
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(d) Tue Nuptia, Number 
Plat. Rep. viii. 546 B-p. 
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» See 
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\ -. © tf 4 ‘ . ¥ 
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e 7 3 f A a. € ‘ A , 
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Tpiddos. 


* The passage is included here because of several interest- 
ing points for the history of Greek mathematics. Plato’s 
language is so fancifully phrased that a completely satis- 
factory solution is difficult to get. ‘The literature which has 
grown round this ‘ nuptial number ”’ is vast, but the most 
satisfying discussions are those by Adam, The Republic of 
Plato ii., yp. 204-208, 264-812, and A. G. Laird, Plato’s Geo- 
metrical Number and the Comment of Proclus. 

> Suvacrevdpevat is a dzat Aeyouévov, and its meaning is 
uncertain, A straight line is said d5dvacOae (‘‘ to be capable 
of") an area when the square on it is equal to the area. 
Hence $uvapérn should mean the side of a square, as it does 
in Euel. x. Def. 4. Svvacrevoern is a kind of passive of 
Svrapevn, meaning presumably that of which the duvapyérn 
is capable, and so could mean the square itself. It is 
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(d@) Tue Nuptia, Numper 
Plato, Republic viii. 546 B-p* 


The divine race has a cycle comprehended by a 
perfect number, but the number of the human race’s 
cycle is the first in which root and square increases,? 
forming three intervals and four terms of elements 
that make like and unlike and wax and wane, show 
all things agreeable and rational towards one another. 
The base of these things, the four-three joined with 
five, when thrice increased furnishes two harmonies, 
the one a square, so many times a hundred, the other 
a rectangle, one of its sides being a hundred of the 
numbers from the rational diameters of five, each 
diminished by one (or a hundred of the numbers from 
the irrational diameters of five, each diminished by 
two), the other side being a hundred of the cubes of 
three.¢ 


temerarious to try and get a precise meaning out of adéjoes 
Surdpevai re Kal S8uvacrevduevar, and perhaps we should 
not inquire too closely into what is more mystieal than 
mathematical. Laird thinks it means “‘ if a square is equal 
to a rectangle.” 

© The chief mathematical interest of the passage lies in 
the part most easy to decipher, that about the two ‘‘ har- 
monies.” The “ irrational diameter of five ’’ is the diagonal 
of a side of square 5, 7.e. +/50. The “rational diameter ” 
of five is the nearest integer to the ‘irrational diameter,” 
te. 4/50-1. The “number” from the “ rational’ or 
‘‘irrational ’? diameter is the square. A “‘ hundred of the 
numbers from the rational diameter of five, each diminished 
by one”? is therefore 100 x (49- 1)=4800; and the same 
number is expressed as ‘‘ a hundred of the numbers from the 
irrational diameter of five, each diminished by two,”’ for 
this is 100 x (50- 2)=4800. This number gives one side of 
the oblong and the other is ‘‘a hundred of the cubes of 
three,” or 100 x27=2700. The rectangle of which these 
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(e) GENERATION oF NuMBERS 
Plat. Hpin. 990 c-991 B 
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are sides is therefore 4800 x 2700 =12,960,000, and this is 
36002, which is the other ‘“‘ harmony.” 

‘These ‘‘ rational’ and ‘‘irrational” diameters are a clear 
reference to the “‘ side-’’ and “* diameter- numbers ” of the 
Pythagoreans, for which see supra, pp. 132-139. 

‘There is fairly widespread agreement that the geometrical 
number is 12,960,000 =3600?=4800 x 2700, but on the 
method by which this number is reached the widest diver- 
gence exists. Hultsch and Adam suppose that two numbers 
are obtained, one in the first sentence down to azédnvay, the 
other (12,960,000) in the remainder of the passage. Both 
agree that the first number is 216, but Hultsch obtains it as 
2% x33 and Adam as 3°+4'+ 5%. Hultsch then takes ‘‘ the 
four-three joined with a five” to mean 4+3+5=12, which 
is then multiplied by three (zpis adénGets), giving 36, and 
as this has to be taken ‘“* so many times a hundred ” we get 
3600 as the side of the square which is one of the “ harmonies,” 
and therefore the final number is 3600%. Adam takes “ the 
four-three joined with a five’ to be 3x4x5=60, and tpis 
avénfeis to mean multiplied by itself three times (7.e. raised 
to the fourth power, which gives us immediately 60* =3600*). 
Laird, on the other hand, believes there is only one number 
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(e) GENERATION or NuMBERS 
Plato, Epinomis 990 c-991 B 


There will therefore be need of studies*: the 
first and most important is of numbers in themselves, 
not of corporeal numbers, but of the whole genesis of 
the odd and even, and the greatness of their influence 
on the nature of things. When the student has 
learnt these matters there comes next in order after 
them what they call by the very ridiculous name of 
geometry, though it proves to be an evident likening, 
with reference to planes, of numbers not like one 
another by nature ? ; and that this is a marvel not of 
human but of divine origin will be clear to him who 
is able to understand. And after this the numbers 


indicated (which he agrees in thinking to be 3600? =4800 x 
2700). He maintains, with the help of Proclus, that the first 
sentence gives a general method of forming ‘‘ harmonies ” 
which is then applied to the triangle of sides 3, 4 and 5 to 
give the geometrical number. The application gives the 
series 27, 36, 48, 64 (with four terms and three intervals), 
and the first three numbers multiplied by 100 give the 
elements of the geometrical number, 3600?=2700 x 4800. 
Each solution has merits, but each raises problems which it 
is impossible to discuss here. However, we may be fairly 
confident that the final number obtained is 12,960,000. 

2 In Plato the word pa@yua is used generally of an 
study, but the particular subjects here mentioned are all 
mathematical, and the word was already getting the special 
significance which it attained in Aristotle’s time. 

> The most likely explanation of ‘‘ numbers not like one 
another by nature” is ‘“‘ numbers incommensurable with 
each other’; drawn as two lines in a plane, ¢.g. as the side 
and diagonal of a square, they are made like to one another 
by the geometer’s art, in that there is no outward difference 
between them as there is between an integer and an irrational 
number. 
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* These are probably cubes of integers. 

> These will be numbers with irrational cube roots. 

¢ What has been said about lines in the plane applies also 
to lines in three dimensions. Numbers incommensurable 
with each other, such as 1 and ,/2, are made like when one 
is represented as the side of a unit cube and the other as the 
side of a cube twice as great. We know that this problem 
of doubling the cube was brought to Plato’s notice (supra, 
pp. 258-259), The past tense suggests that Plato had in 
mind certain definite mpoozvyeis who coined the word 
otepeoperpia; the Pythagoreans, Theaetetus, Democritus 
and Fudoxus had all advanced the science. 

4 What follows cannot be translated literally, and it is 
more than likely that the text is corrupt, or that it has 
reached us unrevised from Plato’s first draft. But the 
general sense is clear. Successive multiplication of 1 by 2 
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thrice increased and like to the solid nature,* and 
those again which have been made unlike,? he likens 
by another art, namely, that which its adepts called 
stereometry °; and a divine and marvellous thing it 
is to those who contemplate it and reflect how the 
whole of nature is impressed with species and kind 
according to each proportion as power and its con- 
verse continually turn about the double.? First the 
double operates on the number 1 by simple multiplica- 
tion so as to give 2, and a second double yields the 
square ; by further doubling we reach the solid and 
tangible, the process having gone from 1 to 8. Then 
comes the application of the double to give the mean 
which is as much greater than the less as itis less than 
the greater, and the other mean is that which exceeds 
and is exceeded by the same part of the extremes ; 
between 6 and 12 come both the sesquialter [9] and 
the sesquitertius [8]; turning between these two, to 
gives the series 1, 2, 4, 8, which represent a point, a line, a 
square and acube. This is a series in geometric progression, 
2 being a geometrical mean between 1 and 4, and 4 a geo- 
metrical mean between 2 and s, Two other means were 
known to the P’ythegoreans (supra, pp. 110-115)—~and the 
whole passage is thoroughly Pythagorcan—the arithmetic 
and the harmonic. ‘The arithmetic mean is equidistant 
between the two terms; the harmonic exceeds one term, 
and is exceeded by the other, by the same fraction of each 


term. Thus the arithmetic mean between 1 and 2 is 5 and 


the harmonic mean is a clearing of fractions, the arithmetic 


3 
mean between 6 and 12 is 9 and the harmonic mean 8. 
“Power and its converse ’—1 Svvayis cal 4 é& evavrias 


ravry7—I take to mean ‘‘ number and its reciprocal”; we 
have to multiply by 2 to get the series 1, 2, 4, 8 and then 


take 5 of 6+ 12 to get the arithmetic mean. 
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év 7@ péow en’ auddtepa otpepopérvn tots avOpa- 
mois ovppwvov xpetav Kal avppetpov areveiuato 
mrawdias pvduod re Kal dpporias xdpw, eddaipou 
xopeta Movodiy dedouévn. 





® The reference to the choir of the Muses makes it clear, 
in my opinion, that the number 9 is referred to, though the 
construction of the sentence does not necessarily involve it. 
So Ane R. M. Lamb in the Loeb version of the E:pinomis, 
», 482, 

> The whole passage should be compared with Timaeus, 
35 B—36 B(see R. G. Bury’s notes in the Loeb version, pp. 66- 
71, or A. E. Taylor, 4 Commentary on Plato’s Timaeus, 
pp. 136-137). There Plato writes down the series 1,2, 4,8 and 
1, 3, 9, 27, and then fills up the intervals between these 
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one side or the other, this power [9]? furnished men 
with concord and symmetry for the purpose of rhythm 
and harmony in their pastimes, and has been given 
to the blessed dance of the Muses.? 


numbers with arithmetic and harmonic means so as to get 
a series of 34 terms, 1, 2, 34, 4, 3, 23, 248, 2 . . . 27, which 
is intended to represent the notes of a musical scale having 
a compass of four octaves and a major “‘ sixth.” 

Much prominence is given to this passage from the 
Epinomis by A. E, Taylor, Mind, xxxv., pp. 419-440, 1926, 
ibid. xxxvi., pp. 12-33, 1927, and D’Arcy Wentworth 
Thompson, ibid. xxxviii., pp. 43-55, 1929. 

For a further discussion of this side of Plato’s philosophy 
see Julius Stenzel, Zahl und Gestalt bei Platon und Aristoteles 
(Leipzig, 1924). 
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XII. EUDOXUS OF CNIDOS 


(a) Titzory or Proportion 


Schol. i. in Eucl. Elem. v., Fucl. ed. Heiberg v. 280. 1-9 


SKo7os TO TeUTTH BiBrLw epi dvadoyiav dia- 
AaBeiv. . . . 7d Sé BiBAlov Evddfou twés evpeow 
elvat A€yovot tod TlAdrwvos didackdAov. 


(6) Votume or Cone anp Pyramip 


Archim. De Sphaera et Cyl. i., Pref., Archim. ed. Heiberg 
i, 4. 2-13 
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mept Tatra Ta oynpata, ToAABv mpd Evddgou 
108 


XIII. EUDOXUS OF CNIDOS 2 


(a) THEory oF Proportion 


Euclid, Elements v., Scholium i., Eucl. ed. Heiberg 
v. 280. 1-9 


Tue aim of the fifth [book of the Elements] is the 
treatment of proportionals. . . . Some say that the 
book is the discovery of Eudoxus, the pupil of Plato. 


(6) Votume or Cone anp Pyramip 


Archimedes, On the Sphere and Cylinder, Preface to 
Book i., Archim. ed. Heiberg i. 4. 2-13 


For this reason I cannot feel any hesitation in 
setting these [theorems] side by side both with the 
investigations of other geometers and with those of 
the theorems of Eudoxus on solids which seem to 
stand out pre-eminently, namely, that any pyramid is 
a third part of the prism having the same base as the 
pyramid and equal height, and that any cone is a 
third part of the cylinder having the same base as the 
cone and equal height ; for though these properties 
were naturally inherent in these figures all along, yet 


@ Fudoxus lived from about 408 to 355 s.c. For Proclus’s 
notice of him, see supra, pp. 150-153. 
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(c) Tieory or Concentric SPHERES 


Aristot. 3fet. A 8, 1073 b 17-32 


Evdofos pév odv aAlov Kal cedrjvns éxardpou 
Thv popay év tpiaiv erider? elvar odatpais, av 
THY bev TpwTnv THY TOV amravav dotpwv el- 
vat, THY dé Sevtépav kata Tov Sia pécwy Tav Cw- 
Siwy, thy S€ tpityvy Kata Tov Acdokwpevov ev TA 





* Inhis preface to the Vethod (see supra, p. 230) Archimedes 
says that Democritus enunciated these theorems, but without 
proof. It may safely be inferred trom Archimedes’ preface 
to the Quadrature of the Parabola (Archim. ed. Heiberg ii. 
264. 9-22) that Eudoxus used for the proof a lemma equiva- 
lent to Euclid x. 1 (infra, pp. 452-455), and that the credit 
belongs to him for having made the exhaustion of an area 
by means of inscribed polygons a regular method in Greek 
geometry; to some extent he had been preceded by Antiphon 
and Hippocrates. 

> We are told by Simplicius, on the authority of Eudemus, 
that Plato set astronomers the problem of finding what are 
the uniform and ordered movements which will “‘save the 
phenomena” of the planetary motions, and that Eudoxus 
was the first of the Greeks to concern himself with hypotheses 
of this sort. Eudoxus believed that the motion of the sun, 
moon and planets could be accounted for by a combination 
of circular movements, a view which remained unchallenged 
till Kepler. To account for the motion of the sun and 
moon he needed to use only three concentric spheres, but the 
motion of the planets required in each case fonr concentric 
spheres, the common centre being the centre of the earth. 
The spheres were of different sizes, one enclosing the other. 
Each planet was attached to a point on the equator of the 
innermost sphere, so that by the motion of this sphere alone 
the planet would describe a circle. But the poles of this 
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they were in fact unknown to the many competent 
geometers who lived before Eudoxus and had not 
been noticed by anyone.? 


(ce) Turory or Concentric SPHERES 


Aristotle, Metaphysics A 8, 1073 b 17-32 


Eudoxus assumed that the motion both of the sun 
and of the moon takes place on three spheres,” of 
which the first is that of the fixed stars, the second 
moves about the circle which passes through the middle 
of the signs of the zodiac, and the third moves about 


sphere were not fixed, themselves moving on a larger sphere 
rotating about two different poles. The poles of this second 
sphere similarly lay on a third larger sphere moving about 
a different set of poles, and the poles of the third sphere on 
yet a fourth, moving about another set of poles. Each 
sphere rotated uniformly, but its speed was peculiar to 
itself. For the sun and moon only three spheres were 
needed, the two largest being the same as for the planets 
The outermost circle (which comes first in the description 
by Aristotle and Simplicius), moving from east to west in 
twenty-four hours, reproduces the daily motion of the fixed 
stars. The second moves from west to east about an axis 
perpendicular to the plane of the zodiac circle (ecliptic), its 
equator accordingly revolving in the plane of the zodiac. 

The subject belongs as much to Greek astronomy as to 
Greek mathematics, and for fuller information the reader is 
referred to the classic paper of Schiaparelli, Le sfere 
omocentriche di Eudosso, di Callippo e di Aristotele (Milan, 
1875), to the works of Sir Thomas Heath (ristarchus of 
Samos, pp. 193-224, Greek Astronomy, pp. 65-70, H.G.M. i, 
329-335), and to W. D. Ross, Aristotle’s Metaphysics, vol. ii., 
pp. 384-394. But Eudoxus’s system of concentric rotating 
spheres is a geometrical tour de force of the highest order, 
and must find some notice here. In all the history of 
science there are few hypotheses that bear so unmistakably 
the stamp of genius, 
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mate. TOV bevdiav (ev petlom be mAdret AcdoEG= 
bat Kad” dv 1 cednvy péperat 7} 7 Kal? ov 6 tos). 
Tav dé Travenpreveov dot poy ev TéTTapow éxdorov 
ofaipais, Kal TovTwy Sé THY pev mpwTnY Kal Sev- 
Tépav THVv avTiy eivat exeivats (THY TE yap TOV 
dmAavav tiv anacas dépovoay eivar, Kal THY 570 
Tavry TeTaypevyy Kat KaTe Tov Sud péowy Tay 
Cwdiwv THY popav exovoay Kowny dmacdv elva), 
Ths Se Tplrns andvroy Tovs 7dAous ev Tm] bud 
péowy Tay Ledicv elvat, THs Sé Terdprys THY 
popay | KaTa TOV  Acdofwpeevov m™pos Tov péoov Tav- 

5° elvat b€ Tis Tpirns opaipas TOUS moAous Tov 
piev dAAwv ldious, Tods dé THs "Adpodizns Kat Tob 
“Eppod rods adtovs. 


Simpl. in De caelo ii. 12 (Aristot. 293 a 4), ed. Heiberg 
496. 23-497. 5 

‘H 8€ tpirn odaipa rods méAous éxovoa ént Tod 
ev Th Sevtépa bia peeowy Tav Codie dard peonpt- 
Bptas TE TpOs dpKTOV ozpedopery kal dn’ dipxrov 
7pos peony Bpiav ouverrat peer TV rerapray Kat 
ev auth Tov aatépa éxovoav Kat 57 Tijs Kara 
mAdtos Kuhoews e€er TH aitiav: ov pV adTH 
povyn doov yap emi tatty Kal mpos tovs méAous 
Tod Sia peowy TaV Cwdlwy Kev av 6 doTHp Kal 
mAyatov TeV TOU Kogpou moAwv eyiveto" vuvi dé 
reTapTn adaipa mepl tovs Tob <r08)" dorépos 
Aogod KUKAov orpepopery) mdXous emt Tavavria Th 
tpitn am avatordv emt duvcpas Kal ev tow xpovy 


1 z06 rob Heiberg. 





* i.e. the equator of the third sphere. 
® i.e. Venus and Mercury. 
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a circle latitudinally inclined to the zodiac circle (the 
circle in which the moon moves having a greater 
latitudinal inclination than that of the sun). The 
motion of the planets he assumed to take place in 
each case on four spheres ; of these the first and 
second are the same as for the sun and moon (the first 
being the sphere of the fixed stars which carries all 
the spheres with it, and the second, next in order to 
it, being the sphere about the circle through the 
middle of the signs of the zodiac which is common to 
all the planets); the third is, in all cases, a sphere 
with its poles on the circle through the middle of the 
signs of the zodiac; and the fourth moves about a 
circle inclined to the middle circle? of the third 
sphere ; the poles of the third sphere are different 
for all the planets except Aphrodite and Hermes,? 
but for these the poles are the same. 


Simplicius, Commentary on Aristotle’s De caelo ii, 12 
(293 a 4), ed. Heiberg 496. 23-497, 5 

The third sphere, which has its poles on the great 
circle of the second sphere passing through the middle 
of the signs of the zodiac, and which turns from south 
to north and from north to south, will carry round 
with it the fourth sphere, which has the planet 
attached to it, and will moreover be the cause of the 
planet’s latitudinal movement. But not the third 
sphere only ; for, in so far as it was on this sphere 
only, the planet would have reached the poles of the 
zodiac circle, and would have drawn near to the poles 
of the universe ; but as matters are, the fourth sphere, 
which turns about the poles of the inclined circle 
carrying the planet and rotates in a sense opposite to 
the third, that is, from east to west, but in the same 
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THY oTpodiy avTa@v Tooupévn 7d TE emt mA€ov 
brepBddrew tov bid péowy TOv Cewdiwy mapaity- 
ceTar Kal TH Acyouerny bro Evdsdfou inmmomednv 
wept tov adbtov touvTovlt KUKAov T aorép. ypadeww 
TrapeeTal, WOTE, OTGOY TO THS ypapphs TavTns 
mAdtos, ToootToy Kal 6 doTip eis mAdtos Sdéet 
Tapaywpelv, Omep eyxarotor TH Evddw. 


2 i.e, by the planet. 

> ie. ** horse- fetter.” 

¢ Schiaparelli works out in detail the motion of a planet 
subject only to the rotations of the third and fourth spheres. 
The problem in its simplest expression, he says, is this: 


‘A sphere rotates uniformly about the fixed diameter AB. 
P, P’ are opposite poles on this sphere, and a second sphere 
concentric with the first rotates uniformly about PP’ in the 
same time as the former sphere takes to turn about AB, but 
in the opposite direction. M is a point on the second sphere 
equidistant from the poles P, P’ (that is to say, M is a point 
on the equator of the second sphere). It is required to find 
the path of M.”) Schiaparelli found a solution by means of 
seven geometrical propositions which Eudoxus could have 
known, and he proved that the path described by M was 
like a figure-of-eight on the surface of the sphere (see 
second figure). ‘This curve, which Schiaparelli called a 
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period, will prevent any excessive deviation ? from 
the circle through the middle of the signs of the 
zodiac, and will constrain the planet to describe 
about the same zodiac circle the curve called by 
Eudoxus the Aippopede,® so that the breadth of this 
curve measures the apparent latitudinal motion of 
the planet, a view for which Eudoxus has been 
attacked.¢ 


“spherical lemniscate,” agrees with Eudoxus’s description 
of it as a hippopede (horse-fetter). It is the intersection of 
the sphere with a certain cylinder touching it internally at 
the double point O, namely, a cylinder with diameter equal 
to AS, the sagitta of the diameter of the small circle of the 
sphere on which P revolves. 

For the proof of these statements the reader must be 
referred to Schiaparelli’s paper. An analytical expression 
is given by Norbert Herz in Geschichte der Bahnbestimmung 
von Planeten und Kometen, Parti., pp. 20, 21, and reproduced 
by eats Aristarchus of Samos, pp. 204-205, with further 

etails. 

Summing up, Heath says (Aristarchus of Samos, p. 211): 
“ For the sun and moon the hypothesis of Eudoxus sufficed 
to explain adequately enough the principal phenomena, 
except the irregularities due to the eccentricities, which were 
either unknown to Eudoxus or neglected by him. For 
Jupiter and Saturn, and to some extent for Mercury also, 
the system was capable of giving on the whole a satisfactory 
explanation of their motion in longitude, their stationary 
points and their retrograde motions; for Venus it was 
unsatisfactory, and it failed altogether in the case of Mars. 
The limits of motion in latitude represented by the various 
hippopedes were in tolerable agreement with observed facts, 
although the periods of their deviations and their places 
in the cycle were quite wrong. But, notwithstanding the 
imperfections of the system of homocentric spheres, we 
cannot but recognize in it a speculative achievement which 
was worthy of the great reputation of Eudoxus and all the 
more deserving of admiration because it was the first attempt 
at a scientific explanation of the apparent irregularities of 
the motions of the planets.”’ 
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(a) First Principies 


Aristot. Anal. Post. i. 10, 76 a 30-77 a2 


A ‘ 8° > \ LJ e , ua &: a 4 
éyw 8 dpyas ev éxdotw yéver Tavtas, as Ore 
” 1. 2 5 t 5 = , \ s , 
€oTt py evddxerar Setfar. Ti pev odv onpaiver 
A i ~ 
Kal Ta 7p@Ta Kal Ta ex TOUTWY, AapBaveTat: OTL 
. ” A A > A > t Xr 4 A ° 
€orTt, Tas pev apxas dvdyxn AapBavew, Ta 
ada Sexvivar, olov ti povas 7 Ti TO evOD Kal 
7 A 
tpiywvov: elvar € tiv povdda AaBetv Kai péyeBos, 
7a 8 érepa Serxvivar. 
"E > t ~ ? a > a 
ort dv yp@vrar ev tais amodexrixais 
> rg < A wD e 4 > SF A 
emtoTHpats Ta prev dia exdoTns emoThuns Ta Se 
Kowd, Kowd 5é kat’ avadoyiay, eel ypyou.dy ye 
an a} 
daov év T@ bad Ti éemorHyy yeve. 

"Idia pev ofov ypappry elvar rovavdi, Kal rd 
yf , A A ¢t \OoM > Ao” nn ed , oe 
«00¥, Kowa S€ olov 7d tca amo towv av adéAn, Ste 
w AY 4 € ‘ > o a a > 
toa ta Aourd. tkavov 8° exacrov TovUTwy daov év 
T® yéver TavTO yap ToLnoel, KdV pL) KATA TéYTwWY 





@ Aristotle interspersed his writings with illustrations from 
mathematics, and as he lived just before Euclid he throws 
valuable light on the transformation which Fuclid effected. 
A large number of the mathematical passages in Aristotle's 
works are translated, with valuable notes, in Sir Thomas 
Heath's posthumous book Mathematics in Aristotle, 
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(2) First Principies 
Aristotle, Posterior Analytics i. 10, 76 a 30-77 a2 


I mean by the first principles in every genus those 
elements whose existence cannot be proved. The 
meaning both of these primary elements and of those 
deduced from them is assumed; in the case of first 
principles, their existence is also assumed, but in 
the case of the others deduced from them it has to 
be proved. Examples are given by the unit, the 
straight and triangular; for we must assume the 
existence of the unit and magnitude, but in the case 
of the others it has to be proved. 

Of the first principles used in the demonstrative 
sciences some are peculiar to each science, and some 
are common, but common only by analogy, inasmuch 
as they are useful only in so far as they fall within the 
genus coming under the science in question. 

Examples of peculiar first principles are given by 
the definitions of the line and the straight; common 
first principles are such as that, when equals are 
taken from equals, the remainders are equal. Only 
so much of these common first principles is needed as 
falls within the genus in question; for such a first 
principle will have the same force even though not 
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AgBy adrAN emt peyebdv povov, TA 8 apiOuntiK@ 
em apilav. 

"Kort & (Ota prev Kat ad AapPaverar elvar, Trept 
aH eT LOT HHL) fewpet Ta dmdpxovra kal? avrd, 
otov povddas Hi] aprOunticy, » 7 b€ yewpetpia ont 
Kal ypappeds. Tatra yap AapBdvovar To elvat 
Kal Toi elvat. Ta S€ rodtwy aly Kal? atrd, 
Tt pev onpeaiver Exagrov, AapBavovory, otov q pev 
dprbunrecy te TepitTov ) dpriov 7 Tetpdywvov 7 
KUBos, 1 7 de yewper pla. Ti 70 adoyov 7 70 KeKAdobat 
7 vevdew, d7e 8 ott, Seucrvdovor dud Te Tov Kow@v 
Kal ex Tv drrodederypevenv. kal a dorporoyia 
coavros. maa yap ATOOELKTLK?) emaT HEN mrepl 
Tpla corly, Goa Te etvar Tiferat (rabra. 8 éati To 
yévos, ob Tov Kal? obra mabnpdtav eart Dewpy- 
TUK), Kal Ta KoUWd Acyopeva dfidpara, ef cv 
T pera dmodetkvuct, Kal Tpitov 7d man, ap rt 
onaive. €xactov AapBaver. evias pévTor ém- 
aTipas ovdev KwAvEL évia ToUTWY Tapopay, olor 
TO yévos py UmoTiVecBut elvar, av 7 davepov dre 
éorw (od yap Opoiws dijAov or dpiBjds éoTt Kal 
ort puxpov ral Deppov), Kal Ta 7abn wR Aap Paver 
vi onpaiver, av 7} dra warep obde Ta Kowa ov 
AapBaver rd onpawe TO toa amd towv adedeiv, 
Ott yroopiwov. GAN oddéev Frrov TH ye dvaer Tpla 
Tabra €or, wept 6 Te Setkvucr Kal & SetKyvar Kal 
ef ay. 

Odm eo7e 8 d7dHeors dS aitnpa, 6 avayKn 





@ Euclid docs uot detine cexAdoba ‘to be inflected,” 
veverr, “to verge.” For an example of “ inflection,” see 
supra, pp. 358-359, and of “ verging,” supra pp. 242-245, 
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applied generally but only to magnitudes, or by the 
arithmetician only to numbers. 

Also peculiar to a science are the first principles 
whose existence it assumes and whose essential 
attributes it investigates, for example, in arithmetic 
units, in geometry points and lines. Both their 
existence and their meaning are assumed. But of 
their essential attributes, only the meaning is as- 
sumed. For example, arithmetic assumes the mean- 
ing of odd and even, square and cube, geometry that 
of irrational or inflection or verging,* but their 
existence is proved from the common first principles 
and propositions already demonstrated. Astronomy 
proceeds in the same way. For indeed every 
demonstrative science has three elements : (1) that 
which it posits (the genus whose essential attributes 
it examines); (2) the so-called common axioms, 
which are the primary premisses in its demonstra- 
tions ; (3) the essential attributes, whose meaning it 
assumes. ‘There is nothing to prevent some sciences 
passing over some of these elements; for example, 
the genus may not be posited if it is obvious (the 
existence of number, for instance, and the existence 
of hot and cold are not similarly evident); or the 
meaning of the essential attributes might be omitted 
if that were clear. In the case of the common 
axioms, the meaning of taking equals from equals 
is not expressly assumed, being well known. Never- 
theless in the nature of the case there are these 
three elements, that about which the demonstration 
takes place, that which is demonstrated and those 
premisses by which the demonstration is made. 

That which necessarily exists from its very nature 
and which we must necessarily believe is neither 
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t > ey A cal > # > ‘ ‘ 
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A ” ¥ € > , > A A % > ~ 
Tov ew Adyov  amddeéts, a\Aa mpds Tov ev TH 
oxi, errel ovde ovrdoytapids. det yap éorw 
evor ivan Tpos Tov eo Adyov, adda mpos Tov €ow 
Adbyov ok det. doa per odv SecxTa dvTa Aap Paver 

> ‘ 4 / ao 3A A a , 
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, \ >A 2A ‘ , , 
Aap Barn TO adro airetrar. Kal rovTw Siageper 
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oy ~ 4 
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YEwmeTpNS pevd4 dmoTiPera, Wamep TES épacay, 
Adyovres es od Sef 7H Peder ypfjoba, Tov bé 
yewperpny wevdecbat Adyovra moovatav Thy ov 
moduaiav 7 ed0eiav tiv yeypaypervny ob dOetav 
ovoav. 6 Sé yewpeTpys oddév oupTEpaiverar TH 

l4 5 + , a bf A w 6 LAAG 
THvde elvar ypappryy, jv attas ébbeynra, adda 
Ta did todTwr SynAovpeva. Ere 7d alrnua Kal 
it Ed lod nw € eo ” ie > , ¢€ > @ 
brd0eats aca 7} ws dAov 7} ws ev pépet, of 8” dpoe 
ovderepov TovUTwWY. 
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hypothesis nor postulate. For demonstration is a 
matter not of external discourse but of meditation 
within the soul, since syllogism is such a matter. 
And objection can always be raised to external dis- 
course but not to inward meditation. That which is 
capable of proof but assumed by the teacher without 
proof is, if the pupil believes and accepts it, hypothesis, 
though it is not hypothesis absolutely but only in 
relation to the pupil ; if the pupil has no opinion on 
it or holds a contrary opinion, the same assumption 
is a postulate. In this lies the distinction between 
hypothesis and postulate ; for a postulate is contrary 
to the pupil’s opinion, demonstrable, but assumed and 
used without demonstration. 

The definitions are not hypotheses (for they do not 
assert either existence or non-existence), but it is 
in the premisses of a science that hypotheses lie. 
Definitions need only to be understood ; and this is 
not hypothesis, unless it be contended that the 
pupil’s hearing is also a hypothesis. But hypotheses 
lay down facts on whose existence depends the 
existence of the fact inferred. Nor are the geo- 
meter’s hypotheses false, as some have maintained, 
urging that falsehood must not be used, and that the 
geometer is speaking falsely in saying that the line 
which he draws is a foot long or straight when it is 
neither a foot long nor straight. The geometer draws 
no conclusion from the existence of the particular line 
of which he speaks, but from what his diagrams 
represent. Furthermore, all hypotheses and postu- 
lates are either universal or particular, but a definition 
is neither. 
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(6) Tre InFinitEe 
Aristot. Phys. T 6, 206 a 9-18 


"Ore 8 ef pn eorw drretpov amas, moAAa 
advvara ovpBaiver, dfAdov. Too Te yap xpdvov 
€oral tts epxn Kal TedeuTy, Kal 7a. peyebn ov 
Suatpera els weyedn, Kal dpiBjos odK €oTaL aTretpos. 
otav dé Siwptojévwv odTws Enderépws paivyrat 
evdexecOar, StarpynTod Set, kat dF jrov 6 ort 7s bev 
€otw m&s 8 ov. Adyerat 57) TO elvan TO pev 
Suvdpee TO Se evredexeia, Kal TO diretpov éort 
pev mpoobecer € éore 8€ Kal Suatpecer. TO O€ peyeBos 
Ort prev Kat? évépyecay odk gorw dzeupov, etpyrat, 
diarpéce 8° eoriv: od yap yadrerov avedeiv tas 
atéuous ypayypas: AetmeTar ody Suvdper elvar 7d 
a” 
ametpov. 


Ibid. T 6, 206 b 3-12 


To 5é€ Kara mpoabeow TO avTd ori mus Kat 76 
Kata Siatpeow: év yap TO TeTrEpaopLevep Kara 
mpoofeow viyveran dvreoTpappeves: } yap Sdia- 
povpevoy oparae els dreupov, Tavry mpoorllepevov 
paveirae ™pos To wptopevor. év yap TO TIETIEpa~ 
opevw eye & av AaBav Ts eptopevov “TpoohapL- 
Barn 7H adtd Adya, un TO adté Te Tod dou 
peyeBos mepuapBdverv, ov dreFeror TO meTTepa- 
opévov: edv 8 ovTws a tov Adyov wate det TL 





* After criticizing the beliefs of the Pythagoreans and 
Plato's school, Aristotle has just shown that there cannot be 
an infinite sensible hody. 

> The doctrine of “indivisible lines’ is attributed to 
Plato by Aristot. Jet. 992 a 20-22 and to Xenocrates, who 
succeeded Speusippus as head of the Academy, by Proclus 
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(6) Tue Ixvinite? 
Aristotle, Physics T 6, 206 a 9-18 


But it is clear that the complete denial of an infinite 
leads to many impossibilities. Time will have a 
beginning and an end, there will be magnitudes not 
divisible into magnitudes, and number will not be 
infinite. Since neither of these opposing views can 
be accepted, there is need of an arbitrator, and clearly 
each view must be in some sense true, in some sense 
untrue. Now “ to be ” is used in the sense either to 
exist actually or to exist potentially, while what is 
infinite is infinite either by addition or by division. 
It has already been stated that spatial extension is not 
infinite in actuality, but it is so by division ; for it is 
not difficult to refute the belief in indivisible lines ® ; 
therefore it follows that the spatially infinite exists 
potentially. 

Ibid. T 6, 206 b 3-12 


The infinite in respect of addition is in a sense the 
same as the infinite in respect of division, the process 
of addition in a finite magnitude taking place con- 
versely to that of division ; but where division is seen 
to go on ad infinitum, the converse process of addition 
tends to a definite limit. For if in a finite magnitude 
you take a determinate part and add to it in the same 
ratio, provided the successive added terms are not of 
the same magnitude, you will not come to the end 
of the finite magnitude ; but if the ratio is increased 
so that the terms added are always of the same 


in Tim. 36 8, ed. Diehl ii, 246. and in Eucl. i., ed. Friedlein 
279. 5, as well as by the commentators on Aristotle. The 
pseudo-Aristotelian tract De lineis insecabilibus seems 
directed against Xenocrates, 
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A 
70 adto meptAapBavew péyeBos, dieEerot, Sia TO 
mav TeTEpacpevov avatpetabat dTwobv Wpiopevy. 


Ibid. T 6, 206 b 27-207 a 7 


TlAdrwv dia toto bv0 Ta dreipa ezoinoev, drt 

re | A ” at / \ a ” 
Kal emt thy avény Soxet drepBadAew Kal els azretpov 
iévar kal emt tHhv Kabaipeow. Toijoas pévro dvo0 
od ypirat: ovre yap ev rots apiOpots Ta emt THY 
Kabaipeow dmetpov tndpyer (7) yap povas éda- 
xtorov), odTe TO eri THY abbyy (péxpt yap Sexados 
Tovet Tov apiOj.dr). 

v #: be H 3 , > ww A € 

NMupBatver S€ todvarriov elvar dreipov 7) ws 
a) 
A€yovou. od yap ob pndev Ew, adAN od aei Tt 
ew éort, ToT darewpov coTw, onetov bé- Kat 
yap rods Saxruriovs dmeipouvs A€yovor Tods pH 
y ra ig a ” wv ‘ 
éyovtas ofevdovyy, ote ated te bw €or AapPaver, 


° From a finite magnitude AA’ a “determinate part” 
(cépiouévov) AB is cut off. BA’ is fea divided at C, CA’ at 


B CD 
A a 


D and so on, in such a manner that the fractions diminish 
in the same ratio, i.e, AB, BC,CD . . . form a geometrical 
progression, If the fractions diminish in this way, then 
AA’ will never be exhausted by this process, which will 
proceed ad infinitum. We may then look on AA’ as 
divided into an infinite number of parts, giving an infinite 
by division, or we may look on AB as having added to it 
an infinite number of ‘parts, giving an infinite by addition. 
But if the successive added fractions are equal to each other, 
ie. AB=BC=CD= ..., then AA’ will be exhausted in a 
finite number of steps. This statement is equivalent to the 


426 


ARISTOTLE 


magnitude, you will come to the end, since any finite 
magnitude is exhausted by continually subtracting 
from it any definite fraction whatsoever.? 


Ibid. T 6, 206 b 27-207 a7 


Plato posited two infinites ® for this reason, that it 
is possible to proceed without limit both by way of 
increase and by way of diminution, But although 
he posits two infinites he does not use them; for 
in numbers there is for him no infinite by way 
of diminution (for the unit is a minimum), nor by way 
of increase (for he makes number go up to ten).¢ 

So it comes about that the infinite is the opposite of 
what it is usually said to be. Not that beyond which 
there is nothing, but that of which there is always 
something beyond, is infinite. Anillustrationis given 
by the rings not having a bezel which are called end- 
less, because there is always something beyond any 


Axiom of Archimedes, already used by Eudoxus (see supra, 
p- 319 n. 8). 

> The reference is evidently to the famous ‘‘ undetermined 
dyad of the great and small.” A. E. Taylor (Mind, xxxy., 
pp. 419-440, 1926, and xxxvi., pp. 12-33, 1927) puts forward 
an ingenious theory of the nature of the ‘* undetermined 
dyad.” He sees a reference to the process of approximating 
more and more closely to a number by approximations 
alternately greater and less; D’Arcy Wentworth Thompson 
(Mind, xxxviii., pp. 43-55, 1929) adds the further refinement 
that the method is approximation by continued fractions. 
Though such conceptions were doubtless not beyond the 
mathematical capacity of Plato’s Academy, they must 
remain guesses; and there is nothing to force us to believe 
that there is anything more profound in the concept of thie 
undetermined dyad than Aristotle here indicates, viz., it is 
possible to proceed in an infinite series either by way of 
increase or by way of diminution. 

Aristotle has probably misunderstood some obiter dictum 

of Plato’s, 
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e LZ / F f > / 
Kal’ opornra prev twa Aéyovtes, od pévrot 
- Qua ~ 

Kupiws' del yap Ttotré te Umdpyew Kal pndé Tote 
‘ * 1 La = \ ~ , +: £ 

To ab76 AapBdvecbar: ev 5é TH KVKAW Od ylyverat 
ov > ’ 5 SA ‘ > ~ , eo 

ovTws, add’ alet 70 édebis pudvov Erepov. 


Thid. T 7, 207 b 27-34 

Ode ahapetrar 8’ 6 Adyos oddé Tos paby- 
patikods 7Hv Oewpiav, davaipav odtws elvat 
dmetpov wate evepyeia elvar él tiv abfnow 
> , ? A be! ~ rd = > , 
adveEiznrov: obd€ yap viv Séovrar too dzetpouv 

& | ‘ ~ > A / + o n” , 
(od yap xp@vra), a\Ad pedvov elvar danv av Bov- 
Awvrar meTepacpevny: TH 8é€ peylorw peyeber 
Tov adrov éoTe tetTpHoOa Adyov omyAtKovobv 
preyeDos ETepov. wate mpds prev TO detfar exetvors 
Lana 7 A t > ~ bt f 
ovddev Stolces TO elvat ev tots obow peyéleow. 


(c) Proor DIFFERING FROM Evuctip’s 
Aristot. Anal. Pr. i. 24, 41 b 5-22 
Ma@Adov S€ yiverar darepor ev Tots Staypappacw, 
olov 6tt Tod lcocKeAods icat al mpds 7H Pacer. 
” b | A , ? tA ¢ > x 
€otwoay els 76 KévTpov Hypéevar at AB. ef odv 
ionv AapBavor tiv AT ywriav rH BA ph dros 





* Aristotle had been argning that in any syllogism one 
of the propositions must be aftirmative and universal. 

elite drawn. 

© For this method of expressing the sum of two angles 
by the juxtaposition of the letters representing them, see 
Archytas’s method of representing the sum of two numbers 
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point on them, but they are so called only after a 
certain resemblance, and not strictly ; for this ought 
to be an essential attribute, and the same point should 
never do duty again; but in the circle this is not so, 
but the same point is used over and over. 


Ibid. T 7, 207 b 27-34 


But the argument does not deprive mathematicians 
of their study, although it denies that the infinite 
exists in the sense of actual existence as something 
increased to such an extent that it cannot be gone 
through ; for even as it is they do not need the 
infinite (or use it), but only require that the finite 
straight line shall be as long as they please. Now 
any other magnitude may be divided in the same ratio 
as the largest magnitude. Hence it will make no 
difference to them, for the purpose of demonstration, 
whether there is actually an infinite among existing 
magnitudes. 


(c) Proor DIFFERING FROM EucLin’s 
Aristotle, Prior Analytics i. 24, 41 b 5-22 


This? is made clearer by geometrical theorems, such 
as that the angles at the base of an isosceles triangle 
are equal [Iucl. i. 5]. For let A, B be joined? to 
the centre. If then we assumed that the angle AT 
{te. A+I']¢ is equal to the angle BA (i.e. B+A] 


supra, p. 130. The angles A, B are the angles OAB, OBA, 
and are the same as those later described, in a confusing 
manner, as E, Z. The angles I, A are the smaller angles 
between AB and the arc of the circle. There is other evi- 
dence that such “ mixed ”’ angles played a big part in pre- 
Euclidean geometry, but Euclid himself scarcely uses them. 
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dfudaas ioas Tas TOV TaKvKAloy, Kal maAw Thy 
r 7H A L) maoav mpoodaBasy Thy Tob THHPATOS, 
ért 8 am towy ovody TOV OAwy yew kal tow 
adypnjevwv tcas elvat Tas Aown mas Tas EZ, To ef 
apyns airnoerat, éav pe AGBy a amo T&v lowy icwy 
adatpovpevwr toa Aeiwecbat. 


(d) Mecuanics 
(i.) Principle of the Lever 
[Aristot.} Mech. 3, 850 a-b 


"Emel 8€ Oarrov bz6 Tob icov Bdpous Kwetrar F 
peilwy tav éx Tod Kévtpou, éaTt d€ Tpia TA TeEpt 
Tov oyAdv, TO pev UrropdxAvov, ond prov Kai 
KevTpov, Svo dé Bapn, 6 6 Te Kwa Kat 79 Kwoupevov" 
6 ovv 76 xwoupevov Bdpos mpds 70 Kwody, | TO 
LijKos mpos 76 ijxos dvriménovbev. altel b€ 6 Saw 
dy peilov adeotHKy Tob dropoxAtov, p pdov Kuoel. 
airta dé é€orw 7 mpodexOeica, Ste 7 mAclov dm- 





* Euclid proves this theorem by producing the e ual 
sides AB, AC of an isosceles triangle to F, G where A 





equal toAG. He shows that the triangle AFC is congruent 
with the triangle AGB, hence that the triangle BFC is 
congruent with the triangle CGB, and so finally that the 
angle ABC is equal to the “angle ACB. 

> The Mechanics is not by Aristotle, but must have been 
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without asserting generally that the angles of semi- 
circles are equal, and 
again that the angle I’ is 
equal to the angle A with- 
out assuming generally 
that the two angles of all 
segments are equal, and 


if we further inferred 
that, since the whole 
angles are equal, and A B 
equal angles have been 4 
subtracted from them, 


the remaining angles 

E, Z are equal, we should commit a petitio principii 
unless we assumed generally that if equals are sub- 
tracted from equals the remainders are equal.® 


(2) Mectanics 
(i.) Principle of the Lever 
[Aristotle], Afechanics 3, 850 a—b?® 


Since the greater radius is moved more quickly 
than the less by an equal weight, and there are three 
elements in the lever, the fulcrum, that is the cord¢ 
or centre, and two weights, that which moves and 
that which is moved, therefore the ratio of the weight 
moved to the moving weight is the inverse ratio of 
their distances from the fulcrum. It is always true 
that the farther the moving weight is away from the 
fulcrum, the more easily will it move. The reason is 
written by someone under his influence at a not much later 
date; it may be taken as reflecting Aristotle’s own ideas. 

¢ The author has compared the fulcrum supporting a lever 
to the cord by which the beam of a balance is Supaer 
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4 b ~ , , ¥ , 
éxovoa ex Tod Kévrpou peilova KUKAov ypddet. 
wWoTe amd THs abris tayvos mAdov peTacriceTas 
76 Kivoiv TO mAciov TOU UopoxAlov dmexov. 


(ii.) Parallelogram of Velocities 
[Aristot.] Jech. 1, 848 b 


"Orav pev odv ev Adyw Twi dépytar, en’ edOetas 
avayKn dépecbar ro depdpevov, Kal yiverau bid- 
[eTpos avr? Tod axuaros 6 Towotow ai ev TovTw 
T® Adyw ovvrefetoar ypaypat. 

“EKorw yap 6 Adyos dv déperar 7d depdpevov, 
év éxet 7 AB zpos tiv AT: Kai 76 pev AT depéobw 
mpos 70 B, % S¢€ AB trodepéofw mpds rv HT: 
evnvexOw bé To ev A mpos Td A, % Se ef’ 4 AB 
mpos 7o KE. ef ody em Tis dopads 6 Adyos av ov 

4 AB éyee mpos TY AT, dvayrn cat trav AA mpos 
7 AE roérov éxew tov Adyov. Spotov dpa earl 
TO Adyw TO puKpov TeTpaTAcuvpov TH peilov, Ware 
kal 4 adT} Sudpetpos adt&v, kai to A €orat pos 
Z. tov adrov 1) Tpdémov Seixfijcerar Kav O7rov- 
ody dtadngO) 7 pops atel yap €orat emi THs dia- 
pléTpov. pavepov obv OTL TO KATA Ty SidpeTpov 
depopevov ev d¥0 dhopais avdykn Tov THY TAEuvpay 
dépecbar Adyov. 


3s 





@ i.e, has two linear movements in a constant ratio to each 
other. 
> ie. parallelogram. 
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that already stated, that the point which is farther 
from the centre describes the greater circle. As a 
result, if the power applied is the same, that which 
moves the system will have a greater effect the 
farther it is from the fulerum. 


(ii.) Parallelogram of Velocities 
[Aristotle], Mechanics 1, 848 b 


When a body is moved in a certain ratio,? it must 
move in a straight line, and this straight line is the 
diagonal of the figure » formed from the two straight 
lines which have the given ratio. 

For let the ratio according to which the body moves 
be that of AB to AT; let AI be moved towards B 
while AB be moved 
towards HI’; and 
let A travel to A, A AN B 
while AB travels to 
a position marked 
by E. If the ratio E 
of the movement is 
that of AB to AT, 
then AA must needs 
have the same ratio 
to AE. Therefore T lel 
the small quadri- 
lateral is similar to the larger, so that they have the 
same diagonal, and A will be at Z. It may be shown 
that it will behave in the same manner wherever the 
motion be interrupted; it will be always on the 
diagonal. Therefore it is also manifest that a body 
travelling along the diagonal with two movements 
will travel according to the ratio of the sides. 
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XV. EUCLID 
(a) GENERAL 
Stob. Eel. ii. 31. 114, ed. Wachsmuth ii. 228, 25-29 


Tap’ Edxretdn tes apf dpevos yeospeTpely, ws 
70 mp@rov Bedbpnya. enabler, TipeTo Tov Edichetsny- 
“ri b€ pou wAg€ov €otat Tadta paldvT;”’ Kai o 
Edxrcidns tov maida Kadéoas “‘ dds,” épn, ““ atta 

- > * a ad a 2 eo , 
tTpibBodrov, éeidi) Set atr@ €€ av pavOdve 
Kepdaiverv.” 

(0) Tue Evements 


(i.) Foundations 
Euel. Elem. i. 


“Opot 


a’, XSnpeidv dori, od pépos odbdv. 
B’. Vpapyp 8€ pcos amdareés. 
y’. Tpappis 5€ mépata onpeta. 





* jfardly anything is known of the life of Euclid beyond 
what has already been stated in the passage quoted from 
Proclus (supra, p. 15+). From Pappus vii. 35, ed. Hultsch ii. 
678. 10-12, infra, p. 489, we infer the additional detail that 
he taught at Alexandria and founded a school there. Arabian 
references are summarized by Heath, The Thirteen Books of 
Euclid’s Elements, 2nd edn., 1926, vol. i. pp. 4-6. Euclid must 
have flourished ¢. 300 B.c. 
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(2) GENERAL 


Stobaeus, Extracts ii. 31. 114, ed. Wachsmuth ii. 228, 


25-29 


Somrone who had begun to read geometry with 
Euclid, when he had learnt the first theorem asked 
Euclid, “ But what advantage shall I get by learning 
these things?” Euclid called his slave and said, 
“Give him threepence, since he must needs make 
profit out of what he learns.”’ 


(6) Tue Exements ® 


(i.) Foundations 


Euclid, Elements i, 
DEFINITIONS ¢ 


1. A pornt is that which has no part. 
2. A line is length without breadth. 
8. The extremities of a line are points. 


> For the meaning of elements, see supra, p. 150 n. ¢. 

¢ For a full discussion of the many problems raised by 
Euclid’s definitions, postulates and common notions the 
reader is referred to Heath, The Thirteen Books of Euclid’s 
Elements, vol. i. pp. 155-240. 
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8’. Edvdcia YPaEN earw, yTts e& taov Tois ep’ 
éaurijs onjetots Keirat. 
a ~ A # 
e. “Emdavera 8€ eotw, 6 pKos Kal mAdrtos 
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vu 4: ? a ; ’ a a A 
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a > a , > 1: - , > a 
va”. "ApPreia ywvia €orly 7 peilwy opis. 
’O€eia be 7 eAdoowy opbiis. 
. “Opos cory, é tuvds éott Tépas. 
3 . Lyjud dott 76 bd twos 7% Twwv Spwv 
ie See 
€’ ed r ? A ~ Ls } ¢ A a 
. Kiros coTl oxfpa emimedov vmod puds 
yeas TEpleXd|LEVvOV [7) Kaetrat mepupepera], 
7 pOS ap ad’ évos onpetou Tov évTos TOD oxNpLaTos 
Kelevwy Tdcar at mpoominrovoat edOetar [apds 
\ ~ , t ” > re > s 
a Tob KUKAOv Trepipeperav] tcat aAArjAats Etat. 
. Kévzpov &€ rot KvKAov 76 onpetov Kadeirat. 
Wo Atdpetpos be Tob KU«hov €oTiv evOeia Ts 
did tod KevTpov Aypevn Kal mepatoupern ed? 
2 Plato (Parmenides 137 x) defines a straight line as ‘‘ that 


of which the middle covers the ends.” Euclid appears to 
be trying to say the same kind of thing in more geometrical 
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4. A straight line is a line which lies evenly with the 
points on itself.¢ 

5. A surface is that which has length and breadth 
only. 

6. The extremities of a surface are lines. 

7. A plane surface is a surface which lies evenly 
with the straight lines on itself. 

8. A plane angle is the inclination towards one 
another of two lines in a plane which mect one 
another and do not lie in a straight line. 

9. And when the lines containing the angle are 
straight, the angle is called rectilineal. 

10. When a straight line set up on a straight line 
makes the adjacent angles equal one to another, each 
of the equal angles is right, and the straight line 
standing on the other is called a perpendicular to that 
on which it stands. 

11. An obtuse angle is an angle greater than a right 
angle. 

12. An acute angle is an angle less than a right 
angle. 

13. A boundary is that which is the extremity of 
anything. 

14. A figure is that which is contained by any 
boundary or boundaries. 

15. A circle is a plane figure contained by one line 
such that all the straight lines falling on it from one 
point among those lying within the figure are equal 
one to another. 

16. And the point is called the centre of the circle. 

17. A diameter of the circle is any straight line 
drawn through the centre and terminated in both 


language. Neither statement is satisfactory as a dc finition 


(cf. Def. 7). 
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éxdtepa, To Hep i770 ris Tob KUKAoU Trepipepetas, 
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70 avré, 6 Kal ToD KUKAOU éoriv. 
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mepteyoueva, tpirhevpa pev Ta U0 TpLdv, TeTpa~ 
TAeupa dé Ta bn Teoodpwy, ToAvmAcupa 5é€ Ta 
ind mAcdvwv 7 Tecodpwv edvder@v Treptexdpeva. 
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auBrvyaviov dé 76 éxov apBrciav ywviav, dfv- 
ydvov &€ To Tas Tpets O€eias exov yeovias. 

Kp’. Ta av be TeTpaTrhevpwy oxnwarov Tetpa- 
yeovov pev éorw, 6 iodeupdv TE €oTL Kat 6p8o- 
ywviov, érepounkes b€, 6 spboyavov pév, ovK 
iodmAeupov 6€, pouBos dé, 6 todmeupov pe, ove 
opboydviov bé, popBoees bé 70 Tas dmevayriov 
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ky’. IlapadAndAoi etow edOetar, aitwes ev TO 
ott@ emimédw oda Kal éxBadAdpevas els d7reipov 
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aAArjAats. 





* Heath classifies modern definitions of parallel straight 
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directions by the circumference of the circle, and such 
a straight line bisects the circle. 

18. A semicircle is the figure contained by the 
diameter and the circumference cut off by it. And 
the centre of the semicircle is the same as that of 
the circle. 

19. Rectilineal figures are those contained by straight 
lines, érilateral figures being those contained by three, 
quadrilateral those contained by four, and multilateral 
those contained by more than four straight lines. 

20. Of trilateral figures an equilateral triangle is that 
which has its three sides equal, an zsosceles triangle 
that which has only two of its sides equal, and a 
scalene triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a right-angled 
triangle is that which has a right angle, an obtuse- 
angled triangle is that which has an obtuse angle, and 
an acute-angled triangle is that which has its three 
angles acute. 

22. Of quadrilateral figures, a square is that which is 
both equilateral and right-angled ; an oblong is that 
which is right-angled but not equilateral ; a rhombus 
is that which is equilateral but not right-angled ; and 
a rhomboid is that which has its opposite sides and 
angles equal one to another but is neither equilateral 
nor right-angled ; and let quadrilaterals other than 
these be called trapezia. 

23. Parallel straight lines are straight lines which, 
being in the same plane and produced indefinitely in 
both directions, do not meet one another in either 
direction.? 


lines into three main groups: (1) Parallel straight lines have 
no point common, under which general conception the 
following varieties of statement are included: (a) they do 
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not cut one another, (b) they meet at infinity, (c) they havea 
common point at infinity; (2) parallel straight lines have 
the same, or like, direction or directions; (3) parallel 
straight lines have the distance between them constant. 
Euclid’s definition belongs to 1(a),and he avoids many fallacies 
latent in the other definitions, showing himself superior not 
only to many ancient, but to many modern, geometers. 

@ The chief purpose of these first three postulates is perhaps 
not to lay down that straight lines and circles can be drawn, 
but to delineate the nature of Euclidean space. They imply 
that space is continuous (not discrete) and infinite (not 
limited). 

> This gives a determinate magnitude by which angles 
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POSTULATES 


1. Let the following be postulated: to draw a 
straight line from any point to any point. 

2. To produce a finite straight line continuously in 
a straight line. 

8. To describe a circle with any centre and dia- 
meter.” 

4, All right angles are equal one to another.” 

5. If a straight line falling on two straight lines 
make the interior angles on the same side less than 
two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles 
less than two right angles.°¢ 


can be measured, but it does far more. To prove this 
statement it would be necessary to assume the invariability 
of figures. Euclid preferred to postulate the equality of 
right angles, which amounts to an assumption of the in- 
variability of figures or the homogeneity of space. 

¢ Heath says that this postulate ‘‘ must ever be regarded 
as among the most epoch-making achievements in the 
domain of geometry,” and observes: ‘‘ When we consider 
the countless successive attempts made through more than 
twenty centuries to prove the postulate, many of them by 
geometers of ability, we cannot but admire the genius of 
the man who concluded that such a hypothesis, which he 
found necessary to the validity of his whole system of 
geometry, was really indemonstrable.” 

The postulate was frequently attacked in antiquity and 
many attempts have been made to prove it—by Ptolemy 
and Proclus in ancient days, by Wallis, Saccheri, Lambert 
and Legendre in modern times. All have failed. By 
omitting this postulate, Lobachewsky, Bolyai and Riemann 
developed ‘‘non-Fuclidean ’ systems of geometry. Saccheri, 
in his book Euclides ab omni naevo vindicatus (1733), saw 
the possibility of alternative hypotheses, and worked out 
the consequences of several; but his faith in Euclidean 
geometry as the sole possible geometry was so strong that 
he failed to realize the full implications of his work. 
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(ii.) Theory of Proportion 
Eucl. Elem. v. 


"Opoe 
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é’. *Ev TO avT@ Ady peyeln Adyera elvau 
mp@Tov mmpos Sevrepov Kat tpirov mpds téraprov, 
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COMMON NOTIONS 


1. Things which are equal to the same thing are 
equal one to another. 

2. If equals are added to equals, the wholes are 
equal. 

8. If equals are subtracted from equals, the re- 
mainders are equal. 

7. Things which coincide with one another are 
equal one to another. 

8. The whole is greater than the part.? 


(ii.) Theory of Proportion 
Euclid, Elements vy. 
DEFINITIONS 


1, A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 

2. The greater is a multiple of the less when it is 
measured by the less. 

8. A ratio is a sort of relation in respect of size 
between two magnitudes of the same kind. 

4. Magnitudes are said to have a ratio one to 
another which are capable, when multiplied, of ex- 
ceeding one another, 

5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, 


* The mss. have four other Common Notions, but they 
are unnecessary, and their genuineness was suspected even 
in antiquity. They are: 4. If equals are added to unequals, 
the wholes are unequal; 5. Things which are double of the 
same thing are equal one to another; 6. Things which are 
halves of the same thing are equal one to another; 9. Two 
straight lines do not enclose a space. 
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o 4 ~ rd . , 2 , , 
Otav Ta TOG TpwWTOV Kal TpiTOU tadKis TOAAaTAdOLA 
Tv tod Sevtépov Kal tetaprou icakts modAa- 
‘— > ©. ~ ‘ e Yd 
mArAaciwy Kal? domotovoby moAAarAaciacpov éKa- 
iz , nn oe € € nw oe ” nn 
Tepov éxatépov i) dpa bmepéyn 7) dpa toa FF 
dpa édAeirn AndOevta KaTadAnAa. 
, LS ‘ ‘ > * mM , / > ee 
sg’. Ta 6€ rov adrov éxovta Adyov peyéOy avd- 
Aoyov Kadcicbw. 

0’. “Orav dé r&v tcdakis modMamAaciwv 70 pev 
Tot mpwrov moAAaTAdawoy vrepéyn Tod Too Sev- 
tépov trodamAaciov, To 5é To Tpirov moA\aTAG- 
cov pr) dtepeyn To Tod TeTAprov moAAaTAaatov, 
TOTE TO TP@TOV TPOs TO SeVTEpov preilova Adyov 
éxew Adyerat, WJ7ep TO TpiTov mpds TO TéTapToV. 

¢ 4 Py > \ a > , >? , 

1 . Avadoyia dé eV TpPlLolv opols eAaytaTn €OTlV. 

,o¢ \ , f > 7 x ‘ cal 

0’. “Orav dé Tpia peyébn avadoyov 4, TO mpaTov 

\ A mn , , v d, 
mpos TO tTpitov SimAaciova Adyov exew A€eyerat 
Wmep mpos TO SevTEpov. 





° In the translation of this remarkable definition I cannot 
improve on Heath. Literal translation is difficult because 
the words «af? érovovody modamAactacusy come only once 
in the Greek but refer both to 7a. . . lodk«is woAAamAaota 
in the nominative and 7@y . . . tod«is moAAatAaciwy in the 
genitive. 

The definition, which avoids all mention of a part of a 
magnitude (unlike Llements vii. Def. 21), is applicable to all 
magnitudes, commensurable and incommensurable. It must 
be due, in substance at least, to Mudoxus (see supra, p. 408). 
The definition has often been assailed through misunder- 
standing, but has been brilliantly defended by such great 
mathematicians as Barrow and De Morgan, and was adopted 
by Weierstrass for his definition of equal numbers. 
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if any equimultiples whatever be taken of the first 
and third, and any equimultiples whatever of the 
second and fourth, the former equimultiples alike 
exceed, are alike equal to, or alike fall short of, the 
latter equimultiples respectively taken in correspond- 
ing order.* 

6. Let magnitudes which have the same ratio be 
called proportional. 

7. When, of the equimultiples, the multiple of the 
first magnitude exceeds the multiple of the second, 
but the multiple of the third does not exceed the 
multiple of the fourth, then the first is said to have a 
greater ratio to the second than the third has to the 
fourth. 

8. A proportion in three terms is the least possible. 

9. When three magnitudes are proportional, the 
first is said to have to the third the duplicate ratio of 
that which it has to the second.? 


Max Simon (Euclid und die sechs planimetrischen Biicher, 
p- 110) thinks it is clear from this definition that the Greeks 
possessed a notion of number as general as modern mathe- 
maticians. Heath (The Thirteen Books of Euclid’s Elements, 
ii, pp. 124-126) shows how Euclid’s definition divides all 
rational numbers into two cozwtensive classes, and so defines 
equal ratios in a manner exactly corresp 1:ding to Dedekind’s 
theory of the irrational. 

De Morgan gives the following modern equivalent of the 
definition. ‘‘ Four magnitudes, A and B of one kind, and 
C and D of the same or another kind, are proportional 
when all the multiples of A can be distributed among the 
multiples of B in the same intervals as the corresponding 
multiples of C among those of D.”’ That is to say, m, n 
being any numbers whatsoever, if mA lies between nB and 
(n+ 1)B, mC lies between nD and (n+1)D. 

» Ifs=F, then a and a has to 6 the duplicate ratio 
of a to x. 
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. “Oravy S€ réocapa peyén avddAoyov 4, 76 
mp@tov mpos TO TéTapTov TpitrAaciova Adyov éyew 
Aéyerar amep mpos 76 Sevtepov, Kal del ééfjs 
dpoiws, ws av y dvadoyia drdpyn. 

, € 5X ‘0: FA Lt A ¢ , 
ta’. “Opoddroya peyébn Ad€yerar Ta peév ryyovpeva 
tots Wyoupevois TA Sé Emdpeva Tots éxopévois. 

8’. *Evadda€ Adyos eatt Ais Tod Hyovpévov 
mpos TO HWyovpevoy Kal Tob émopévou mpos 76 
é7opevov. 

uy’. ’Avaradw Adyos éatt Afyus Tod émopévov 

A x ¢ 
Ws Ayoupéevov mpds TO Wyovpevov ws émdpevov. 
ys ire , > 7 ~ ~ e fv 
0’. LvvGeats Adyou earl Atjyus Tob wyoupéevov 
~ A 
pera TO émropevov ws évds pds adTo TO érdpevov. 
te’. Ataipeots Adyou €oti dius THs Urepoyis, 
i) Urepexet TO HyoUpEvov Tod émopévov, mpds adTo 
TO €77fLEVvov. 

us’. "Avaotpodh Adyou cori AjYus Tod ryoupévov 
mpos Tiv Urepoyry, 7} vmepever TO TyoUpevov Tod 
é7ropevou. 

t 3 Ww x > 4 x ww 
iC’, A’ toov Adyos ort TAcdvwy GvTwy pe- 
~ A LAX b) ~ w A AAG: rs ry 
yebayv Kat ddAwy adtrots iawy 7d mARGos avvdvo0 
AapPavopévwy Kal ev 7H abt@ Adyw, drav 7 as 
€v Tois mpwtos peyeleot TO mpa@tov mpds 7d 
eayatov, ovTws ev tots Sevtépors peyéeat 7d 





2 The magnitudes must be in continuous proportion. If 
a x4 a a in ligie A 
ars then Fe and a has to 6 the triplicate ratio of 
ato a Alternatively, a cube with side a has the same 
ratio toa cube with side x as a to b(see supra, p. 258 n. 6). 
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10. When four magnitudes are proportional ? the 
first is said to have to the fourth the ¢riplicate ratio of 
that which it has to the second, and so on continually, 
whatever the proportion. 

11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents and of con- 
sequents in relation to consequents.? 

12. Alternate ratio means taking the antecedent in 
relation to the antecedent, and the consequent in 
relation to the consequent.¢ 

18. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as conse- 
quent.? 

14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in 
relation to the consequent by itself.? 

15. Separation of a ratio means taking the excess by 
which the antecedent exceeds the consequent in 
relation to the consequent by itself.f 

16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the ante- 
cedent exceeds the consequent.’ 

17. A ratio ex aequali arises when, there being 
several magnitudes and another set equal to them in 
multitude which taken two by two are in the same 
proportion, as the first is to the last in the first set of 
magnitudes, so is the first to the last in the second 


ety 


* “ Antecedents ” are litcrally ‘leading terms, con- 
sequents ’’ the ‘‘ following terms.” In the ratio a:b, a is 
the antecedent, b the consequent. 

¢Ifa:6::A:B,thena:A::5: B. 

4Ifa:b::A:B,thend:a::B:A. 

* i.e. the transformation of the ratio a: bintoa+6:b. 

? i.e. the transformation of the ratio a: 6 into a- 6:6. 

9 i.e. the transformation of the ratio a: b intoa:a- 6. 
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al ‘ A ” hal MM ol cal 
Tp@tov mpdos TO €ayatov: 7 aAdAws: AAYus Tay 
akpwv Kal? bre aipectv TOY péowv. 
, id ‘ > f > td 4 ~ 
un’. Terapaypévn Sé avadoyla éotiv, érav tpidv 
ovrwy peyebav Kal dAAwy adrois towv Td TrARGOS 
yintar ws prev ev Tots mpwros peyebeaw wyyov- 
pLevov mpos éopevov, ovTws év Tots Sevtépous He- 
yeBeow Hyovpevov mpos émptevov, ws bé ev ois 
mpasrous peyelecow émdpevov mpos dAAo Tt, oUTWS 
ev tots Sevtépots aAAo Ti mpds TyoUpevov. 


(iii.) Theory of Incommensurables 
Eucl. Llem. x. 


"Opor 


a’. Lvupetpa peyeOn Adyerat Ta TH aVTO pétTpw 
HeTpoupeva., dovppetpa o€, wv pndev evSdyerar 
KowWOov péTpov yevedOar. 

B. Eddetar Suvdpet ovppeerpot elow, orav Ta dn’ 
aitéy retpdywva TH adTe xwply peTpiran, dovp- 
petpou O€, 6 drav trois dm’ abtav TeTpaywvois pndey 
evdeynTar xwpiov Kowov pLéTpov yevéobar. 

y’. Tovrwy SmoKeyLevey detxvurat, Ott TH T™po- 
TeDeion <vdeig dmdpxovow <d0ciar TAI Bet arretpou 
ovpyreTpot Te Kal dovppeTpot at pev paper povov, 
ai dé Kai Suvdper. Kadelcbw odv % ev mpotebeioa 
evOeia pnt, Kat ai tavrn ovppeTpor elTe prjKes 





@ § fcov must mean “‘ at an equal distance,” #.e., after an 


equal number of terms. Ifa, b,c... m,n is one set of 
magnitudes and A, B,C... M,N ine other, and a:6= 
A: Ty and so on, up to m: nM then a:n=A:N, 


This is proved in y. 22. The AERA merely serves to 
gave a name to the inference. 
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set of magnitudes ; in other words, a taking of the 
extremes by removal of the intermediate terms.* 

18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in 
multitude, as antecedent is to consequent in the first 
magnitudes, so is antecedent to consequent in the 
second magnitudes, while as the consequent is to the 
other term in the first magnitudes, so is the other 
term to the antecedent in the second magnitudes.? 


(iii.) Theory of Incommensurables 
Euclid, Llements x. 
DEFINITIONS 


1. Those magnitudes are said to be commensurable 
which are measured by the same common measure, 
and those imcommensurable which cannot have any 
common measure. 

2. Straight lines are commensurable in square, when 
the squares on them are measured by the same area, 
and incommensurable in square when the squares on 
them cannot have any area as a common measure. 

8. With these hypotheses, it is proved that there 
exist straight lines infinite in multitude which are 
commensurable and incommensurable respectively, 
some in length only, and others in square also, with 
an assigned straight line. Let then the assigned 
straight line be called rational, and those straight lines 
which are commensurable with it, whether in length 

> Tf a, b, ¢ and A, B, C are the two sets of magnitudes, 
and a:6=B:C, 6:c=A:B the proportion is said to be 
perturbed. It follows thata:ec=A:C. Thisis a particular 
case of the inference 8’ icov and is proved in y. 23. 
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‘ + Ww ’ , e rg € A , 
kal duvdues cite Suvaper pdvov pytat, ai dé tavry 
dovppetpot dAdoyot Kadelofwoar. 

8’. Kai 7o prev amd ths mpotefetons edfetas 

Cd C3 , ‘ by , , e a 

TeTpdywrov pnTov, Kal Ta TOUTW oUppeTpa pHTa, 
7a 5€ tovTw dovppetpa dAoya KareicOw, Kai at 
duvdpevae adta ddoyou, ef pev retpdywra ein, 

3 a7 # t > A o , 7 , 
avral at mAevpal, ef 5€ erepd twa evOvypaypa, 


ai toa adrots Tetpdywva avaypddovoa. 


, 
a 


Avo peyebdv aviowy éxxeysevwr, eav amd Tod 

’ 3 a a a ye ‘ a 
pretLovos adaipeO7 petlov 7 TO Hytov Kal Too KaTa~ 
Aevtopévou peiloy 7 7d autov, Kat Tobro dei 

t , , é am” ” 
ylyynrat, AedOnoeral te péyeBos, 6 EaTar EAacoov 

~ > , > , / 
Tob éxKkeevov éAdacovos peyélous. 

*Eorw 8vo peyéby duca 7a AB, T, dv petlov 

\ if ao oA 3 A ~ > a cal 
70 AB: Aéyw, dtu dav dd T06 AB ddatpeOF petlov 
hal A Ld ‘ ~ / a n” ‘ 
7) TO Hav Kal Tob KaraAewopevou petlov 7 7d 
o A lod aN é rv 0% , 
qwav, Kal rotro det yiyvnta, AedOjoerat Te 
péyebos, 6 €otar EXaccov Tot TI peyéBous. 


To [ yap moAAamAacaldperov eatar more rob 
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and in square or in square only, be called ratzonal, but 
those which are incommensurable with it be called 
irrational. 

4. And let the square on the assigned straight line 
be called rational, and those areas which are com- 
mensurable with it rational, but those which are 
incommensurable with it trrational, and the straight 
lines which produce them :rrational, that is, if the 
areas are squares, the sides themselves, but if the 
areas are any other rectilineal figures, the straight 
lines on which are described squares equal to them. 


Prop. 1 


Tno unequal magnitudes being set out, if from the 
greater there be subtracted a magnitude greater than the 
half, and from the remainder a magnitude greater than 
its half, and so on continually, there mill be left some 
magnitude hich will be less than the lesser magnitude set 
out. 

Let AB, I be the two unequal magnitudes, of which 
AB is the greater ; I say that, if from AB there be 
K 8 r 
Att B al 


subtracted a magnitude greater than its half, and 
from the remainder a magnitude greater than its half, 
and so on continually, there will be left some magni- 
tude which will be less than the magnitude I. 

For I’, if multiplied, will at some time be greater 
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AB petlov. memoAAazAactdobw, Kai €atw 76 AE 
Tob pev I’ modAamAdowov, vob 8€ AB peilov, Kai 
dinpyjolw 76 AE ets ta 7H T toa ra AZ, ZH, HE, 
Kai adipiobw azo pev ToO AB petlov 7} 70 yoy 
To BO, amo 6€ rob AO petlov 7 70 Hou 7d OK, 
Kai toito del yuyvéobw, éws adv ai ev rH AB 
diatpécets icomAnbels yévwvtat tais ev ta AE 
Siatpéceawv. 

*"Eotwoay odv at AK, KO, OB diatpécets tco- 
mAnfets odcat tats AZ, ZH, HE: wai eet petlov 
eo7tt TO ALE rod AB, Kal ddyjpnrat amo pev tot 
AK €Aacaov rob Hyicews 76 EH, dvd 5€ tod AB 
peilov 4 TO yptov tro BO, Aowrov dpa tro HA 
Aotzob Tob OA petlov eorw. Kal émet peilov éort 
To HA rod OA, Kai adypyrat rob prev HA Furov 
TO IIZ, rob 8€ OA peifov 7 7d Yurov 7d OK, 
Aowrov dpa 7d AZ dowrod to} AK petlov éorw. 
toov 6¢€ 76 AZ rH T+ nat 7d VT dpa tod AK peilov 
€oTw. édagoov apa To AK wot T’. 

Karadeiverat dpa amd tof AB peyéfovs 7a AK 
péyeBos €Aacoov ov rob éxxeysévou éeAdaaovos 
peyefous toG T+ dep eer Setfar—cpoiws dé 
deryOioeTrar, Kav Hyslon 7) Ta adatpovpeva. 
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than AB [see v. Def. 4]. Let it be multiplied, and let 
AE be a multiple of I’, greater than AB, and let AE 
be divided into the parts AZ, ZH, HE equal to I’, 
and from AB let there be subtracted BO greater 
than its half, and from AO let there be subtracted OK 
greater than its half, and so on continually, until the 
divisions in AB are equal in multitude to the divisions 
in AE, 

Let, then, AK, KO, OB be divisions equal in 
multitude with AZ, ZH, HE; now since AE is 
greater than AB, and from AE there has been sub- 
tracted EH less than its half, and from AB there has 
been subtracted BO greater than its half, therefore 
the remainder HA‘is greater than the remainder OA. 
And since HA is greater than OA, and from HA there 
has been subtracted the half, HZ, and from OA there 
has been subtracted OK greater than its half, therefore 
the remainder AZ is greater than the remainder AK. 
Now AZ is equal to I; and therefore I is greater 
than AK. Therefore AK is less than I’. 

There is therefore left of the magnitude AB the 
magnitude AK which is less than the lesser magnitude 
set out, namely, I; which was to be proved—and 
this can be similarly proved even if the parts to be 
subtracted be halves.¢ 


® This important theorem is often known as the Axiom 
of Archimedes because of the use to which he puts it, or a 
similar lemma: ‘‘ The excess by which the greater of two 
unequal areas exceeds the lesser can, by being continually 
added to itself, be made to exceed any given finite area.” 
Archimedes makes no claim to have discovered this lemma, 
which is doubtless due to Eudoxus. The chief use of the 
“axiom ” by Euclid is to prove Elements xii. 2, that circles 
are to one another as the squares on their diameters. 
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Prop. 111, coroll. 
‘TH dazorop7) Kat ai pez? abr GAoyou ovte TH 
peéon ovre GAAjjAats eloiv al adral. 2. . 
Kai evet dédecxrat } azorop7) odk otca 7 abt 
7h ex So dropdtwr, rotobor Sé TAdTH Tapa PyTHY 





* Much of Eucl. Elem. x. is devoted to an elaborate classi- 
fication of irrational straight lines. Zeuthen (Geschichte der 
Mathematik im Altertum und Mittelalter, p. 56) suggests 
that, inasmuch as one straight line looks very much like 
another, the Greeks could not perceive by simple inspection 
that difference among irrational quantities which our system 
of algebraic symbols enables us to see; consequently they 
were led to classify irrational straight lines in the manner of 
Fucl. Elem. x., and we know from an Arabic commentary 
on this book discovered by Woepcke (.Vémoires présentés a 
V Académie des Sciences, xiv., 1856, pp. 658-720) that Theae- 
tetus had to some extent preceded Euclid. In this system 
irrational straight lines are classified according to the areas 
they produce when ‘applied ” (v. supra, pp. 186-187) to 
other straight lines. For full details the reader must be 
referred to Loria, Le scienze esatte nell’ antica Grecia, pp. 
225-931, Heath’s notes in The Thirteen Books of Euclid’s 
Llements, vol. iii., and 11.4. .M. i. 404-411, but it may be useful 
to give here, in Heath’s notation, the modern algebraic 
equivalents of Euclid’s irrational straight lines. A medial 
line is of the form k'!p, i.e., the positive solution of the equation 
a*- p\/k.p=0. The other twelve irrational lines are com- 
pound, and may best be arranged in pairs as follows : 


1. Binomial : 
Apotome pPivkep 
being the positive roots of the equation 
at— Q(1 + k)p?. w7+(1- k)*p4=0. 
2. First bimedial \ 
First apotome of a medial J 
being the positive roots of the equation 


ah 24/k(1 + k)p?. at + RCL h)%pt=0. 


Ki'p + htp, 
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Prop. 111, corollary 


The apotome and the irrational straight lines folloning 
it are the same neither with the medial straight line nor 
nith one another.* ... 

Since the apotome has been proved not to be the 
same as the binomial straight line [x. 111], and, if 


3. Second bimedial Lo 
Second apotome of a medial J ep £4 ve. 
being the positive roots of the equation 
KtNe oa (k- ay 
4. Mojor\ p ci ke ) pe ff k ) 
Minor J fy) ‘Vitm sifaa/ (I> Vite!" 
being the sabes roots of the equation 


~— 2p? , x? +4 





ad 
+E eh 
&. Side of arational plus a af 
medial area va ky 
Producing with a rational 5 rel 
area a medial whole | as ACESS SMV +K-k), 





V(Wit +h) 


+ 


being the positive roots of the equation 


ical Aieh oa gh ee a 
a aay 7% + (Rep aa 


6. Side of the sum of two) prt / ( k ) 
medial areas /2 \ a 
Producing with a med- 


ial area a medial| 4. Po k 
whole V/2 real 1- Vis) , 
being the positive roots of the equation 


k? 
4 Ch ey een om 
at= 2/d. 2p + Arp 0. 
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rapaPadddjevor at pera Thy drroropry dmroropas 
dKodovbws exdarn | Th raget TH Kal! abriy, at dé 
pera THY ex S¥o dvoydaTwy Tas eK dvo0 dvopatey 
kai adrail TH ta€er akoAdov0ws, erepar dpa etotv 
at pera Thy aaocapy Kal €repat ai pera THY €K 
SUo dvopatwr, ws elvar TH Tact mdoas addyous vy, 


Méon, 
"Ek dvo dvop.atwr, 
EE 8 , / ft 

kK Ovo pécwy mpurTny, 
EE eg 5 , , } # 

K dvo péowv Sevtépar, 
Mecfova, 
€ 2) \ ‘ , cd 
Pyrov Kal pécov duvapevny, 
Avo péca duvapevny, 
*Amotopny, 
M , > ‘A BA 
Méons azoropny mpwrtyy, 
Méons azoropny Sevrépav, 
*EXdooova, 

bt ig aA # ‘ ia a 

Mera pnrot pécov ro GAov mrotodcay, 
Mera pécov pécov 70 dAov mototcay. 


(iv.) Method of Exhaustion 


Eucl. Elem. xii. 2 
Ot KdKXrou mpos aAArjAous eiclv ws Ta amd THY 
diapetpwv tetpdywva. 

"Eotwoav xuKkdo. of ABTA, EZHO, Staperpor 
b€ attay at BA, ZO: A€yw, ore eoriy ds 6 ABTA 
, ‘ 4 Ly, ta eo A > | ~ 
KUKAOS mpos TOV EZHO xUKoy, ovTws TO amd Tis 
BA TeTpdywrov mpos TO amo THs ZO retpaywvov. 





2 Fndemus attributed the discovery of this important 
theorem to Hippocrates (see supra, p. 238). Unfortunately 
we do not know how Hippocrates proved it. 


458 


EUCLID 


applied to a rational straight line, the straight lines 
following the apotome produce, as breadths, apo- 
tomes according to their order, and those following 
the binomial straight line produce, as breadths, 
binomials according to their order, therefore the 
straight lines following the apotome are different, 
and the straight lines following the binomial straight 
line are different, so that in all there are, in order, 
thirteen straight lines, 


Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Side of a rational plus a medial area, 

Side of the sum of two medial areas, 
Apotome, 

First apotome of a medial straight line, 
Second apotome of a medial straight line, 
Minor, 

Producing with a rational area a medial whole, 
Producing with a medial area a medial whole. 


(iv.) Method of Exhaustion 
Euclid, Elements xii. 2 2 


Circles are to one another as the squares on the 
diameters. 

Let ABTA, EZH@ be circles, and BA, ZO their 
diameters ; I say that, as the circle ABI'A is to the 
circle EZHO, so is the square on BA to the square on 
ZO. 
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Ed yap poy eotw os 6 ABTA kutxdos mpos tov 
EZHO, ovtws ro azo tis BA tetpdywvov mpos 
76 amo tis ZO, €orat ws TO aro THs BA mpds 70 
and tHs ZO, otrws 6 ABPA xkvkdros Hrow mpds 
étacody tt Toe EZHO xkvKdov ywpiov 7 mpds 
petlov. eotw mpdrepov mpds éAacaov To XL. Kal 
eyyeypapOw eis tov EZHO kvdov retpaywvov 
7o EZHO: 7d 87 eyyeypappévoy retpaywvov 
petlov é€orw 7 7d autov tod EZHO xvidov, 
evevonmep €av dia Tov E, Z, H, O onpelwy éed- 
anrojeévas TOO KUKAOU adydywpev, TOD TEeprypado- 
pevou mept Tov KUKAOY TeTpaywrou AUOv eaTL TO 
EZHO rerpdywvov, tod 5€ mepvypadevtos teTpa- 
yavou édAattwy éativ 6 KUKAos' wate TO EZHO 
eyyeypappevov retpaywvoyv peildy eave Tob Hui- 
sews TOD EZHO kvKdrov. tetpHoOwoav diya ai 
EZ, ZH, HO, OF zepipéperas xara ta K, A, 
M, N onpeta, cal evelevyOwoav ai EK, KZ, ZA, 
AH, HM, MO, ON, NE- «at ékaorov dpa tdv 
EKZ, ZAH, HMO, ONE zpiydvev petldv éarev 
H 70 Huav Tob Kal” éavTd TpHaTos Tob KUKAoU, 
emevoymep eav dia tov K, A, M, N onpeiwy 
epamtomnevas Tod KUKAoU dydywyev Kal ava- 
TAnpicupev ta ent tov EZ, ZH, HO, OE 
edvder@v mapar\nAcypappa, exaotov trav EKZ, 
ZAH, HMO, ONE cprydvwv ystov ora 706 
ka’ éavtd mapaddAnroypdypov, ddAdd 7d Kal? 
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For if the circle ABTA is not to the circle EZH@ as 
the square on BA to the square on ZO, then the 
square on BA will be to the square on ZO as the circle 
ABIL is to some area either less than the circle 
EZHO or greater. Let it first be in that ratio to a 
lesser area =. And let the square EZHO be inscribed 
in the circle EZHO; then the inscribed square is 
greater than the half of the circle EZHO, inasmuch 
as, if through the points E, Z, H, © we draw tangents 
to the circle, the square EZHO is half the square 
circumscribed about the circle, and the circle is less 


A 


— 
= P 


O iT 
r 





taan the circumscribed square ; so that the inscribed 
square EZHO is greater than the half of the circle 
EZH®. Let the circumferences EZ, ZH, HO, OL be 
bisected at the points K, A, M, N, and let EK, KZ, 
ZA, AH, HM, MO, ON, NE be joined; therefore 
each of the triangles EKZ, ZAH, HMO, ONE is 
greater than the half of the segment of the circle 
about it, inasmuch as, if through the points K, A, M, N 
we draw tangents to the circle and complete the 
parallelograms on the straight lines EZ, ZH, HO, OE, 
each of the triangles EKZ, ZAH, HMO, ONE will be 
half of the parallelogram about it, while the segment 
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éauto Tuna éaTTOV €aTe TOD TapadATAOypdppous 
@ore €xagtov tav KKZ, ZAHW, HMO, ONE 
Tpiyw@vev peilov €oTt Tod wyLlcews TOD Kal? éavTo 
THHpaTOS Tob KUKAOU. TEmvoUTES 51) Tas UrroAeuTro- 
peévas mepipepelas dixa Kal emCevyvuvres cdeias 
Kal toito del wovobvTes xaraneipopev Twa a7o- 
Tp) jpara Tob KiKhou, @ éora éAdaocova Tis 
drepoxys, 7 Urrepexer 6 EZHO kvxKdAos tod & 
xwptov. édetyOn yap ev TO TpwTW Bewprypare Tob 
Sexdrov BiBriov, 67. Svo0 peyeOav dvicwy exKet- 
pevwv, éav amd Tod peilovos adatpeOA peilov 7 
TO Tuicv Kal Tod KaTadeiTopévov peilov 7 Td 
quwov, Kal todto det yiyvnrat, AedOyceral te 
peyebos, 6 ata EAagaoy Tod éxketpevou eAdacovos 
preyeDous. AcAcipOw odv, Kal dorw Ta éml TeV 
Elx, KZ, ZA, AH, HM, MO, ON, NE tprjpara 
tot EZHO xvxdAov éeAdtrova tis trepoxjs, 
baepévyee 0 EZHO KvdKdros rob L ywpiov. Aowrov 
dpa 70 EKZAHMON qoddvywvov petldv éote Tod 
X ywplov. eyyeypaddlw Kat eis tov ABA kvxdov 
7a EKZAHMON zodvydvw dpotov odvpwvov 
7o ASBOLDITAP: éorw dpa ws ro and ris BA 
TeTpdywrov mpos 7d amd THs LO Tetpdywvror, 
ovtws 76 ASBOTTAP rodvywvov mpdss 764 
EKZAHMON woddywrov. ddA\d Kal ws TO amd 
tis BA retpaywvor mpos 76 ano tis ZO, otrws 
6 ABTA Kixros mpos TO Xi ywpiov: Kal ws dpa 
6 ABVA kvKdos mpos 76 X ywplov, ottws 6 
AZBOTIHAP zodAvywrov mpds tro EKZAHMON 
ToAvywrov: evarddk dpa ws 6 ABLA Kudos mpos 
TO ev atT@® Tmorvywrov, ovtws TO UL ywplov mpos 
to EKZAHMON modvywrov. peilwv 6é 6 ABTA 
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about it is less than the parallelogram ; so that each 
of the triangles EKZ, ZAH, HMO, ONE is greater 
than the half of the segment of the circle about it. 
Thus, by bisecting the remaining circumferences and 
joining straight lines, and doing this continually, we 
shall leave some segments of the circle which will 
be less than the excess by which the circle EZHO 
exceeds the area =. For it was proved in the first 
theorem of the tenth book that, if two unequal 
magnitudes be set out, and if from the greater there 
be subtracted a magnitude greater than its half, and 
from the remainder a magnitude greater than its half, 
and so on continually, there will be left some magni- 
tude which is less than the lesser magnitude set out. 
Let such segments be then left, and let the segments 
of the circle EZHO on EK, KZ, ZA, AH, HM, M0, 
ON, NE be less than the excess by which the circle 
EZH® exceeds the area>. Therefore the remainder, 
the polygon EKZAHMON, is greater than the area 2. 
Let there be inscribed, also, in the circle ABI'A 
the polygon AZBOTHAP similar to the polygon 
EKZAHMON ; therefore as the square on BA is to 
the square on ZO, so is the polygon AZBOTTIAP to 
the polygon EKZAHMON [sii. 1]. But as the square 
on BA is to the square on ZO, so is the circle ABFA 
to the area =; therefore also as the circle ABI'A is 
to the area =, so is the polygon AZBOTIAP to the 
polygon EKZAHMON [v.11]; therefore, alternately, 
as the circle ABTA is to the polygon in it, so is the 
area = to the polygon EKZAHMON. Now the circle 
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Kudos Tob €v av7@ moAvywvou: peilov dpa Kas 
7o Ls ywpiov Tob EKZAHMON Todvyesvou. ada 
Kal eAarrov: omep eativ advvarov. ovK pa eorly 
ws TO ano Tijs BA retpaywvov mpos 760 a0 THs 
ZO, ovtws 6 ABTA KUKAos apos éXacoov Tt Tob 
EZHO xvKdov xwptov. spoiws 87 SelEopev, Ste 

? \ € ‘ > ‘ ‘ ‘A > A 4 ie, 
ovde ws TO ad ZO zpos 7d awd BA, ottws 6 
EZHO kvnros mpos éAacadv rt ro6 ABTA kvdov 
xwpiov. 

Aéyw 57, Gre odde os 76 amo THs BA mpos 76 
amo Tijs ZO, ovrws 6 ABPA KUKAos mpos petlov 
TL TOO E ZHO KUKAov xwptov. 

Et yap duvardv, gorw mpds petfov 76 X.  dva- 
madw dpa ws 7d azo THs ZO Tetpadywvov mpds TO 
> A ~ a A Th , A a 
amo tis AB, otrws To X ywpiov mpos rov ABTA 
KUKAov. GAN’ ws TO L ywpiov mpos tov ABTA 
KUKAOV, ovtws 6 EZHO kdKdos mpds eAatrdv Te 
rod ABLA kvKdov ywplov: Kal ds dpa 16 amd THs 
ZO mpds 76 azo THs BA, otrws 6 EZHO KvKdos 

< mM ‘ lon a 4 , o 
mpos éAagodv tt To8 ABLA kdKdov ywpiov: dep 
> st 2 / ? ” > ) € ‘ > A 
aovvatov €delyOn. odK dpa €oTl ws TO azo BA 
TeTpaywvov mpos TO ad THs ZO, ovrws 6 ABTA 

if \ a ‘ a ra / 
KUKAos mpos peifdv Te TOG EZHO xvedov ywpiov. 
> rd Ld 4 > A A ca ” ” € 
€de(y0n dé, dT. odSé mpds EAacaov EoTW dpa ws 

‘A > s ~ ‘ % A > A ~ Lg 
To amo Tis BA retpaywvov mpos To ard THs ZO, 
ovtws 6 ABTA kiddos mpos tov EZHO kuxdov. 

Ot dpa KvKdror mpos GAijAous ciciv ws TA a7td 
tay Svaperpwyv Tetpdywva omep Eder Seifat, 
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ABI is greater than the polygon in it; therefore 
the area = also is greater than the polygon 
EKZAHMON. But it is also less; which is im- 
possible. Therefore it is not true that, as is the 
square on BA to the square on ZO, so is the circle 
ABTA to some area less than the circle EZHO. 
Similarly we shall prove that neither is it true that, as 
the square on ZO is to the square on BA, so is the 
circle EZHO to some area less than the circle ABTA. 

I say now that neither is the circle ABI'A towards 
some area greater than the circle EZHO as the square 
on BA is to the square on ZO. 

For, if possible, let it be in that ratio to some greater 
area >. Therefore, inversely, as the square on ZO is 
to the square on AB, so is the area = to the circle 
ABTA. But as the area ~ is to the circle ABIA, so 
is the circle EZHO to some area less than the circle 
ABTA ; therefore also, as the square on Z@ is to the 
square on BA, so is the circle EZHO to some area less 
than the circle ABFA [v. 11]; which was proved 
impossible. Therefore it is not true that, as the 
square on BA is to the square on ZO, so is the circle 
ABTA to some area greater than the circle EZHO. 
And it was proved not to be in that relation to a less 
area; therefore as the square on BA is to the square 
on ZO, so is the circle ABI'A to the circle EZHO. 

Therefore circles are to one another as the squares 
on the diameters ; which was to be proved. 
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Eucl. Hlem. xiii. 18 


Tas mcupas tay mévte oxnpdtwr éxbécbae Kat 
ovyxpivat mpos adAjAas. 

*ExxeiaOw % Tis Sobelaons ofaipas Sidpetpos 7) 
AB, kat retpnobw Kata t6 TD wore tony elvar 
thy AT 7H TB, xara S€ 76 A wore SemAaclova 
elvat tiv AA ris AB, Kat yeypadOw ent ris 
AB nykdeAvov to AEB, cal dao trav T, A 7H 
AB zpos dpbas 7y@woav ai TE, AZ, kal éreled- 
x9ncav ai AZ, ZB, EB. kat evel SimAR eorw % 
AA rijs AB, tpizAq dpa eorivy 4 AB ris BA. 
dvaotpéearre autodia dpa éativ 4 BA tas AA. 
ws dé 97 BA mpds tiv AA, ottws 7d ame Tis 
BA mpos 76 da6 tis AZ: looywviov ydp éort 76 
AZB cpiywrov 7H AZA tprydvw: jddAov dpa 
€oTl TO do THs BA rob dao ris AZ. éare dé 


Kal 1 Tis odatpas Sidpetpos Suvdper yv0dia 





@ For the earlier history of the regular, cosinie or Platonic 
figures, %. supra, pp. 216-225, 878-379. 

® This proposition cannot be fully understood without the 
previous propositions in the book which it assumes, but it will 
give an insight into the thoroughness and comprehensiveness 


of Euvelid’s methods, 
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(v.) Regular Solids 4 
Euclid, Elements xiii. 18 ° 

To set out the sides of the five figures and to compare 
them one mith another. 

Let AB, the diameter of the given sphere, be set 
out, and let it be cut at I’ so that Al’ is equal to I'B, 
and at A so that AA is double of AB; and on AB 
let the semicircle AEB be drawn, and from IT, A let 
TE, AZ be drawn at right angles to AB, and let AZ, 
ZB, EB be joined. Then since AA=2,\B, there- 
fore AB=3B.A. Convertendo, therefore BA=3AA. 
But BA: AA=BA?: AZ? [y. Def. 9], for the triangle 
AZB is equiangular with the triangle AZA [vi. 8]; 


H 





therefore BA?=2AZ?2, But the square on the dia- 
meter of the sphere is also one-and-a-half times the 
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Tis mAeupas Tis mupapidos. Kat éorw 7 AB 
THs opaipas diapetpos: 7 AZ dpa ton ee 
mAevpa Tis Tupapisos. 

Hahw, emret Suthacioy €orlv AA TAS AB, 
TpiT hy apa éotly AB Tis BA. as 8e 7 AB 
Tpos av BA, ovrtws 76 dz70 Tis AB 7pos TO amo 
Tis BZ: rpirddawor & apa éorl 73 amo 7s AB tod 
amo THs BZ. éo7 dé Kat uv] THs. ogaipas did- 
[eTpos Suvdpec Tputhacto Tis Tob xvBov mAev- 
pas. Kat eo7w 7 AB 7 Ths ofaipas Sidperpos: 
9 BZ dpa. Tob KUBou éorl mAcup4a. 

Kat ével ton eotly » AT wh VB, Sindy apa 
€orly 7 AB Tis Br. es be 1, AB mpos ay BY, 
otrws 70 do Tis AB Tos TO amo Tis BE: Sisa= 
ovov dpa eat 70 azo 74s AB rod azo tis BE. 
€ote 5€ Kal # Tijs adatpas SidpeTpos Suvdyree 
SumAaotev Tis Tob éxtaddpou mAevpads. Kai éoriw 
7 AB a Tis dobetons odaipas diduetpos* y BE 
dpa rob dxraddpou € €o7l mheupa.. 

wx 6a ou amo tod A onpetou TH AB evfeia 
mpos Nahas § AH, Kal Ketobn 7 AH ¢ ton TH AB, 
Kal en Ne 7 HY, Kal dd Tob © emi Ty AB 
Kd@etos 7x0 7 OK. Kal ézel Sumi} éorw 7 
HA Tijs AY: ton, yap 7 IIA 7A AB- ws b¢ 4 HA 
mpos TI AY , odtws 7 OK apds mv KY, ‘bun 
dpa, Kal uy) OK Tijs Kr, _Tetpam\dovov dpa éort 
TO amo TAS. OK wrod dro Tis KT: ra dpa azo tév 
OK, KT, orep €oTl TO amo ris OL, wevramAdoudy 
éoTt Tob azo Tis AY. ton dé 9 OL TH PB: 
TevraTtAdovov dpa. éotl TO azo Tis BI’ rob amo 
tis TK. kai Emel duaA} eorw % AB Tis TB, cv 
» AA ris AB éort di7Aq, Aowz7) dpa 7 BA Aotniis 
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square on the side of the pyramid [xiii. 13]. And 
AB is the diameter of the sphere ; therefore AZ is 
equal to the side of the pyramid. 

Again, since AA=2AB, therefore AB=3BA. But 
AB: BA=AB?: BZ? [vi. 8, v. Def. 9]; therefore AB? 
=3BZ*. But the square on the diameter of the 
sphere is also three times the square on the side of 
the cube [xiii. 15]. And AB is the diameter of the 
sphere ; therefore BZ is the side of the cube. 

And since AI'=I'B, therefore AB=2BI. But 
AB: BP=AB*: BE® [vi. 8, v. Def. 9]. Therefore 
AB?=2BE*%, But the square on the diameter of the 
sphere is also double of the square on the side of 
the octahedron [xiii. 14]. And AB is the diameter 
of the given sphere; therefore BE is the side of the 
octahedron. 

Now let AH be drawn from the point A at right 
angles to the straight line AB, and let AH be made 
equal to AB, and let HI’ be joined, and from @ let 
OK be drawn perpendicular to AB. Then since 
HA=2Al (for HA=AB), and HA: AT=OK:kT 
[vi. 4], therefore OK=2KT. Therefore OK? =4KT?, 
Therefore OK?+KT2=5KT?=01? [i. 47]. But 
Olr=TB; therefore BI2?=5TK2, And since AB= 
QTB, and in them AA=2AB, therefore the remainder 
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tis AY éore bury. TpuTAy} dpa u) Br Tijs TA: 
évvaTAdavov apa TO amo Tijs BP rod did Tis PA. 
mevramAdauov dé ro amo 79s BT rob ano ris TK: 
petCov dpa to ano tis VK rod amo ris TA. 
petlwv dpa early 7 VK ris PA. KeioOw 77 TK 
ion 7 TA, cat avd tod A 7H AB zpos édpfas 
yOu %y AM, kat eveledyOw 4 MB. kai ézet 
mevrarAdavdy €att tO and THs BI’ rod amd Tis 
TK, wal €ore rijs perv BI SierAW 7 AB, ris 6¢ TK 
SiaAR 7 KA, wevtamAdowr dpa éoti to ano Tis 
AB 708 aro tis KA. gore 8€ Kal 7 THs adal- 
pas Owdpetpos duvdjer wevratAacinv ris éx Tod 
Kevtpov Tod KUKXov, ad’ ob 7d elkoodedpov ava- 
yéypantat. Kal eorw 7 AB 7 ris odalpas did- 
petpos' 9 KA dpa éx rod Kévtpov éati rod 
KUKAov, ad’ 008 7d elkoadedpov dvayeypamray 7 
KA dpa é£aywvou éort mAevpa tod elpnpévou 
KUKAov. Kat evel 7 THS odalpas SidweTpos avy- 
KeiTat €k TE THS TOD ELaywvov Kal dVo Ta&Vv TOO 
Sexaywvov T&v els TOV etpnuevov KUKAoV éyypa- 
dopevwr, Kai eoTw 7 pev AB y tHs odailpas 
dudpetpos, 7 b€ KA éLayavou mAevpd, Kal ton 7 
AK 77 AB, éxarépa dpa trév AK, AB dexayasvou 
€ati mAcupa Tod eyypadopévou els TOv KUKAOV, ad’ 
ob TO etkoodedpov avayeypantat. Kal émel dexa- 
yeovou pev AB, éLayesvou bé 4 MA: ¢ ion yap 
éore TH KA, eet Kat 7H OK: icov yap améyovow 





* Fuclid’s procedure, in constructing the icosahedron 
inscribable in a given sphere, is first to construct a circle with 
radius r such that r?=!d?, where d is the diameter of the 
sphere. In this he inscribes a regular decagon, and from its 
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BA is double of the remainder AI’. Therefore 
Br=30A; therefore Br2=9CA®, But Bl? =5°K2; 
therefore [K2>TA?. Therefore T[K>TA. Let TA 
be made equal to ['K, and from A let AM be drawn 
at right angles to AB, and let MB be joined. Then 
since BI?=S5UK2, and AB=2BI, KA=21'K, there- 
fore AB?=5K.\?. But the square on the dia- 
meter of the sphere is also five times the square 
on the radius of the circle from which the icosahedron 
has been described [xiii. 16, coroll.].¢ And AB is the 
diameter of the sphere ; therefore KA is the radius 
of the circle from which the icosahedron has been 
described ; therefore K.\ is a side of the hexagon in 
the said circle [iv. 15, coroll.].. And since the diameter 
of the sphere is made up of the side of the hexagon 
and two of the sides of the decagon inscribed in the 
same circle [xiii. 16, coroll.], and AB is the diameter 
of the sphere, while K.A is the side of the hexagon, 
and AK=.AB, therefore each of the straight lines 
AK, AB is a side of the decagon inscribed in the circle 
from which the icosahedron has been described. And 
since AB belongs to a decagon and M.\ to a hexagon 
(for MA is equal to K.A since it is also equal to OK, 


angular points draws straight lines perpendicular to the 
plane of the circle and equal in length to r; this determines 
the angular points of another decagon inscribed in an equal 
parallel circle. By joining alternate angular points of one 
decagon, he obtains a pentagon, and then does the same 
with the other decagon, but in such a manner that the angular 
points are not opposite one another. Joining the angular 
points of one pentagon to the nearest angular points of the 
other, he obtains ten equilateral triangles, which are faces of 
the icosahedron. He completes the procedure by finding the 
common vertices of the five equilateral triangles standing on 
each of the pentagons, which form the remaining faces of the 
icosahedron. 
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dé Tod Kévrpou: Kai éarw éxatépa tav OK, KA 
dimAaolwy THs KT: wevraydvou apa éoriv 7 MB. 
7 A ~ , % 4 i ~ > w 

4% O€ Tob TevTayuvou é€oTiv 1%) Tod elkocaddpou' 
elkocaédpov apa éeoriy 4» MB. 

Kat évet 4 ZB xvBouv dori mXdevpa, tetpHoOw 
v * Zz 4 A A % ww 
axpov Kal pécov Adyov Kata To N, kai éorw 
petlCov tuna to NB- 7 NB dpa dwoexaddpou ort 
mAeupa. 

Kai evel 4 ris odaipas Sidwerpos eSelyOy Tis 
pev AZ mAevpas THS mupap.isos Suvdpet Hwonia, 
THs 8€ TOO oKraddpov vhs BE Suvdpe dizrAactiwv, 
ths b€ rod KvBov ris ZB duveéper tpumAaciwr, 
o ” € ~ , ‘ tf 9 
olwv dpa % THs afaipas Sidperpos Suvdpe €€, 
TOLOUTWY 4 [Lev THS TUpapisos Teacapwr, 4 S€ Tod 
> é ~ € ‘7 a , ¢ ¢€ A 
dKTacdpou Tpiav, 9 Sé Tod KUBov Svo. 7% pev 
dpa THS mupapidos mAevpa THS pe TOU oxTa€dpov 

Po! ta b] 4 » ft ~ A ~ ‘ 
mAeupas Suvapet eativ émitpitos, THs 5é TOD KUBov 
dvvdpee bunAj, 7 dé rod oxTaddpou THs Tob KUBov 
Suvdper HyutoAia. at pev ody eipnucva THY TpLOV 

, 4 ¥. A iH 4 > 
oxnuatwv mAeupat, AEéyw 817 wupapidos Kal dKTa- 
édpov kal KvBov, mpos aAAjAas eloiv ev Adyous 
pnrots. at dé Aowrai dSvo, rA&eyw 8) HY TE TOD 

> t 4 c ~ f ” A 
elkocaddpov Kal 7 Tot Swdexaddpou, ovrE mpos 
> , wv 4 LY a 2 A: >» 
aAdjAas obTe mpos Tas TpoEeipyjevas elioly ev 
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being the same distance from the centre, and each 
of the straight lines OK, K.A is double of KT), there- 
fore MB belongs to a pentagon [niii. 10, i. 47]. But 
the side of the pentagon is the side of the icosa- 
hedron [xiii. 16]; therefore MB is a side of the icosa 
hedron. 

Now, since ZB is a side of the cube, let it be cut 
in extreme and mean ratio at N, and let NB be the 
greater segment ; therefore NB is a side of the dode- 
cahedron [xiii, 17, coroll.].* 

And, since the square on the diameter of the sphere 
was proved to be one-and-a-half times the square on 
the side AZ of the pyramid, double of the square 
on the side Bi! of the octahedron, and triple of the 
square on the side ZB of the cube, therefore, of parts 
of which the square on the diameter of the sphere 
contains six, the square on the side of the pyramid 
contains four, the square on the side of the octa- 
hedron contains three, and the square on the side of 
the cube contains two. Therefore the square on the 
side of the pyramid is four-thirds of the square on 
the side of the octahedron, and double of the square 
on the side of the cube ; while the square on the side 
of the octahedron is one-and-a-half times the square 
on the side of the cube. The said sides of the three 
figures, I mean the pyramid, the octahedron and the 
cube, are therefore in rational ratios one to another. 
But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in 
rational] ratios either to one another or to the afore- 


2 To construct the dodecahedron inscribable in a given 
sphere Euclid begins with the cube inscribed in the same 
sphere, and draws pentagons having the edges of the cube as 
diagonals. 
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Adyous pyrots: dAoyo. ydp elo, 7 pev eAatrwr, 
f) bé aToToLy). 

“Ore petlov €atly 1) Tob eikocaddpou mAcupa q 
MB tijs rod dwSexaedpov THs I NB, detfopev ouTws. 

’Eret yap icoywuov éart 70 ZAB Tplywrov TD 
ZAB tpiydvw, avddoydy earw ds 7 AB mpds tHv 
BZ, otrws 4 BZ ampos tiv BA. kal! émel tpeis 
ed0etac avdroydv elow, Eat ws 1 mpwmTN pds 
THY TpiTnv, OUTwWs TO amd THs mpwTns Tpds TO 
amo Ths Sevtépas's €or dpa ws 7 AB apos tiv 
BA, ovrws 76 and ris AB mpés 7d aro tH BZ- 
avaradw dpa ws 7 AB mpos tiv BA, ottTws 76 
amd ths ZB mpos 76 amd tis BA. zpimdf Sé % 
AB ris BA: tpizAdovov dpa 76 and ths ZB tod 
amo ths BA. éor 8€ Kal 7d dao tHe AA tod 
azo tis AB rerpanAda.ov: burdq yap 7 AA rijs 
AB: peilov dpa 76 aro ths AA tot a6 tis ZB: 
petlwy apa 7 AA ris ZB: 7oAAG apa 7 AA tijs 
ZB peilwy eoriv. Kai tis péev AA axpov kai 
pécov Adyov Tepvopevyns TO petlov Ted éoTw 7 
KA, emecdijmep % pev AK éEaywvov éativ, 4 Sé 
KA Sexaycvou ths 8€ ZB dixpov Ka LLéoov Adyov 
Tepevoptevns TO peilov THRE €or oT] NB: petlov 
dpa. 7 KA THs NB. ton d€ 7 KA 7H AM: peilov 
dpa 7 AM ras NB [ris Be. AM peilwv édoriv 7 

1 «ai émet... Sevrépas. ‘‘ Miramur, cur haec definitio hoc 
loco omnibus verbis citetur, praesertim forma parum Euclidea, 
cum tamen antea in hac ipsa propositione toties tacite sit 


usurpata, itaque puto, verba xa émei... Sevrépas subditiva 
esse.” —Heiberg. 





2 If r be the radius of the sphere circumscribing the five 
regular solids, 
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said sides; for they are irrational, the one being 
minor [xiii. 16], the other an apotome [xiii. 17].* 

That the side MB of the icosahedron is greater than 
the side NB of the dodecahedron we shall prove thus. 

For since the triangle ZAB is equiangular with the 
triangle ZAB [vi. 8], the proportion arises, AB : BZ= 
BZ: BA [vi. 4]. And since the three straight lines 
are in proportion, as the first is to the third, so is 
the square on the first to the square on the second 
{v. Def. 9]; therefore AB: BA=AB?; BZ?;  there- 
fore, inversely, AB: BA=ZB?:BA% But AB= 
3BA; therefore ZB?=3BA2, But AA2=4AB2, for 
AA=2\B; therefore AA?> ZB; therefore AA> ZB; 
therefore AA is by far greater than ZB. And, when 
AA is cut in extreme and mean ratio, KA is the 
greater segment, since AK belongs to a hexagon, 
and KA to a decagon [xiii. 9]; and when ZB is cut 
in extreme and mean ratio, NB is the greater seg- 
ment; therefore KA is greater than NB. But 
KA=AM; therefore AM>NB. Therefore MB, 


side of pyramid =2/6.r 
side of octahedron = \/2.r 
side of cube =3,/3- 


P 
side of icosahedron =F / 105 = V5) 


side of dodecahedron = aC J15— 4/3). 


In the sense of the term irrational as used by Euclid’s pre- 
decessors and by modern mathematicians, all these expres- 
sions are irrational ; but in the special sense of Eucl. Elem. 
x. Def. 3, the first three are rational, because their squares are 
commensurable one with another. The fourth and fifth 
expressions are irrational even in Euclid’s sense, belonging 
to two species of irrational lines investigated in Book x. 
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MB]... wo\Ae dpa 7 MB = awdAevpd otdca rod 
etkogaddpou peilwy ort THs NB aAevpas ovens 
Tot Swoexaddpou: omep eder SetEar. 


eyo di}, Ore mapa Ta etpnueva mete oxnpara 
od ovotabiicerat ETEpov oXAPA Teprexopevov Utd 
icomAevpwv te Kal icoywriwy towv adArjdors. 

oa \ \ A Py 4 re ” 6A - 48, 

7d pev yap dvo tprywvwr 7 GAws emimédwv 
oreped yeovia ob ovviorarat. om bé (Tpuav Tpt- 
ydvev 1 Tijs Tupap.isos, bio 5é€ Tecodpwr 7) Tob 
oxraédpov, bmo O€ mévte 7 TOG eixooad5pou" umd 
be €€ Tprycsven ioomAcdpuvy | TE Kai iooycoviow mpos 
evi ont ouvaTapeveny ox éorae oreped yeovia: 
ovens yap tis Tob ioomAevpov Tpuyesvou yevias 
Sytotpov ophijs eoovrat at ee Téooapow dpbais 
toat Omep ddvvarov: daca yap oTeped ywvia bmr0 
eAaccdvwy 7} Tecodpwv dpOdv mepiexerar. 81a Ta 

? A 4 % i € ‘ if nn a ~ > Y 

avTa, 61) odd b7d TAELOvWY 7 EE ywridv émmédwv 
aTeped ywria ouviorarat. 

‘Yr6 be TeTpayesvenv Tpuay q Tod xuBou yovia 
TeplexeTat bd 8€ Tecodpwv advvatov: écovras yap 
madw técoapes dpbal. 

oy ‘ ‘ Fd a ta Lae , 

Yxo 8€ mevraydvwr icomAcVpwv Kal icoywriwr, 
b770 prev Tpiddy 4 Tob Swdexaedpou- bio 8€ Tecadpwv 
advvatov: ovons yap Tis Tod TevTayosvou too- 
TAevpov yevias ophijs kal méumrov, ecovrat at 
Tégoapes ywviat tTecodpwv opidv peilous: Szep 
advvarov. 

? ‘ § ¢ ‘ - Peat ul 

Ovsée pov dro TodAvydvwv érépwv oynparwr 
mepioxefijcetas oTeped ywvia dia TO adTO AToTOV. 

Ovn dpa mapa Ta eipniéva mev7e oxpara 

1 ris... MB de! Heiberg. 
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which is a side of the icosahedron, is much greater 
than NB, which is a side of the dodecahedron ; which 
was to be proved. 


I say now that zo other figure, besides the said five 
figures, can be constructed so as to be contained by equi- 
lateral and equiangular figures equal one to another. 

For a solid angle cannot be constructed out of two 
triangles, or, generally, planes. With three triangles 
there is constructed the angle of the pyramid, with 
four the angle of the octahedron, with five the angle 
of the icosahedron ; but no solid angle can be formed 
by placing together at one point six equilateral and 
equiangular triangles ; for inasmuch as the angle of 
the equilateral triangle is two-thirds of a right angle, 
the six will be equal to four right angles ; which is 
impossible, for any solid angle is contained by angles 
less than four right angles [xi. 21]. For the same 
reasons no solid angle can be constructed out of more 
than six plane angles. 

By three squares the angle of the cube is contained ; 
but it is impossible for a solid angle to be contained 
by four squares ; for they will again be four right 
angles [xi. 21]. 

By three equilateral and equiangular pentagons 
the angle of the dodecahedron is contained ; but by 
four it is impossible for a solid angle to be contained ; 
for inasmuch as the angle of the equilateral pentagon 
is a right angle and a fifth, the four angles will be 
ae than four right angles ; which is impossible 

xi. 21]. 

Nor dn a solid angle be contained by any other 
polygonal figures by reason of the same absurdity. 

Therefore no other figure, besides the said five 
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e 
e€TEpov oxnua orepeov ovvrabijcerat b70 tao- 
mAcvpwv te Kal lcoywriwy meptexdpevov: dmep 


édeu detéar. 


(c) THe Data 
Fuel., ed. Heiberg-Menge vi. 2. 1-15 
“Opot 


a’. Acdopdva TH peyeOer A€yerar ywpia Te Kal 
ypappal Kal ywriat, ois Suvduefa toa tropicacAat. 

Bf’. Adyos Seddc8ar Adyerar, G Suvdpeba tov 
avrov Tropicacbat. 

y’. EvO}ypappea oXpara. TO cider deddo0at 
A€yerar, &v at te ywriat SeBopevar elot Kata piav 
Kal of Adyou THv TAeupGv mpds aAATAas dedopevor. 

o. TA Oécee deddo0ur Acyovrae onpetd Te kat 
ypappat Kal ywriat, d Tov abrov del Témov éméxet. 

€. Kudos TO peyeber Sedd08ar A€yerar, od 
dédorar 4) ex Tod Kévtpou TO peyébe. 

o. Vi Oéceu 8é Kal TO _peyeBeu KUKAOS deddo8a 
A€yerar, ob Sé50Tat TO ev Kévrpov TH Oéoer, 7 S€ 
€x Too Kévtpov TH peyeber. 


(d) Tue Portsms 
Procl. in Luci. i., ed Friedlein 301. 21-302. 13; Eucel., 
ed. Heiberg-Menge viii. 237. 9-27 
"Ev te Tov yewpeTpicay €oTw ovopdTwy 76 
mépiopa. toito $€ onpaiver Surtév: Kadobvor yap 





2 Bue lid’ s 5 Data (AcSopeva) is his only work in pure geo- 
metry to have survived in Greek apart from the Llements. 
(His book On Divisions of Figures has survived in Arabic, 
v. supra, p. 156 n, c.) It is closely connected with Books 

i-vi. of the Llements, and its gencral character will be sufh- 
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figures, can be constructed so as to be contained by 
equilateral and equiangular figures ; which was to 
be proved. 


(c) THe Data? 
Eucl., ed. Heiberg-Menge vi. 2. 1-15 


Definitions 


1. Areas, lines and angles are said to be given in 
magnitude when we can make others equal to them. 

2. A ratio is said to be given when we can make 
another equal to it. 

3. Rectilineal figures are said to be given in species 
when their angles are severally given and the ratios 
of the sides one towards another are also given. 

4. Points, lines and angles are said to be given in 
position when they always occupy the same place. 

5. A circle is said to be given in magnitude when 
the radius is given in magnitude. 

6. A circle is said to be given in position and in 
magnitude when the centre is given in position and 
the radius in magnitude. 


(d) Tue Porisms 


Proclus, On Euclid i., ed. Friedlein 301. 21-302. 13; 
Eucl., ed. Heiberg-Menge viii. 237. 9-27 


Porism is one of the terms used in geometry. It 
has a twofold meaning. For porisms are in the first 


ciently indicated by these first few definitions. The object 
of a proposition called a datum is to prove that, if in a figure 
certain properties are given, other properties are also given, in 
one or other of the senses defined in the definitions. Pappus 
included the book in his Tézos dvadudueros (Treasury of 
Analysis). : 
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Topiopata, Kal doa Bewpijpara ouyKaracKerd- 
Cerat tais dAAwy dmrodeifeow olov Eppa Kat 
Képon Tév Cyrovvrwy & imdpxovra, Kal doa Cnreirae 
Hey, edpéacus 8é xenter Kal obre yevéoews porns 
ov're Bewpias amhyjs. Ott pev yap Tay ioooxeday 
at mpos Th Baver ¢ ‘oat Dewpijoae Set, Kal OvTwv oy 
Tue! mpayudrow éoriy 7 Towavrn yao. THY 
5é yeoviay diya Tepelv 7) Tplywvov ovarrjoacbat 7 
ddeheiy i 7 mpoobéabau,” Taita Tavra moinowy TLWOS 
date? tot S€ Sdo06évros KdKdov TO KévTpov 
edpetv, } dvo Sobévrey Cup BET pany peyebGv 70 
peytotov Kat ower peéTpov cbpely, dca todde, 
peTagy mos €ore 7poPAnpdrov Kat Jewpnuatwv. 
ovTe yap vevéaets eloly év tovTols TAY Cnroupevenv, 
aN’ edpéoets, ovre Becpia pry. det yap om’ oyw 
dyayety Kal mp0 OnpaTov Toujoacbat TO Cn7od- 
pevov. tovadra dpa éariv cai doa EvxAeldns zopi- 
cpata yéeypage, Y BiBAta Topiopatwy ovvrdgas. 

Papp. Coll. vii., ed. Hultsch 648. 18-660. 16; Eucl., 

ed. pilots onee viii. 238. 10-243. 5 

Mera dé ras "Ezadas ev rpiat BiBAlows Topicpard 
éorw EdxdeiSov, woAdots aOpoicpa piAdotexvorarov 
els Thy dvdduow rap éuBpibeorépwv mpoBAn- 
HaTOV o6 


1 rwwv Heiberg, tv codd. 
* npoobécbo Heiberg, 0écfa codd. 





2 A porism in this sense is commonly called a corollary. 

> Kuclid’s Porisms has unfortunately not survived, which 
is a great misfortune as it appears to have been the most 
original and advanced of all his works. Our knowledge 
of its contents comes solely from Pappus. 

¢ Pappus is describing the books comprised in his Tézos 
dvadvépevos (Treasury of Analysis). He proceeds to give an 
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place such theorems as can be established by means of 
the proofs of other theorems, being a kind of windfall 
or bonus in the investigation®; and in the second 
place porisms are things which are sought, but need 
some finding, being neither brought into existence 
simply nor yet investigated by theory alone. For 
to prove that the angles at the base of an isosceles 
triangle are equal is a matter for theoretic inquiry 
only, and such knowledge is of certain things already 
in existence. But to bisect an angle or to construct a 
triangle, to cut off or to add—all these things require 
the making of something ; and to find the centre of a 
given circle, or to find the greatest common measure 
of two given commensurable magnitudes, and so on, 
is in some way intermediate between problems and 
theorems. For in these cases there is no bringing 
into existence of the things sought, but a finding of 
them; nor is the inquiry pure theory. For it is 
necessary to bring what is sought into view and to 
exhibit it before the eyes. To this class belong 
the porisms which Euclid wrote and arranged in his 
three books of Porisms.® 


Pappus, Collection vii., ed. Hultsch 648. 18-660. 16 : 
EKucel. ed. Heiberg-Menge viii. 238, 10-243. 5 
After the Contacts (of Apollonius) come, in three 
books, the Portsms of Euclid, a collection most skil- 
fully framed, in the opinion of many, for the analysis 
of the more weighty problems°. . . 


explanation of the term porism as used by Euclid with which 
Proclus’s account is in substantial agreement. In addition. 
he gave another definition by ‘‘ more recent geometers ”' (76 
TO@v vewrépwr), viz., “‘ a porism is that which falls short of a 
locus-theorem in respect of its hypothesis” (adépioud éorw 7d 
Aetrrov brobéce: tomiK0d Hewprjparos). 
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a A ~ 

IepiAaBeiv 8€ moda pd mpotdce: ARiota Suva- 
Tor ev tovTots bia TO Kai adtov EdxActdnv od 7oAAa 
€€ €xdotov e«idovs Teferkévar, adda Setyparos 
eveka ex THS ToAuTAnOelas ev 7H GAtya. pds 
apy} 6€ dpws? Tob mputov BiBAtou réHetkev dpo- 
«oy Twa éxeivou Tob SaytAcorépouv eldovs TAY 
TOTWY, WS itd TARAS. 81d Kal TeptAaBetv TavTas 

~ - 3 / € 4 a ? a 
[uid mpoTdcer evdeydpuevov edpdvtes otTws eypd- 
L 36 e , ” ’ , ‘ fe ~ 
vapev’ €av vaTlov 7 TapuTTiov Tpia Ta emt judas 
onpeta [7 mapaddAryAov tis étépas ta dvo]* de- 

, > A Qi A A ¢€ ‘ oe ‘ 
Sopeva 7, Ta S€ Aowza TAHV évds antnTa Oéce 
Sedopervns edOelas, Kai 7od8’ aypevar Boer dedo- 
‘ = , a_? > A 4 A ’ ~ 
pevns evOeias. tobdr emi tecodpwv peév edbeicdv 
” , = > , n , 5 ‘ A 9 A 
eipytar porwr, wy od mAEloves 7 OVO Sia Tod adrob 
id > ao > ~ A > ‘ ‘ ~ 

onpelou elaiv, ayvoeirar dé emt mavTds Tob Tpo- 


1 &y 7 Littré, éa Hultsch. 


2 8€ 6uws Heiberg, dedouévov cod. (sequente lacuna) del. 
Hultsch. 
3 twa Heiberg, wav cod., adv7” Hultseh, 


49... &vo interpolatori trib. Hultsch. 





* The four straight lines are described in the Greek as (the 
sides) inriov 7 mapunziov, t.e., as the sides of supine and 
hyper-supine quadrilaterals. Robert Simson (Opera quae- 
dam reliqua, p. 348) explains a da7iov oyjpa as being of the 
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Now to comprehend many propositions in one 
enunciation is far from easy in these porisms, because 
Euclid himself has not given many of each species, 
but out of a great number he has selected one or a 
few by way of example. But at the beginning of the 
first book he has given certain allied propositions, ten 
in number, from that more abundant species con- 
sisting of loci. Finding that these can be compre- 
hended in one enunciation, we have therefore written 
it out in this manner: If, in a system of four straight 
lines which cut one another two and two, the three points 
[of intersection] on one straight line be given, while the 
rest except one lie on different straight lines given in posi- 
tion, the remaining point also mill be on a straight line 
given in position." This has been enunciated in the 
case of four straight lines only, of which not more 
than two pass through the same point, and it is not 
nature of (1) in the accompanying diagrams, while (2) and 
(3) are mapinria oyjpuara. He also explained the correct 


F 
F 4 
E se ‘I 
se ora i / H B 
\ ye / B a 
is 
ED 
a y E 
A D 
A Cc 
D Cc 
(1) (2) (3) 
meaning of the rather loo.e proviso, 7a 8€ Aowa mr\Qv eves 


Gnryrat Oécer Sedopévns evteias. Applied to these tigures, 
the enunciation states that if A, B, F are given, while the loci 
of C and D are straight lines, then the locus of E is also a 
straight line. 
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Tewopevou TAjBous adnbes trdpyov ottws eyd- 
flevov' €av omocaotv edOetar Téuvwow aAdXrAas, 
pe TAcloves 7) S¥o0 bia Tod adtob onpetov, TavrTa 
bé emt puds avrav Sedopéva 7, Kat trav emt érépas 
€xaotov anrytat Oéoer Sedopevyns edOeias, 7 Kab- 
orAtKkwrépav ottws: éav dTrocatoby edbetar Tépvwow 
dAAnAas, p) TAcloves } So bia Too adTob onpeiov, 
mavra S€ Ta emt pads abrév onpeta dedopéva 4, 
Tov bé Aoumev TO TAROos € exovTey Tplycwvov apOusy 
% mAevpa TovTov ExacTov xn onpetov dmrdpevov 
ev0eias Oca Sedopevys, Tav TpLoV pH TPs 
ywrias daapydvTwy Tprywrov ywplov, EeKaaTov 
Aoitov onuctov dibetar Oéoer Sedopuevns edfedias. 
vov d€ Lroryewwrijy odK elkds ayvotjoat TobTO, THY 
8 dpyiy povny ragae. ects 

"Exet_ dé 7a. Tpla fi PrCo TOV Toptopdrav Anp- 


plata An, adza 5é Gewpyjatwv eaziv poa. 





@ Sea triangle having as its sides three of the given straight 
ines. 

® The meaning of this enmnciation was discovered by 
Simson, and is given by Loria (Le scienze esatte nell’ antica 
Grecia, p. 256 n, 8) as follows: ‘ If a complete n-lateral be 
deformed so that its sides respectively turn about n points on 
a straight line, and (n—- 1) of its $n (n—- 1) vertices move each 
on a straight line, the remaining “Hn- 1)(n- 2) of its vertices 
likewise move on straight lines ; provided that it is not possible 
to form with the (n- 1) vertices any triangle having for sides 
the sides of the polygon.” We may sympathize with the 
frank confession of Edmond Halley (Apollonii Pergaei De 
sectione rationis, p. xxxvii) that he could make no sense out 
of this passage. 
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generally known that it is true of any assigned 
number of straight lines when thus enunciated: If 
any number of straight lines cut one another, not more 
than two passing through the same point, and all the 
points [of intersection] on one of them be given, and if 
each of those which are on another he on a straight line 
given in position—or still more generally in this 
manner: If any number of straight lines cut one 
another, not more than two passing through the same 
point, and all the points [of intersection] on one of them 
be given, while of the remaining points of intersection, in 
multitude equal to a triangular number, a number corre- 
sponding to the side of this triangular number lie respect- 
ively on straight lines given in position, provided that of 
these latter points no three are at the vertices of a triangle, 
each of the remaining points nill lie on a straight line 
given in position.” The writer of the Elements was 
probably not unaware of this, but he merely laid 
down the principle.e . .. 

The three books of the Porisms involve 38 lem- 
mas“; of the theorems themselves there are 171.¢ 


* Pappus proceeds to state in order 28 propositions from 
Euclid’s work. 

4 Pappus gives these lemmas to the Porisms (Pappus, 
ed. Hultsch 866. 1-918. 20; Eucl. ed. Heiberg-Menge viii. 
243. 10-274. 10). 

¢ The reconstruction of the Porisms has been one of the 
most fascinating inquiries pursued by students of Greck 
mathematics, and thereby Chasles was led to the idea of 
anharmonic ratios. Further details will be found in Loria, 
loc. cit., pp. 253-265, Heath, W.G.M. i. 431-438, and I am 
greatly indebted to the translations and notes in these works, 
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(e) ‘Tur Conics 
Papp. Coll. vii. 30-36, ed. Hultsch 672. 18-678. 24 
Ta EvcrciSov BiBria 5 Kady *AmoAAdvios 


> , \ sy ia 5 t - 
avaTAnpwoas Kal mpoabets eTepa 0 Trapédweev 7 
Kevucdy TevXN. *Aptotatos 8é, 6s vyéypade ra 
Leéxpe TOD viv dvadiSdpeva otepeay Tome Tevyy 
€ ovvexi} Tots KwviKois, exdAet [Kal of ™po "AmroA- 
Awviov|}" Tav Tpidv KuviKdy ypappéev THY je 
dfvyevion, ay dé opboywvion, Thy d€ auBavywriov 
Kevou TOpNY. are év b€ ee [se. AzroAAdros] 
ev 70 Tpirw Tomov éml ¥ Kal 0 ypaypds p1) TeAELWw- 
Ojvar tad EdxdciSov, od8’ dy adrds Hdvv78y odd’ 
dAdos oddeis GAN’ oddE puKpdv TL rpoabetvat Tots 
¢ oN To t a 2 , Q A 

b70 Evkdretdov ypadeiow® b1a ye povwv Ta&v mpo- 
Sederyudvwy Yon KwwiKary dypt tov Kar’ Ev- 
KAcionv, ws Kal adtos paptupel rA€ywv AdvvaTov 
elvar teAcwwhiva, ywpis dv adbtos mpoypadhew 
2 ’ ©, \ 79 , > Q ‘ 
jvayracbn. o Sé Evudeltdns amodexdpevos Tov 
> aA uv a” 243 by 4 
Aptotraioy afiov dvta ed’ ois 75 mapadedaiKer 
KwriKkois, Kal wn POdoas 7) py Oedjoas émKata- 
BaddrcoPar tovTwv tiv adriy mpaypateiay, émet- 
Kéatatos @v Kal mpos dzavtas edpevis Tods Kal 
Kata mogov auvavfew Sduvayevovs Ta palijuata, 
ws det, Kal pndapds mpooxpovotixes vmapywv, 
Kal axpiBrys pev odk adalovrds S€ Kabamep ovTos, 
doov Suvarov iv Setar Tod Témov dia THY exelvov 


1 kat of po ’AmoAAwviov del. Hultsch. 
8 Gd’... ypadetow del. Hultsch. 








* Euclid’s Conics has not survived, but an idea of its con- 
tents can be obtained from Archimedes’ references to pro- 
positions proved in the Elements of Conies (ev tots KwviKxois 
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(e) THE Conics 2 


Pappus, Collection vii. 30-36, ed. Hultsch 672. 18-678. 24 


Apollonius, who completed the four books of 
Euclid’s Conics and added another four, gave us eight 
books of Conics. Aristaeus, who wrote the still extant? 
five books of Solid Loci supplementary to the Conics, 
called the three conics sections of an acute-angled, 
right-angled and obtuse-angled cone respectively. 
... Apollonius says in his third book that the 
“locus with respect to three or four lines ’’ had not 
been fully worked out by Euclid, and in fact neither 
Apollonius himself nor anyone else could have added 
anything to what Euclid wrote, using only those 
properties of conics which had been proved up to 
Euclid’s time ; as Apollonius himself bears witness 
when he says that the locus could not be fully in- 
vestigated without the propositions that he had been 
compelled to work out for himself. Now Euclid 
regarded Aristaeus as deserving credit for his con- 
tributions to conics, and did not try to anticipate him 
or to overthrow his system ; for he showed scrupulous 
fairness and exemplary kindness towards all who 
were able in any degree to advance mathematics, and 
was never offensive, but aimed at accuracy, and did 
not boast like the other. Accordingly he wrote so 
much about the locus as was possible by means of 
orotyetous), a term which would cover the treatises both of 
Aristaeus and of Euclid. The Surface-Loci and the Porisms 
of Euclid appear to have contained further developments in 
the theory of conics. 

+ This has been taken to imply that Euclid’s Conics was 
already lost when Pappus wrote. Nothing more is known 
of this Aristaeus, unless he is identical with the Aristaeus said 


by Hypsicles (Eucl. ed. Heiberg-Menge v. 6. 22-23) to have 
written a book called Comparison of the Five Regular Solids. 
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Kavkay éypaev, odk eizmwy tédos éxew TO 
Secxvdjievov. Tote yap wv avayKatoyv ée&eAdyxew, 
viv & obdapdas, eetrou Kat atdros ev Tots Kwyixots 
ateAn Ta TActaTa KaTadimwy odk evOUVeTaL. mpoc- 
Getvar S€ TH TOmw Ta AerTOpeva SEedUVHTAL mpo- 
gavracw0eis Tots bo HixAeidou Veypapprevous 
70 Tepi too Té70U Kal ovoyoAdoas Tots bo 
EdxAetdou pabnrats ev "Aref ard peta aAciatov 
xpovov, lev oye Kal Hv ToravTny ew ovK 
apaly. 

Odros 8é 6 emt ¥ Kal § ypappas tézos, ef? @ 
péya Ppovet mpoabeis xdpw dpcidew <tbévaw TO 
TPwTw ypapavte, To.obTés éorw.” éav yap, béae 
Sedopevon TpLav <dOeray, amd Twos 70d avroo" 
onpetou KaraxO@ow emi Tas Tpeis ev SeBopiévars 
ywvias ed0eiat, Kal Adyos 9 S00cis tod umd dvo 
KATNYPLEVOV Teptexopevou dpPoywriov mpos TO ato 
ths Aounis TeTpdywvor, TO onpeetov diperau Ode 
SeSopevov orepeod tdz7o0v, TouréoTw puds Ta 
TPLOV KWULK@Y Ypappav. Kal éav emt 8 edbeias 
Bécer Sedopevas KaTaxOGow edbetar ev dedopevacs 
ywvrias, Kal Adyos 7 Solels tod bad B00 KaTny- 
pévwv mpos TO b70 THY AoiTaV dvo KaTHYypLEvur, 
Opotws TO onpetov dipetar Oécer Sedomevys KwvoU 
TOLNS. 

1 6 8€ Edxdciins . . . towdrds eorw “ scholiastae cuidam 
historiae quidem veterum mathematicorum non impcrito, sed 
qui dicendi genere languido et inconcinno usus sit ” tribuit 


Hultsch. 
2 Tob atvrod del. Hultsch. 





4 The three-line locus is, of course, a particular example of 
the four-line locus. It seems clear that Apollonius himself 
did not have a complete solution of the four-line locus, but 
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the Conics of Aristaeus, but did not claim finality for 
his proofs. If he had done so, we should have been 
obliged to censure him, but as things are he is in 
no wise to blame, seeing that Apollonius himself is 
not called to account, though he left the most part 
of his Conics incomplete. Moreover Apollonius was 
able to add the lacking portion of the theory of the 
locus through having become familiar beforehand 
with what had been written about it by Euclid, and 
through having spent much time with Euclid’s pupils 
at Alexandria, whence he derived his scientific habit 
of mind. 

Now this “ locus with respect to three and four 
lines,” the theory of which he is so proud of having 
expanded—though he ought rather to acknowledge 
his debt to the original author—is of this kind. If 
three straight lines be given in position, and from 
one and the same point straight lines be drawn to 
meet the three straight lines at given angles, and if 
the ratio of the rectangle contained by two of the 
straight lines towards the square on the remaining 
straight line be given, then the point will lie on a 
solid locus given in position, that is on one of the 
three conic sections. And if straight lines be drawn 
to meet at given angles four straight lines given in 
position, and the ratio of the rectangle contained by 
two of the straight lines so drawn towards the rect- 
angle contained by the remaining two be given, then 
in the same way the point will lie on a conic section 
given in position.® 
his Conices iii. 53-56 [Props. 74-76] amounts to a demonstra- 
tion of the converse of the three-line locus, viz., if from any 
point of a conic there be drawn three straight lines in fixed 


directions to meet respectively two fixed tangents to the conic 
and their chord of contact, the ratio of the rectangle contained 
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GREEK MATHEMATICS 
Eucl. Phaen. Praef., Eucl. ed. Heiberg-Menge viii. 6. 5-7 


"Eay yap Ka@VOS 7 KAS pos ememeow TH} ft) 
Tapa TV Baow, 7 UT] Top yiyveras dévywvi (ou Kdvou 
TOMY, WTS EaTu’ djroia Ouped. 


(f) Tue Surrace-Loct 
Papp. Coll. vii., ed. Hultsch 636. 23-24 


Ev«rcisov Tomwy taév mpos emdaveia B. 


Proc]. in Luel. i., ed. Friedlein 394. 16-395. 2 


Kare de TomLuKa piév, Ooots Tavrov ovpmTwpa 
7pos dAw Twt Témw oupBeBnxev, TOTov be Years 
7 émupavetas Oéow To.otoay év Kat Tabrov ovp- 
mTwpa, Tav yap TomKay Ta, pe €oTl mpos ypap- 
pats ovnordpeva, Ta de mpos emipavetais. Kat 
émevd7) TOV ypappdv ai pév elow émtmedor, at dé 
oTepeai—eninedor prev, wv ev emimédw andj F 
vonots, ws THs edbeias, atepeal dé, wv H yéveats 
€x Twos Tous avadaiveTar oTEpeod ayHpaTos, ws 
THs KvAwopiKys EAtKos Kal TOV KWULKOV ypappav 


by the first two lines so drawn to the square on the third line is 
constant. For a solution and full discussion of the four-line 
locus, reference should be made to Zeuthen, Die Lehre vou 
den Kegelschnitten im Altertum, pp. 126 1f., or Heath, Apol- 
lonius of Perga, pp. exxxviii-cl. 

® Euclid’s Phenomena is an astronomical work largely based 
on two treatises by Autolycus of Pitane (e. 315-240 B.c.) 
which are also extant. 

> Menaechmus is believed to have discovered the conic 
sections as sections of a right-angled, acute-angled and 
obtuse-angled cone respectively by a plane perpendicular 
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Euclid, Preface to Phenomena,* Eucl. ed. Heiberg-Menge 
viii. 6. 5-7 
Tf a cone or cylinder be cut by a plane not parallel 
to the base, the resulting section is a section of an 
acute-angled cone which is similar to a shield.? 


(f) Tue Surrace-Loct 
Pappus, Collection vii., ed. Hultsch 636. 23-24 
Euclid’s two books of Surface-Loci.¢ 


Proclus, On Euclid i., ed. Friedlein 394. 16-395. 2 


I call locus-theorems those which deal with the 
same property throughout the whole of a locus, and 
a locus I call a position of a line or surface which has 
throughout one and the same property. Some locus- 
theorems are constructed on lines and others on 
surfaces. Furthermore, since lines may be plane 
or solid—plane being those which are simply gener- 
ated in a plane, like the straight line, and solid those 
which are generated from some section of a solid 
figure, like the cylindrical helix or the conic sections 


to a generating line. This passage shows that Euclid, at 
least, was also aware that an ellipse could be obtained as a 
section of a right cylinder by a plane not parallel to the base, 
and the fact may well have been known before his time ; 
Heiberg (Literdrgeschichtliche Studien tiber Buklid, p. 88) 
thinks that Menaechmus probably used @upeds as the name 
for the ellipse. 

¢ This entry is taken from the list of books in Pappus’s 
Tones dvadvopevos (Treasury of Analysis). The work is 
lost, but we can conjecture what surface-loci were from 
remarks by Proclus and Pappus himself, and we can get some 
idea of the contents of Euclid’s treatise from two lemmas 
given to it by Pappus. 
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is n \ -~ \ ~ Q 
—dainy dv Kal tv Tpds ypappats TomK@v Ta 
/ , are 
peev érimedov Exew TOTOV, TA dé orepedv. 


Papp. Coll. vii. 312-316, ed. Tultsch 1004, 16-1010. 15 5 
Eucel. ed, Heiberg-Menge viii, 274. 18-278. 15 


Els tods mpos emupaveta 
a’. °Eav 4 edécia ) AB Kal mapa Odo 4 TA, 
sae 


kai 7) Adyos Tob dad AAB mpos 70 dao AY, 76 T 


r 


A e B 


A A B 


~ x mn 2A * e 4 
dmreTat KwiKhs ypaypns. éav ovv 7 pev AB 
otepnO THs Oéoews, Kai Ta A, B orepnOH tod 
Sobévra’ etvar, yévntar S€ mpos Oécer edOetats® Tats 
AE, EB, 76 T° petewpiobev yiverar mpds Oécet 
émupaveta. Todo 8€ edetyOn. 

B’. ’Eav # Oécer edbeta 4) AB xal do8ev ro T 

1 S00ér7a Heiberg, d08év70s cod., Hultsch. 
2 ed0etas ‘Tannery, ed8eia cod. 





@¥rom this passage, confirmed by Eutocius, line-loci 
would appear to be loci which are lines, and surface-loci 
would seem to be loci which are surfaces. Pappus, in Coll. 
iv. 33, ed. Hultsch 258. 20-25, implies, however, that surface- 
loci are loci traced on surfaces, and he gives the cylindrica] 
helix as an example of such a locus. Cf. supra, p. 348 n. a. 
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—it would appear that line-loci may be plane loci 
or solid loci. 


Pappus, Collection vii. 312-316, ed. Hultsch 1004. 16- 
1010. 15; Eucl. ed. Heiberg-Menge viii. 274. 18-278, 15 


Lemmas to the Surface-Loci 


1. If AB be a straight line and TA be parallel to 
a straight line given in position, and if the ratio 


E 


13 


A B 
4 


AA.AB: AT? be given, the point I lies on a conic 
section. If AB be no longer given in position and 
A, B be no longer given but lie on straight lines 
AE, EB given in position, the point I’ raised above 
[the plane containing AE, EB] is on a surface given 
in position. And this was proved.® 

2. If AB be a straight line given in position, and 


> The Greek text and the figure in it (given on the left-hand 
page) are unsatisfactory, but Tannery pointed out that by 
reading «v@edacs instead of deta a satisfactory meaning can 
be obtained (Bulletin des sciences mathématiques, 2° série, 
vi. 149-150). He also indicated the correct figure, which 
was first printed by Zeuthen (Die Lehre von der Kegel- 
schnitten im Altertum, pp. 423-430). The Works of Archi- 
medes, by T. L. Heath, pp. Ixii-Ixiv, should also be consulted. 

The first sentence states one of the fundamental properties 
ef conic sections. A literal translation of the opening words 
in the second sentence would run: ‘‘ If AB be deprived of 
its position, and the points A, B be deprived of their character 
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ev TO avT@ émimedup, Kal diay OH 4 AT, Kal Tpos 


opbas' dO) 7 AK, Adyos 5€ 7 7Hs TA mpos AE, 
A 


E A 


B r 


to A darerat bce KWVUK TS Tops” detxréov” dé, 
ore ypapps (pépos moved Tov tOmov). °  SetxOrjoerar 
€ ovTws Tpoypadevtos TOTOU' Tod0e. 

y’. Avo dofevtwy zav A, B ral Ophiis ths TA 
Adyos é éotw Tob azo AN mpos Ta GTO DA, AB. dé- 
yw, ote 70 VL daretat Koovov Tops, eav TE 7) O 
Adyos icos zpos icov 7 petlav mpds eAdcoova % 
éAdccwy mpos pretCova. 

"Eorw yap mporepov Oo Adyos loos Tpos igor. 
Kal eet ico €ozly To avo AA Tots azo PA, AB, 
Keicbw TH BA i ton 7» AE. tcov dpa €oTt TO U0 
BAE 7@ azo AT. retpjo8w diya 7 AB rH Z 

1 pos opbas Hultsch, wapa Oéce cod. 
2 Seceréov Hultsch in adn., deéevurae cod. 


3 wdpos moet Tov tom0v add. Gerhardt, Hultsch. 
‘ zém0v “immo zod Arjpparos ”* Hultsch. 





” 


of being given..." The text leaves it uncertain whether, 
when AB is no longer given in position, it remains constant 
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the point I’ be given in the same plane, and AI’ be 
drawn, and AE be drawn perpendicular [to the given 
straight line AB], and if the ratio PA: AE be given, 
the point A will lie on a conic section.2 But it 
must be shown that part of the curve forms the 
locus. This will be proved as follows by means of 
this lemma. 

3. Given ® the two points A, B and the perpen- 
dicular PA, let the ratio AA® : PA? + AB? be given. I 
say that the point I lies cn a conic section, whether 
the ratio be of equal to equal, or greater to less, or less 
to greater. 

For in the first place let the ratio be of equal to 
equal. Since AA?=]'A?+Ab?, let AE be made 
equal to BA. 


Then (BA, AE +E A?= AA? [Eucl. ii. 6 
= TA? +AB? [ex. hyp., 
and so] BA.AE =TA?’, 


in length or varies. Zeuthen conjectures that two cases were 
considered by Euclid: (1) AB remains of constant length, 
while AE, EB are parallel instead of meeting in a point; and 
(2) AE, EB meet in a point and AB always moves parallel 
to itself, so varying in length. In the former case T lies on 
the surface described by a conic section moving bodily, in the 
latter case the surface is a cone. 

2 This is the definition of a conic in terms of its focus and 
directrix, AB being the directrix, [ the focus, A any point 
on the curve, and the ratio TA: AE the eccentricity of the 
conic. Since Pappus proves this property for all three conics 
by transforming it to the more familiar axial form, it must 
have been assumed by Euclid without proof, and was pre- 
sumably first demonstrated by Aristaeus. This is all the 
more remarkable as the focus-directrix property is nowhere 
mentioned by Apollonius, and, indeed, is found in only two 
other places in the whole of the Greek mathematical writings, 
v. supra, p. 362 n. a. 

> Diagram on p. 496. 
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Sobev dpa. 70 Z. Kat éora Suh U] AE rijs ZA 
ote 76 b7d BAE 16 bis €otw bird trav AB, ZA, 


| 


aA Boe. A B 


Kat €or F cern TAS AD Oolveicas to dpa bd 
Sofeians Kal tis ZA tcov eorw 7H amo ths AT. 
7O |’ dpa dartevae cer mapaPodns éepyopevns 
did Tod 7 

8’. LuvrePjocras 67 6 Té70s otTws* 

"Eorw ta d00évtTa A, B, 6 8€ Adyos Eotw icos 
mpos taov, Kat retpolu 4 AB dixa td Z, rhs 
dé AB Sunray éoTw 7 P, wal bécet ovens ev0etas 
Tijs ZB mremepaoperns kata 76 Z, Tis dé ie d<d0- 
pevns TO peyebet, yeypapbur mepl afova Tov ZB 
mrapaBory 7 9 HZ, adore, olov éav én airis 
onpetov Ano ws vo T', xaderos de 4x05 7 TA, 
igov etvat To tivo P, ZA, 7@ aao AL. kai 
4x8w dpb Yi BH. Neves, ont 76 TH pépos THs 
TmapaPorjs éorw.. 

“Hydw yop Kaberos 7 Hf) ra, Kat TH BA ton KeicOw 
4 AE. ézet ody durAq éorw 7 pev AB rijs BZ, 
H Oe EB TAs BA, SumAj} dpa kat 77 AK TAS ZA: 70 
es timo BAE isov éotiv 7@ Sis trod taHv AB, 
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Let AB be bisected at Z; the point Z is therefore 
given. 


And AE [=AB-EB 
=2BZ —2BA) 
=2ZA, 

Therefore BA.AE=2BA. ZA, 

[and so 2BA .ZA=TA?}. 


Now 2BA is given; therefore the rectangle contained 
by a given straight line and ZA is equal to the square 
on Al’. Therefore the point TI lies on a parabola 
passing through Z. 

4, The synthesis of the locus is accomplished in this 
way.® 

Let the given points be A, B, let the ratio be of 
equal to equal, let AB be bisected at Z, let P be double 
of AB; and since ZB with an end point Z is a straight 
line given in position, and P is given in magnitude, 
with ZB as axis, let there be drawn [Apoll. Conics i. 52] 
the parabola HZ, such that, if any point I’ be taken 
upon it, and the perpendicular A be drawn, the 
rectangle contained by P, ZA is equal to the square 
on AI‘; and let the perpendicular BH be drawn. 
Isay that I'H is a part of the parabola [forming the 
locus}. 

For let the perpendicular [A be drawn, and let 
AE be made equal to BA. Then since AB=2BZ, 
EB=2BA, therefore AE [=AB—-EB]=2ZA ; 
therefore BA. AE=2AB. ZA 

=AT®, {by construction 
* Diagram on p. 498. 


1 éorw; we should expect zovel rév ré70v. 
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ZA, tovréotw 76 ad AT. Kxowdv mpockeloOw 
+ > A ~ 
70 a70 EA igov ov t@ ad AB: ddov dpa 76 ao 








P 
AA toov éatly tots dzo tay TA, AB. 7 ZTH 


apa ypappy moved Tov Té7oV. 

e’. "Eorew 81) mdAw ra Svo0 S00évra onpeta 7a A, 
B, cat edbetd te AT Kat dp0rj, Adyos bé eoTw 

“a > A * ‘ > A , a 3 x=. 5, A ~ 
tod amo AA zpos ta amo BA, AL ext peév ris 
mpwrTyns mTMacews petlwv mpos éAdaaova,” emt dé 
ths Sevtépas eAdcowy mpos pelCova®s A€yw, dre TO 
T darerat Kabvov tops, emt pev THS TpwTYNS TTW- 

> # Sie \ ond ¥ ¢ ~ 

aews édreiibews, emt dé THs Sevtépas drepPodAjs. 

> A ‘ , > A ~ > A A * > A 

Ezet yap Adyos éorty Tob ard AA mpos Ta amo 
BA, AT, 6 adros att@ yeyovérw 6 Tob amo EM 
498 


EUCLID 


Let the equals EA?, AB? be added to either side ; 
then ° [BA. AK + FA?=TA?+ AB? 

and so| AA? =TA?+AB*, — [Eucl. ii. 6 
Therefore the curve ZI'H forms the locus. 

5. Again, let the two given points be A, B. and let 
AT be a perpendicular straight line, and let the ratio 
AA? ; BA? +AT2 be in the first case the ratio of a 
greater to a less, and in the second case of a less to 
a greater. I say, that the point I’ lies on a conic 
section, which is in the first case an ellipse and in the 
second case a hyperbola.¢ 

Since the given ratio is AA?: BA? +TA?, let [E 
be taken on AB so that] EA?: AB? be in the same 


y 


Ars Ora Bez H 


@ The Greek text from this point onwards is unsatisfactory, 
and contains mathematical crrors which Cemmandinus and 
Hultsch corrected. ‘The demonstration also leaves many 
gaps which I have filled, again following those com- 
mentators. 


1 eddcia re 7 AT cat dpO Heiberg; xarjydw dpOi) 4 AT, 
Commandinus, Hultsch; ¢eddmrera: 7 AT Kat op07% cod. 
2 peilwv mpos éAdcoova Hultsch, éAdcowv mpés peilova cod. 
® eAdcowy mpos yeilova Hultsch, peilwv mpos eAdocova cod. 
“ EA Hultsch, BA cod. 
499 


GREEK MATHEMATICS 


m™pos TO A710 AB. eri piev odv Tis mpurns TT- 
gews eAdcowv eoriv 4 BA ris AE, emt 8 rijs 


r 


HAD UORAY ZB 


Sevrépas preiCwv éeorw 1% BA ris AE. Ketobw 
a onl Ate ww - Lg ? a , > * a 3 4. 
obv 7H KA ton 7) AZ. ezet Adyos éeotiv rob amo 
AA apos 7a avo TA, AB, kat éorw atta 6 abtés 
€ aA 3. / \ eS aN ‘ \ y 
6 tod amo EA zpos 76 azd AB, kal Aownrds apa 
rob b76 ZAE apds 76 azo AT Adyos eortvy SoGets. 
evel d€ Adyos éoriv 7Hs EA mpds AB [at ris ZA 
7pos AB kal THs ZB _7pos BA, 6 aires avr@ 
yeyoverw 6 ths AB mpos BH: kai dAns dpa ris 
AZ Tpos AH Adyos éariv dobeis. madw, eel 
Adyos eativ THs EA zpos AB So6eis, [kal tHe EB 
” \ : yO 43 ¢ 24 a oA 
dpa mpos BA Adyos éotiv do8eis].2 6 adbros at7a 
, © ~ 4 \ Xr / v \ ~ 
yeyovétw 6 THs AO' mpds BO- Adyos dpa Kat THs 
AB zpos BO éarw dobeis: [Sofév dpa 76 OFS kal 
Aourds THs AE mpds OA Adyos eariv Sobeis: Kai 
rot b7d LAE dpa zpos 76 vd OAH Adyos éari 
dofeis. rob S€ t7d ZAE apos 76 azo TA ddyos 
? v , \ a € ‘ ” A * > ‘ 
€o7lv dofels: kai tod tro HAO dpa mpds To azo 
2 AB Hultsch, AE cod. 2 al... mpos AB del. Hultsch. 
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ratio ; then in the first case BA is less than AL, while 
in the second case BA is greater than AK, Let AZ 
be made equal to EA. Since the given ratio is 
AA? ; TA? +AB?, and EA? : AB? is equal to it, the ratio 


(AA? — EA? ; PA? + AB? — AB?, 
that is, by Eucl. ii. 6,] 
ZA.AE:;AT? 


is given. Now since the ratio [EA?: AB? is given, 
therefore] EA: AB is given, therefore [AZ:AB is 
given. Accordingly, in the first case AZ: BZ, and 
therefore BZ : AB, is given; in the second case, be- 
cause AZ : AB or inversely AB: AZ is given, there- 
fore AB: BZ or inversely] BZ: AB is given. Let 
[H be taken on AB produced so that] AB: BH= 
BZ:A4B. Then [in the first case AB + BZ: BH +AB, 
in the second case AB-BZ:BH—AB, that is in 
either case] AZ: AH is given. Let [@ be taken on 
AB such that] AO:BO=EA:AB. Then the ratio 
AB: BO is given. And [because by construction 
AO: BO=EA: BA, componendo AO +BO: BO= 
EKA +BA:BA, or AB:BO=EB:AB. Therefore 
AB-EB : BG —AB, that is,] AE: QA is given. [Now 
AZ: AH was given;] therefore AE.AZ:OA.AH 
is given. But ZA,AK: AI? was given; therefore 
the ratio HA, AO:AT? is given. [But the point 
A is given, and by construction the points E, Z are 
given; and because AB: BH=BZ: AB and also 


3 wat... S00e/s del. Hultsch. 
« AO Hultsch, AB cod. 
§ S00év dpa 76 @ del, Hultsch, 
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AT’ Adyos éaortv Sobets. Kal eorw 800 S00évta 
va ©, H- evi prev dpa ris mpwtns mrdcews To T 
dmretat éAXetipews, emi dé tis Sevtépas wrep- 
Bodjs. 
(g) Tue Optics 
Eucl. Optic. 8, Eucl. ed. Heiberg-Menge vii. 14. 1-16. 5 


Ta t ton peyen Kal TapadAnra avcov SicoTnKdTa 
d70 Tod Gupatos ovK avaddyws Tots SiacTHyacw 
oparar. 

“Eorw dvo peyéOn ra AB, TA dyicov y SucoT]KOTa 
azo Tob Gupatos Too E. Agee 6Tt ovK eoTW, WS 


E 


daiverar exyov, ws to TA zpds to AB, o8tws ro 
BE ae TO EA, TpoomumreTwoay yap aktives 
ai AK, ED, cat nxévtpw perv 7d E StaorHpare 
be TO EZ KUKNOU yerpapia mepipepera 4 HZO. 
émret obv To EZ? Tplywvov rod EZH topéws peildy 
éoTtv, Td Oe EZA Tplywvov Tob EZO TopEWs 
éAartév éotw, 70 EZ dpa tpiywvov mpds tov 





® Pappus proceeds to make the formal synthesis, as in the 
case of the parabola, and then formally proves his original 
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AO :BO=EA:AB, therefore] the points H, 0 are 
also given. [Therefore in the first case HO is the 
diameter of an ellipse, in the second it is the diameter 
of a hyperbola; and] therefore the point I lies in 
the first case on an ellipse, in the second on a hyper- 
bola.¢ 


(g) Tue Optics? 
Euclid, Optics 8, Eucl. ed. Heiberg-Menge vii. 14. 1-16. 5 


The apparent sizes of equal and parallel magnitudes 
at unequal distances from the eye are not proportional to 
those distances. 

Let AB, PA be the two magnitudes at unequal 
distances from the eye, E. I say that the ratio of 
the apparent size of ['A to the apparent size of AB 
is not equal to the ratio of BE to EA, For let the 
rays AB, ET’ fall,° and with centre E and radius EZ 
let the are of a circle, HZO, be drawn. Then since 
the triangle EZI is greater than the sector EZH, 
while the triangle ZA is less than the sector EZO, 
therefore 


proposition in the case where the locus is a parabola; the 
ee where the locus is an ellipse or hyperbola has been lost, 
ut can easily be supplied. 

» Euclid’s Optics exists in two recensions, both contained 
in vol. vii. of the Heiberg-Menge edition of Euclid’s works. 
One is the recension of Theon, but Heiberg discovered in 
Viennese and Florentine mss. an earlier and markedly different 
recension, and there is every reason to believe it is Euclid’s 
own work; it is from this earlier text that the proposition 
here quoted is given. The Optics is an elementary treatise 
on perspective. It is based on some false physical hypotheses, 
but has some interesting mathematical theorems. 

¢ Euclid, like Plato, believed |Opties, Def. 1] that rays of 
light proceed from the eye to the object, and not from the 
object to the eye. 
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EZ ropéa petlova Adyov exer rep TO EZA 
tplywvov mpos Tov EZO topéa. Kai évaddak 7d 
EZDP tptywvov mpos to EZA zplywvov peilova 
Adyov éyer yep 6 EZH ropeds mpds tov EZO 
rouéa, Kat ovvlev7e tO ELA tpiywvov pds to 
EZA zptywrov peifova Adyov exer yep 6 EHO 
ropevs mpos TOV EZO ropéa. GAN ws ro EAT 
apos 70 EZA tpiywrov, ottws 4 TA apos rH 
AZ. 7 5¢ TA 7H AB éotw ton, Kai ws 4 AB 
mpos tHv AZ, 7) BE apds tHv EA. 7 BE apa 
mpos tv EA peilova Adyov exer jzep 6 EHO 
ropeds mpos Tov EZO roméa. ws S€ 6 Topeds 
mpos Tov Topéa, ovTws 7) bd HEO ywvia apds 
av bo ZEO ywviav. 7 BE dpa apds rv EA 
peilova Adyov exer Grep 4 Uo HEO ywvia zpos 
av tro LEO. Kai ex pev tis two HEO ywvias 
Prérevar 76 TA, €x b€ tas tzo ZEO 76 AB. 
ovk dvdAoyor dpa Tots dmooTyipacw opatat Ta 
ica peyeby. 





9 This is equivalent, of course, to saying that 
tan HE@_ angle ZEO 
tan ZEO~ angle HE’ 
a well-known theorem in trigonometry; the full expression 
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EUCLID 


triangle EZ :sector EZH> triangle EZA:sector EZ0, 
Invertendo, 
triangle EZT : triangle EZA> sector EZH: sector EZO, 
and componendo, 
triangle ETA:triangle EZA>sector EHO: sector 

EZO. 
But triangle EPA: triangle EZA\=PA ; AZ. 
Now TA=AB, and AB: AZ=bE: EA, 
Therefore BE : EA> sector EHO : sector EZO, 
Now 
sector EHO: sector EZO=angle HEO: angle ZEO. 
Therefore 

BE : EA> angle HEO: angle ZEQ.* 

And [A is seen in the angle HEO, while AB is seen 
in the angle ZEO. Therefore > the apparent sizes 


of equal magnitudes are not proportional to their 
distances. 


of the theorem is: Ifa, 8 are two angles such thata<P<4n, 
then 


tan aa, 
tan B ~B 
® By Def. 4, which asserts : ‘‘ Things seen under a greater 


angle appear greater, and those seen under a lesser angle 
appear less, while things seen under equal angles appear 
equal.” 
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(3rd Imp.) 

XENOPHON : SORIPTA Minora. E.C. Marchant. (2nd Imp.) 





IN PREPARATION 





Greek Authors 


ARISTOTLE : HISTORY OF ANIMALS. A. L. Peck. 
CALLIMACHUS: FRAGMENTS, C. A. Trypanis. 
PLOTINUS : A. H. Armstrong. 


Latin Authors 


St, AUGUSTINE: CITY OF Gop, 

CICERO: PRO SESTIO, IN VATINIUM. 

CICERO: PRO CAELIO, DE PROVINCHS CONSULARIBUS, PRO BALBO, 
J. H. Freese and R. Gardner. 

PHAEDRUS: Ben E. Perry. 
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